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Preface
For the past 350 years, we only have constructed the power series expansion in closed
forms using the two term recurrence relation in linear differential equation. However,
currently the analytic solution and its integral forms for more than three term cases are
unknown.
For the three term case, we assume that its solution is
y(x) =
∞∑
n=0
cnx
n+λ
On the above, λ is an indicial root, y(x) is its analytic solution for the linear differential
equation and x is an independent variable for its solution. When we substitute the above
equation into any linear ordinary differential equation having three different coefficients
in their power series expansion, the recurrence relation for frobenius solution is
cn+1 = An cn +Bn cn−1 ;n ≥ 1
where
c1 = A0 c0
where c1 = A0 c0 and λ is an indicial root. On the above, An and Bn are themselves
polynomials of degree m: for the second-order ODEs, a numerator and a denominator of
An are usually equal or less than polynomials of degrees 2. Likewise, a numerator and a
denominator of Bn are also equal or less than polynomials of degrees 2
For the case of three term recurrence in its power series expansion, all other differential
equations having no analytic solution in closed forms can be described as in the above
recurrence relation equation.1
1For more details, look at arXiv:1303.0806 in “Special functions and three term recurrence formula
(3TRF).”
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2 CONTENTS
In the first series “Special functions and three term recurrence formula (3TRF)”, I
showed how to construct the power series expansions in closed forms, its integral
representations and its generating functions for linear ordinary differential equations
(infinite series and polynomial which makes Bn term terminated) such as Heun, Mathieu,
Lame, Grand Confluent Hypergeometric (GCH) equations.2 There are three types
polynomial in their three term recurrence relation: (1) polynomial which makes Bn term
terminated, (2) polynomial which makes An term terminated, (3) polynomial which
makes An and Bn terms terminated at same time. However, by using 3TRF, there are no
way to construct the power series in closed forms indeed its integral representation for the
type 2 and 3 polynomials.
In this series natural numbers N0 means {0, 1, 2, 3, · · · }. Pochhammer symbol (x)n is used
to represent the rising factorial: (x)n =
Γ(x+n)
Γ(x) . And I will show how to obtain the
formula for the type 2 polynomial and infinite series of its power series expansion. In the
future series I will show you for the type 3 case; the power series, integral formalism and
generating function such as Heun, Confluent Heun, Lame and GCH equations will be
constructed analytically.
Structure of book
In chapter 1, I will generalize the three term recurrence relation in linear differential
equation in a backward for the infinite series and polynomial which makes An term
terminated including all higher terms of Bn’s.
In chapters 2–9, I will apply reversible three term recurrence formula to (1) the power
series expansion in closed forms, (2) its integral representation and (3) generating
functions for Heun, Confluent Heun, GCH, Lame and Mathieu equations that consist of
three term recursion relation for the infinite series and polynomial which makes An term
terminated including all higher terms of Bn’s. The short descriptions of all 9 chapters are
as follows.
Chapter 1. “Generalization of the reversible three-term recurrence formula and its
applications”– generalize the three term recurrence relation in linear differential equation
in a backward. Obtain the exact solution of the three term recurrence relation for infinite
series and polynomial which makes An term terminated
2These 4 linear differential equations have three different coefficients in their power series expansion. Bi-
confluent Heun equation is the special case of GCH equation. Look at arXiv:1303.0813 and arXiv:1303.0819
in “Special functions and three term recurrence formula (3TRF).”
CONTENTS 3
Chapter 2. “Heun function using reversible three-term recurrence formula”– apply the
reversible three term recurrence formula to the power series expansion in closed forms
and its integral forms of Heun functions (infinite series and polynomial which makes An
term terminated) including all higher terms of Bn’s.
Chapter 3. “The generating function for Heun polynomial using reversible three-term
recurrence formula”– apply the reversible three term recurrence formula and derive
generating function for Heun polynomial which makes An term terminated including all
higher terms of Bn’s.
Chapter 4. “Confluent Heun function using three-term recurrence formula”– (1) apply
the three term recurrence formula to the power series expansion in closed forms and its
integral forms of the Confluent Heun functions (infinite series and polynomial which
makes Bn term terminated) including all higher terms of An’s. (2) apply the three term
recurrence formula and derive the generating function for the Confluent Heun polynomial
which makes Bn term terminated including all higher terms of An’s.
Chapter 5. “Confluent Heun function using reversible three-term recurrence formula”–
(1) apply the reversible three term recurrence formula to the power series expansion in
closed forms and its integral forms of the Confluent Heun functions (infinite series and
polynomial which makes An term terminated) including all higher terms of Bn’s. (2)
apply three term recurrence formula and derive the generating function for the Confluent
Heun polynomial which makes An term terminated including all higher terms of Bn’s.
Chapter 6. “Grand Confluent Hypergeometric function using reversible three-term
recurrence formula”– (1) apply the reversible three term recurrence formula and
formulate the analytic solution for the power series expansion and its integral forms of
grand confluent hypergeometric function (infinite series and polynomial which makes An
term terminated) including all higher terms of Bn’s. Replacing µ and εω by 1 and −q
transforms the grand confluent hypergeometric function into the Biconfluent Heun
function. (2) apply the reversible three term recurrence formula and construct the
generating function for grand confluent hypergeometric polynomial which makes An term
terminated including all higher terms of Bn’s.
Chapter 7. “Mathieu function using reversible three-term recurrence formula”– apply
the reversible three term recurrence formula, and analyze the power series expansion in
closed forms of Mathieu function and its integral forms (infinite series and polynomial
which makes An term terminated) including all higher terms of Bn’s. Construct the
generating function for Mathieu polynomial which makes An term terminated.
Chapter 8. “Lame function in the algebraic form using reversible three-term recurrence
4 CONTENTS
formula”– (1) apply the reversible three term recurrence formula, and analyze the power
series expansion in closed forms and integral forms of Lame function in the algebraic form
(infinite series and polynomial which makes An term terminated) including all higher
terms of Bn’s. (2) apply the reversible three term recurrence formula and construct the
generating function for Lame polynomial which makes An term terminated in the
algebraic form including all higher terms of Bn’s.
Chapter 9. “Lame function in Weierstrass’s form using reversible three-term recurrence
formula”– (1) apply the reversible three term recurrence formula, and analyze the power
series expansion in closed forms of Lame function in Weierstrass’s form and its integral
forms (infinite series and polynomial which makes An term terminated) including all
higher terms of Bn’s. (2) apply the reversible three term recurrence formula and
construct the generating function for Lame polynomial which makes An term terminated
in Weierstrass’s form including all higher terms of Bn’s.
Acknowledgements
I thank Bogdan Nicolescu. The endless discussions I had with him were of great joy.
Chapter 1
Generalization of the reversible
three-term recurrence formula
(R3TRF) and its applications
In “Generalization of the three-term recurrence formula and its applications”[1], I
generalize the three term recurrence relation in a linear differential equation for infinite
series and polynomial which makes Bn term terminated including all higher terms of
An’s.
1
In this chapter, I generalize the three term recurrence relation in a linear ordinary
differential equation in a backward for infinite series and polynomial which makes An
term terminated including all higher terms of Bn’s.
2
The rest of chapters in this series show how to apply reversible three-term recurrence
formula (R3TRF) into linear differential equations having three term recursion relations
and go on producing analytic solutions of some of the well known special functions
including: Heun, Confluent Heun, GCH (Biconfluent Heun), Lame and Mathieu
equations.
1“ higher terms of An’s” means at least two terms of An’s.
2“ higher terms of Bn’s” means at least two terms of Bn’s.
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6 CHAPTER 1. R3TRF
1.1 Introduction
The history of linear differential equations is over 350 years. By using Frobenius method
and putting the power series expansion into linear differential equations, the recursive
relation of coefficients starts to appear. There can be between two and infinity number of
coefficients in the recurrence relation in the power series expansion. During this period
mathematicians developed analytic solutions of only two term recursion relation in closed
forms. Currently the analytic solution of three term recurrence relation is unknown.
In “Generalization of the three-term recurrence formula and its applications”[1], I show
how to obtain the Frobenius solutions for infinite series and polynomial which makes Bn
term terminated including all higher terms of An’s using three term recurrence formula
(3TRF) in a linear ordinary differential equation having a recursive relation between a
3-term. The sequence cn consists of combinations An and Bn. I observed the term inside
parenthesis of sequence cn which includes zero term of An’s, one term of An’s, two terms
of An’s, three terms of An’s, etc in order to construct general expressions of the power
series in closed forms for infinite series and polynomial which makes Bnterm terminated.
Any problems having three term recurrence relation in their linear differential equations
in modern physics (E & M, Newtonian mechanics, quantum mechanic, QCD,
supersymmetric field theories, string theories, general relativity, etc) mostly involve the
quantum mechanical energy in An or Bn term. In general, the energy is quantized in
quantum mechanical points of a view. The power series expansion of a eigen-function is
the polynomial. In Ref.[1] I construct the Frobenius solution in closed forms of three term
recurrence relation in a linear differential equation for polynomial which makes Bn term
terminated. Also we need to derive the analytic solution of three term recurrence relation
in a linear differential equation for polynomial which makes An term terminated. Because
in some modern physics problems the eigenvalue (quantum mechanical energy) is
involved in An term: Mathieu equation, Heun equation and its confluent forms (black
hole problems [11, 12]) , Lame equation in the Weierstrass’s form [13, 23, 15, 16], etc.
In this chapter I construct three term recurrence relation in a linear ordinary differential
equation in a backward to obtain the analytic solution of the three term recurrence
relation for infinite series and polynomial which makes An term terminated including all
higher terms of Bn’s. I designate the mathematical formulas of infinite series and
polynomial which makes An terminated of a linear differential equation having a 3-term
recurrence relation between successive coefficients in its power series expansion as
“reversible three-term recurrence formula (R3TRF)” that will be expressed below.
In chapters 2–9, using the R3TRF, I show how to obtain analytic solutions of infinite
series and polynomial which makes An term terminated (1) in the power series expansion,
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(2) in the integral formalism and (3) in the generating function for any linear ordinary
differential equations having three term recurrence relation.
1.2 Mathieu equation, Frobenius method and reversible
three term recurrence relation
In some rare cases, there are no such solutions of the power series expansion for
polynomial which makes Bn term terminated in a linear ordinary differential equation
having a 3-term recurrence relation. One of examples is Mathieu differential equation in
the algebraic form. Mathieu functions[2], is an example of three term recurrence relation
appears in physical problems involving elliptical shapes[4] or periodic potentials, were
introduced by Mathieu (1868)[11] when he investigated the vibrating elliptical drumhead.
Mathieu ordinary differential equation is of Fuchsian types with the two regular and one
irregular singularities. In contrast, Heun equation of Fuchsian types has the three regular
and one irregular singularities [1]. Heun equation has the four kind of confluent forms:
(1) Confluent Heun (two regular and one irregular singularities) [2, 21], (2) Doubly
confluent Heun (two irregular singularities), (3) Biconfluent Heun (one regular and one
irregular singularities) [17], (4) Triconfluent Heun equations (one irregular singularity).
Mathieu equation in algebraic forms is also derived from the Confluent Heun equation by
changing all coefficients δ = γ = 12 , β = 0, α =
q
0 and q =
λ+2q
4 : see chapters 4 and 5.
Mathieu equation is
d2y
dz2
+ (λ− 2q cos2z) y = 0 (1.2.1)
where λ and q are parameters. This is an equation with periodic-function coefficient.
Mathieu equation also can be described in algebraic forms putting x = cos2z:
4x(1− x)d
2y
dx2
+ 2(1 − 2x)dy
dx
+ (λ+ 2q − 4qx)y = 0 (1.2.2)
This equation has two regular singularities: x = 0 and x = 1; the other singularity x =∞
is irregular. Assume that its solution is
y(x) =
∞∑
n=0
cnx
n+ν where ν = indicial root (1.2.3)
Plug (1.2.3) into (1.2.2):
cn+1 = An cn +Bn cn−1 ;n ≥ 1 (1.2.4)
8 CHAPTER 1. R3TRF
where
An =
4(n+ ν)2 − (λ+ 2q)
2(n+ 1 + ν)(2(n + ν) + 1)
(1.2.5a)
Bn =
4q
2(n + 1 + ν)(2(n + ν) + 1)
(1.2.5b)
c1 = A0 c0 (1.2.5c)
We have two indicial roots which are ν = 0 and 12 . As we see (1.2.5b), there is no way to
make Bn term terminate at certain index value of n, because the numerator of (1.2.5b) is
just consist of constant q parameter.3 So there are only two kind of power series
expansions: infinite series and the polynomial which makes An term terminated.
In “The power series expansion of Mathieu function and its integral formalsim”[3], I
construct the analytic solution of Mathieu equation for infinite series by using 3TRF [1].
In this chapter I generalize the three term recurrence relation in a linear differential
equation in a backward in order to construct the analytic solution for polynomial which
makes An term terminated.
1.3 Infinite series
Assume that
c1 = A0 c0 (1.3.1)
(1.3.1) is a necessary boundary condition. The three term recurrence relation in all
differential equations having no analytic solution in closed forms follow (1.3.1).
ai−1∏
n=ai
Bn = 1 where ai is positive integer including 0 (1.3.2)
(1.3.2) is also a necessary condition. Every differential equations having no analytic
solution in closed forms also take satisfied with (1.3.2).
My definition of Bi,j,k,l refer to BiBjBkBl. Also, Ai,j,k,l refer to AiAjAkAl. For
3Whenever index n increase in (1.2.5b), the Bn term never terminated with a fixed constant parameter
q.
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n = 0, 1, 2, 3, · · · , (1.2.4) gives
c0
c1 = A0c0
c2 = (A0,1 +B1)c0
c3 = (A0,1,2 +B1A2 +B2A0)c0
c4 = (A0,1,2,3 +B1A2,3 +B2A0,3 +B3A0,1 +B1,3)c0
c5 = (A0,1,2,3,4 +B1A2,3,4 +B2A0,3,4 +B3A0,1,4 +B4A0,1,2
+B1,3A4 +B1,4A2 +B2,4A0)c0
c6 = (A0,1,2,3,4,5 +B1A2,3,4,5 +B2A0,3,4,5 +B3A0,1,4,5 +B4A0,1,2,5 +B5A0,1,2,3
+B1,3A4,5 +B1,4A2,5 +B2,4A0,5 +B1,5A2,3 +B2,5A0,3 +B3,5A0,1 +B1,3,5)c0
c7 = (A0,1,2,3,4,5,6 +B1A2,3,4,5,6 +B2A0,3,4,5,6 +B3A0,1,4,5,6 +B4A0,1,2,5,6 +B5A0,1,2,3,6
+B6A0,1,2,3,4 +B1,4A2,5,6 +B1,3A4,5,6 +B2,4A0,5,6 +B1,5A2,3,6 +B2,5A0,3,6
+B3,5A0,1,6 +B1,6A2,3,4 +B2,6A0,3,4 +B3,6A0,1,4 +B4,6A0,1,2
+B1,3,6A4 +B1,3,5A6 +B1,4,6A2 +B2,4,6A0)c0
c8 = (A0,1,2,3,4,5,6,7 +B1A2,3,4,5,6,7 +B2A0,3,4,5,6,7 +B3A0,1,4,5,6,7 +B4A0,1,2,5,6,7 +B5A0,1,2,3,6,7
+B6A0,1,2,3,4,7 +B7A0,1,2,3,4,5 +B1,4A2,5,6,7 +B2,4A0,5,6,7 +B1,5A2,3,6,7 +B1,3A4,5,6,7
+B2,5A0,3,6,7 +B3,5A0,1,6,7 +B1,6A2,3,4,7 +B2,6A0,3,4,7 +B3,6A0,1,4,7 +B4,6A0,1,2,7
+B1,7A2,3,4,5 +B3,7A0,1,4,5 +B2,7A0,3,4,5 +B4,7A0,1,2,5 +B5,7A0,1,2,3
+B1,4,6A2,7 +B2,4,6A0,7 +B1,3,7A4,5 +B1,4,7A2,5 +B1,3,6A4,7 +B2,4,7A0,5
+B1,3,5A6,7 +B1,5,7A2,3 +B2,5,7A0,3 +B3,5,7A0,1 +B1,3,5,7)c0
...
...
(1.3.3)
In Ref.[1] I construct the Frobenius solution for infinite series and polynomial which
makes Bn term terminated in three term recurrence relation of linear ordinary differential
equation by letting An in sequence cn is the leading term in the analytic function y(x). In
this chapter I construct the power series for infinite series and polynomial which makes
An term terminated in three term recurrence relation by letting Bn in the sequence cn is
the leading term in y(x).
In (1.3.3) the number of individual sequence cn follows Fibonacci sequence:
1,1,2,3,5,8,13,21,34,55,· · · . The sequence cn consists of combinations An and Bn in
(1.3.3). First observe the term inside parentheses of sequence cn which does not include
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any Bn’s: cn with every index (c0, c1, c2,· · · ).
(a) Zero term of Bn’s
c0
c1 = A0c0
c2 = A0,1c0
c3 = A0,1,2c0
c4 = A0,1,2,3c0
...
...
(1.3.4)
When a function y(x), analytic at x = 0, is expanded in a power series, we write
y(x) =
∞∑
n=0
cnx
n+λ =
∞∑
m=0
ym(x) = y0(x) + y1(x) + y2(x) + · · · (1.3.5)
where
ym(x) =
∞∑
l=0
cml x
l+λ (1.3.6)
λ is the indicial root. ym(x) is sub-power series that have sequence cn including m term
of Bn’s in (1.3.3). For example y0(x) has sequences cn including zero term of Bn’s in
(1.3.3), y1(x) has sequences cn including one term of Bn’s in (1.3.3), y2(x) has sequences
cn including two term of Bn’s in (1.3.3), etc. Substitute (1.3.4) in (1.3.6) putting m = 0.
y0(x) = c0
∞∑
n=0
{
n−1∏
i0=0
Ai0
}
xn+λ (1.3.7)
Observe the terms inside parentheses of sequence cn which include one term of Bn’s in
(1.3.3): cn with every index except c0 and c1 (c2, c3, c4,· · · ).
(b) One term of Bn’s
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c2 = B1c0
c3 =
{
B1 · 1 ·
(
A2
1
)
+B2A0
(
A2
A2
)}
c0
c4 =
{
B1 · 1 ·
(
A2,3
1
)
+B2A0
(
A2,3
A2
)
+B3A0,1
(
A2,3
A2,3
)}
c0
c5 =
{
B1 · 1 ·
(
A2,3,4
1
)
+B2A0
(
A2,3,4
A2
)
+B3A0,1
(
A2,3,4
A2,3
)
+B4A0,1,2
(
A2,3,4
A2,3,4
)}
c0
c6 =
{
B1 · 1 ·
(
A2,3,4,5
1
)
+B2A0
(
A2,3,4,5
A2
)
+B3A0,1
(
A2,3,4,5
A2,3
)
+B4A0,1,2
(
A2,3,4,5
A2,3,4
)
+B5A0,1,2,3
(
A2,3,4,5
A2,3,4,5
)}
c0
c7 =
{
B1 · 1 ·
(
A2,3,4,5,6
1
)
+B2A0
(
A2,3,4,5,6
A2
)
+B3A0,1
(
A2,3,4,5,6
A2,3
)
+B4A0,1,2
(
A2,3,4,5,6
A2,3,4
)
+B5A0,1,2,3
(
A2,3,4,5,6
A2,3,4,5
)
+B6A0,1,2,3,4
(
A2,3,4,5,6
A2,3,4,5,6
)}
c0
...
...
(1.3.8)
(1.3.8) is simply
cn+2 = c0
n∑
i0=0
{
Bi0+1
i0−1∏
i1=0
Ai1
n−1∏
i2=i0
Ai2+2
}
(1.3.9)
Substitute (1.3.9) in (1.3.6) putting m = 1.
y1(x) = c0
∞∑
n=0
{
n∑
i0=0
{
Bi0+1
i0−1∏
i1=0
Ai1
n−1∏
i2=i0
Ai2+2
}}
xn+2+λ (1.3.10)
Observe the terms inside parentheses of sequence cn which include two terms of Bn’s in
(1.3.3): cn with every index except c0–c3 (c4, c5, c6,· · · ).
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(c) Two terms of Bn’s
c4 = B1,3c0
c5 =
{
B1 · 1 ·
{
B3
(
1
1
) (
A4
1
)
+B4
(
A2
1
) (
A4
A4
)}
+B2A0
{
B4
(
A2
A2
)(
A4
A4
)}}
c0
c6 =
{
B1 · 1 ·
{
B3
(
1
1
)(A4,5
1
)
+B4
(
A2
1
) (A4,5
A4
)
+B5
(
A2,3
1
)(
A4,5
A4,5
)}
+B2A0
{
B4
(
A2
A2
)(
A4,5
A4
)
+B5
(
A2,3
A2
)(
A4,5
A4,5
)}
+B3A0,1
{
B5
(
A2,3
A2,3
)(
A4,5
A4,5
)}}
c0
c7 =
{
B1 · 1 ·
{
B3
(
1
1
) (A4,5,6
1
)
+B4
(
A2
1
) (A4,5,6
A4
)
+B5
(
A2,3
1
)(
A4,5,6
A4,5
)
+B6
(
A2,3,4
1
)(
A4,5,6
A4,5,6
)}
+B2A0
{
B4
(
A2
A2
)(
A4,5,6
A4
)
+B5
(
A2,3
A2
)(
A4,5,6
A4,5
)
+B6
(
A2,3,4
A2
)(
A4,5,6
A4,5,6
)}
+B3A0,1
{
B5
(
A2,3
A2,3
)(
A4,5,6
A4,5
)
+B6
(
A2,3,4
A2,3
)(
A4,5,6
A4,5,6
)}
+B4A0,1,2
{
B6
(
A2,3,4
A2,3,4
)(
A4,5,6
A4,5,6
)}}
c0
...
...
(1.3.11)
(1.3.11) is simply
cn+4 = c0
n∑
i0=0
{
Bi0+1
n∑
i1=i0
{
Bi1+3
i0−1∏
i2=0
Ai2
i1−1∏
i3=i0
Ai3+2
n−1∏
i4=i1
Ai4+4
}}
= c0
n∑
i0=0
{
Bi0+1
i0−1∏
i1=0
Ai1
n∑
i2=i0
{
Bi2+3
i2−1∏
i3=i0
Ai3+2
n−1∏
i4=i2
Ai4+4
}}
(1.3.12)
Substitute (1.3.12) in (1.3.6) putting m = 2.
y2(x) = c0
∞∑
n=0
{
n∑
i0=0
{
Bi0+1
i0−1∏
i1=0
Ai1
n∑
i2=i0
{
Bi2+3
i2−1∏
i3=i0
Ai3+2
×
n−1∏
i4=i2
Ai4+4
}}}
xn+4+λ (1.3.13)
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Observe the terms inside parentheses of sequence cn which include three terms of Bn’s in
(1.3.3): cn with every index except c0–c5 (c6, c7, c8,· · · ).
(d) Three terms of Bn’s
c6 = B1,3,5 c0
c7 =
{
B1
{
B3 · 1 ·
[
B5
(
1
1
) (
1
1
) (
A6
1
)
+B6
(
1
1
) (
A4
1
) (
A6
A6
) ]
+B4 · 1 ·
[
B6
(
A2
1
) (
A4
A4
)(
A6
A6
) ]}
+B2
{
B4A0
[
B6
(
A2
A2
)(
A4
A4
)(
A6
A6
) ]}}
c0
c8 =
{
B1
{
B3 · 1 ·
[
B5
(
1
1
) (
1
1
) (A6,7
1
)
+B6
(
1
1
) (
A4
1
) (A6,7
A6
)
+B7
(
1
1
) (A4,5
1
)(
A6,7
A6,7
) ]
+B4 · 1 ·
[
B6
(
A2
1
) (
A4
A4
)(
A6,7
A6
)
+B7
(
A2
1
) (A4,5
A4
)(
A6,7
A6,7
) ]
+B5 · 1 ·
[
B7
(
A2,3
1
)(
A4,5
A4,5
)(
A6,7
A6,7
) ]}
+B2
{
B4A0
[
B6
(
A2
A2
)(
A4
A4
)(
A6,7
A6
)
+B7
(
A2
A2
)(
A4,5
A4
)(
A6,7
A6,7
) ]
+B5A0
[
B7
(
A2,3
A2
)(
A4,5
A4,5
)(
A6,7
A6,7
) ]}
+B3
{
B5A0,1
[
B7
(
A2,3
A2,3
)(
A4,5
A4,5
)(
A6,7
A6,7
) ]}}
c0
c9 =
{
B1
{
B3 · 1 ·
[
B5
(
1
1
) (
1
1
) (A6,7,8
1
)
+B6
(
1
1
) (
A4
1
) (A6,7,8
A6
)
+B7
(
1
1
) (A4,5
1
)(
A6,7,8
A6,7
)
+B8
(
1
1
) (A4,5,6
1
)(
A6,7,8
A6,7,8
) ]
+B4 · 1 ·
[
B6
(
A2
1
) (
A4
A4
)(
A6,7,8
A6
)
+B7
(
A2
1
) (A4,5
A4
)(
A6,7,8
A6,7
)
+B8
(
A2
1
) (A4,5,6
A4
)(
A6,7,8
A6,7,8
) ]
+B5 · 1 ·
[
B7
(
A2,3
1
)(
A4,5
A4,5
)(
A6,7,8
A6,7
)
+B8
(
A2,3
1
)(
A4,5,6
A4,5
)(
A6,7,8
A6,7,8
) ]
+B6 · 1 ·
[
B8
(
A2,3,4
1
)(
A4,5,6
A4,5,6
)(
A6,7,8
A6,7,8
) ]}
+B2
{
B4A0
[
B6
(
A2
A2
)(
A4
A4
)(
A6,7,8
A6
)
+B7
(
A2
A2
)(
A4,5
A4
)(
A6,7,8
A6,7
)
+B8
(
A2
A2
)(
A4,5,6
A4
)(
A6,7,8
A6,7,8
) ]
+B5A0
[
B7
(
A2,3
A2
)(
A4,5
A4,5
)(
A6,7,8
A6,7
)
+B8
(
A2,3
A2
)(
A4,5,6
A4,5
)(
A6,7,8
A6,7,8
) ]
+B6A0
[
B8
(
A2,3,4
A2
)(
A4,5,6
A4,5,6
)(
A6,7,8
A6,7,8
) ]}
+B3
{
B5A0,1
[
B7
(
A2,3
A2,3
)(
A4,5
A4,5
)(
A6,7,8
A6,7
)
+B8
(
A2,3
A2,3
)(
A4,5,6
A4,5
)(
A6,7,8
A6,7,8
) ]
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+B6A0,1
[
B8
(
A2,3,4
A2,3
)(
A4,5,6
A4,5,6
)(
A6,7,8
A6,7,8
) ]}
+B4
{
B6A0,1,2
[
B8
(
A2,3,4
A2,3,4
)(
A4,5,6
A4,5,6
)(
A6,7,8
A6,7,8
) ]}}
c0
...
...
(1.3.14)
(1.3.14) is simply
cn+6 = c0
n∑
i0=0
{
Bi0+1
n∑
i1=i0
{
Bi1+3
n∑
i2=i1
{
Bi2+5
i0−1∏
i3=0
Ai3
i1−1∏
i4=i0
Ai4+2
i2−1∏
i5=i1
Ai5+4
n−1∏
i6=i2
Ai6+6
}}}
= c0
n∑
i0=0
{
Bi0+1
i0−1∏
i1=0
Ai1
n∑
i2=i0
{
Bi2+3
i2−1∏
i3=i0
Ai3+2
n∑
i4=i2
{
Bi4+5
i4−1∏
i5=i2
Ai5+4
n−1∏
i6=i4
Ai6+6
}}}
(1.3.15)
Substitute (1.3.15) in (1.3.6) putting m = 3.
y3(x) = c0
∞∑
n=0
{
n∑
i0=0
{
Bi0+1
i0−1∏
i1=0
Ai1
n∑
i2=i0
{
Bi2+3
i2−1∏
i3=i0
Ai3+2
×
n∑
i4=i2
{
Bi4+5
i4−1∏
i5=i2
Ai5+4
n−1∏
i6=i4
Ai6+6
}}}}
xn+6+λ (1.3.16)
By repeating this process for all higher terms of Bn’s, we obtain every ym(x) terms where
m ≥ 4. Substitute (1.3.7), (1.3.10), (1.3.13), (1.3.16) and including all ym(x) terms where
m ≥ 4 into (1.3.5).
Theorem 1.3.1 The general expression of y(x) for infinite series is
y(x) = y0(x) + y1(x) + y2(x) + y3(x) + · · ·
= c0
{ ∞∑
n=0
{
n−1∏
i0=0
Ai0
}
xn+λ +
∞∑
n=0
{
n∑
i0=0
{
Bi0+1
i0−1∏
i1=0
Ai1
n−1∏
i2=i0
Ai2+2
}}
xn+2+λ
+
∞∑
N=2

∞∑
n=0

n∑
i0=0
Bi0+1
i0−1∏
i1=0
Ai1
N−1∏
k=1
 n∑
i2k=i2(k−1)
Bi2k+2k+1
i2k−1∏
i2k+1=i2(k−1)
Ai2k+1+2k

×
n−1∏
i2N=i2(N−1)
Ai2N+2N


xn+2N+λ
 (1.3.17)
1.4. POLYNOMIAL WHICH MAKES AN TERM TERMINATED 15
1.4 Polynomial which makes An term terminated
Now let’s investigate the polynomial case of y(x). Assume that An is terminated at
certain value of n. Then each yi(x) where i = 0, 1, 2, · · · will be polynomial. Examples of
these are Heun’s equation, GCH function[6], Lame function, etc. First Ak is terminated at
certain value of k. I choose eigenvalue α0 which Ak is terminated where α0 = 0, 1, 2, · · · .
Ak+2 is terminated at certain value of k. I choose eigenvalue α1 which Ak+2 is terminated
where α1 = 0, 1, 2, · · · . Also Ak+4 is terminated at certain value of k. I choose eigenvalue
α2 which Ak+4 is terminated where α2 = 0, 1, 2, · · · . By repeating this process I obtain
Aαi+2i = 0 where i, αi = 0, 1, 2, · · · (1.4.1)
In general, the two term recurrence relation for polynomial has only one eigenvalue: for
example, the Laguerre function, confluent hypergeometric function, Legendre function,
etc. In “Generalization of the three-term recurrence formula and its applications”[1],
polynomial which makes Bn term terminated has infinite eigenvalues which is βi where
i, βi = 0, 1, 2, · · · . In this chapter polynomial which makes An term terminated also has
infinite eigenvalues which is αi.
First observe the term in sequence cn which does not include any Bn’s in (1.3.4): cn with
every index (c0, c1, c2,· · · ).
(a) As α0=0, then A0=0 in (1.3.4).
c0
(1.4.2)
(b) As α0=1, then A1=0 in (1.3.4).
c0
c1 = A0c0
(1.4.3)
(c) As α0=2, then A2=0 in (1.3.4).
c0
c1 = A0c0
c2 = A0,1c0
(1.4.4)
Substitute (1.4.2),(1.4.3) and (1.4.4) in (1.3.6) putting m = 0.
y0(x) = c0
α0∑
n=0
{
n−1∏
i1=0
Ai1
}
xn+λ (1.4.5)
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Observe the terms inside curly brackets of sequence cn which include one term of Bn’s in
(1.3.8): cn with every index except c0 and c1 (c1, c3, c5,· · · ).
(a) As α0=0, then A0=0 in (1.3.8).
c2 = B1c0
c3 = B1 · 1 ·A2c0
c4 = B1 · 1 ·A2,3c0
c5 = B1 · 1 ·A2,3,4c0
c6 = B1 · 1 ·A2,3,4,5c0
...
...
(1.4.6)
As i=1 in (1.4.1),
Aα1+2 = 0 where α1 = 0, 1, 2, · · · (1.4.7)
Substitute (1.4.6) in (1.3.6) putting m = 1 by using (1.4.7).
y01(x) = c0B1
α1∑
n=0
{
n−1∏
i1=0
Ai1+2
}
xn+2+λ (1.4.8)
In (1.4.8) y01(x) is sub-power series, having sequences cn including one term of Bn’s in
(1.3.3) as α0=0, for the polynomial case in which makes An term terminated.
(b) As α0=1, then A1=0 in (1.3.8).
c2 = B1c0
c3 = {B1 · 1 · A2 +B2A0 · 1}c0
c4 = {B1 · 1 · A2,3 +B2A0A3}c0
c5 = {B1 · 1 · A2,3,4 +B2A0A3,4}c0
c6 = {B1 · 1 · A2,3,4,5 +B2A0A3,4,5}c0
...
...
(1.4.9)
The first term in curly brackets of sequence cn in (1.4.9) is same as (1.4.6). Then, its
solution is equal to (1.4.8). Substitute (1.4.7) into the second term in curly brackets of
sequence cn in (1.4.9). Its power series expansion including the first and second terms in
curly brackets of sequence cn in (1.4.9), analytic at x = 0, is
y11(x) = c0
{
B1
α1∑
n=0
{
n−1∏
i1=0
Ai1+2
}
+B2A0
α1∑
n=1
{
n−1∏
i1=1
Ai1+2
}}
xn+2+λ (1.4.10)
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In (1.4.10) y11(x) is sub-power series, having sequences cn including one term of Bn’s in
(1.3.3), as α0=1 for the polynomial case in which makes An term terminated.
(c) As α0=2, then A2=0 in (1.3.8).
c2 = B1c0
c3 = {B1 · 1 · A2 +B2A0 · 1}c0
c4 = {B1 · 1 · A2,3 +B2A0A3 +B3A0,1 · 1}c0
c5 = {B1 · 1 · A2,3,4 +B2A0A3,4 +B3A0,1A4}c0
c6 = {B1 · 1 · A2,3,4,5 +B2A0A3,4,5 +B3A0,1A4,5}c0
c7 = {B1 · 1 · A2,3,4,5,6 +B2A0A3,4,5,6 +B3A0,1B4,5,6}c0
...
...
(1.4.11)
The first and second term in curly brackets of sequence cn in (1.4.11) is same as (1.4.9).
Then its power series expansion is same as (1.4.10). Substitute (1.4.7) into the third term
in curly brackets of sequence cn in (1.4.11). Its power series expansion including the first,
second and third terms in curly brackets of sequence cn in (1.4.11), analytic at x = 0, is
y21(x) = c0
{
B1
α1∑
n=0
{
n−1∏
i1=0
Ai1+2
}
+B2A0
α1∑
n=1
{
n−1∏
i1=1
Ai1+2
}
+ B3A0,1
α1∑
n=2
{
n−1∏
i1=2
Ai1+2
}}
xn+2+λ (1.4.12)
In (1.4.12) y21(x) is sub-power series, having sequence cn including one term of Bn’s in
(1.3.3) as α0=2, for the polynomial case in which makes An term terminated. By
repeating this process for all α0 = 3, 4, 5, · · · , I obtain every yj1(x) terms where j ≥ 3.
According to (1.4.8), (1.4.10), (1.4.12) and every yj1(x) where j ≥ 3, the general
expression of y1(x) for all α0 is
y1(x) = c0
α0∑
i0=0
{
Bi0+1
i0−1∏
i1=0
Ai1
α1∑
i2=i0
{
i2−1∏
i3=i0
Ai3+2
}}
xi2+2+λ where α0 ≤ α1 (1.4.13)
Observe the terms of sequence cn which include two terms of Bn’s in (1.3.11): cn with
every index except c0–c3 (c4, c5, c6,· · · ).
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(a) As α0=0, then A0=0 in (1.3.11).
c4 = B1,3c0
c5 = B1{B3 · 1 · 1 ·A4 +B4 · 1 · A2 · 1}c0
c6 = B1{B3 · 1 · 1 ·A4,5 +B4 · 1 · A2A5 +B5 · 1 ·A2,3 · 1}c0
c7 = B1{B3 · 1 · 1 ·A4,5,6 +B4 · 1 · A2A5,6 +B5 · 1 ·A2,3A6 +B6 · 1 ·A2,3,4 · 1}c0
c8 = B1{B3 · 1 · 1 ·A4,5,6,7 +B4 · 1 · A2A5,6,7 +B5 · 1 · A2,3A6,7 +B6 · 1 ·A2,3,4A7
+B7 · 1 ·A2,3,4,5 · 1}c0
...
...
(1.4.14)
(i) As α1=0, then A2=0 in (1.4.14).
c4 = B1,3 c0
c5 = B1B3 · 1 · 1 ·A4 c0
c6 = B1B3 · 1 · 1 ·A4,5 c0
c7 = B1B3 · 1 · 1 ·A4,5,6 c0
c8 = B1B3 · 1 · 1 ·A4,5,6,7 c0
...
...
(1.4.15)
As i=2 in (1.4.1),
Aα2+4 = 0 where α2 = 0, 1, 2, · · · (1.4.16)
Substitute (1.4.15) in (1.3.6) putting m = 2 by using (1.4.16).
y0,02 (x) = c0B1B3
α2∑
n=0
{
n−1∏
i1=0
Ai1+4
}
xn+4+λ (1.4.17)
In (1.4.17) y0,02 (x) is sub-power series, having sequences cn including two term of Bn’s in
(1.3.3) as α0=0 and α1=0, for the polynomial case in which makes An term terminated.
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(ii) As α1=1, then A3=0 in (1.4.14).
c4 = B1,3c0
c5 = B1{B3 · 1 · 1 ·A4 +B4 · 1 ·A2 · 1}c0
c6 = B1{B3 · 1 · 1 ·A4,5 +B4 · 1 ·A2 ·A5}c0
c7 = B1{B3 · 1 · 1 ·A4,5,6 +B4 · 1 ·A2 ·A5,6}c0
c8 = B1{B3 · 1 · 1 ·A4,5,6,7 +B4 · 1 · A2 ·A5,6,7}c0
...
...
(1.4.18)
The first term in curly brackets of sequence cn in (1.4.18) is same as (1.4.15). Then its
power series expansion is equal to (1.4.17). Substitute (1.4.16) into the second term in
curly brackets of sequence cn in (1.4.18). Its power series expansion including the first
and second terms in curly brackets of sequence cn, analytic at x = 0, is
y0,12 (x) = c0B1
{
B3
α2∑
n=0
{
n−1∏
i1=0
Ai1+4
}
+B4A2
α2∑
n=1
{
n−1∏
i1=1
Ai1+4
}}
xn+4+λ (1.4.19)
In (1.4.19) y0,12 (x) is sub-power series, having sequences cn including two term of Bn’s in
(1.3.3) as α0=0 and α1=1, for the polynomial case in which makes An term terminated.
(iii) As α1=2, then A4=0 in (1.4.14).
c4 = B1,3c0
c5 = B1{B3 · 1 · 1 ·A4 +B4 · 1 ·A2 · 1}c0
c6 = B1{B3 · 1 · 1 ·A4,5 +B4 · 1 ·A2 ·A5 +B5 · 1 ·A2,3 · 1}c0
c7 = B1{B3 · 1 · 1 ·A4,5,6 +B4 · 1 ·A2 ·A5,6 +B5 · 1 ·A2,3 ·A6}c0
c8 = B1{B3 · 1 · 1 ·A4,5,6,7 +B4 · 1 · A2 ·A5,6,7 +B5 · 1 · A2,3 ·A6,7}c0
...
...
(1.4.20)
The first and second term in curly brackets of sequence cn in (1.4.20) is same as (1.4.18).
Then its power series expansion is same as (1.4.19). Substitute (1.4.16) into the third
term in curly brackets of sequence cn in (1.4.20). Its power series expansion including the
first, second and third terms in curly brackets of sequence cn in (1.4.20), analytic at
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x = 0, is
y0,22 (x) = c0B1
{
B3
α2∑
n=0
{
n−1∏
i1=0
Ai1+4
}
+B4A2
α2∑
n=1
{
n−1∏
i1=1
Ai1+4
}
+ B5A2,3
α2∑
n=2
{
n−1∏
i1=2
Ai1+4
}}
xn+4+λ (1.4.21)
In (1.4.21) y0,22 (x) is sub-power series, having sequences cn including two term of Bn’s in
(1.3.3) as α0=0 and α1=2, for the polynomial case in which makes An term terminated.
By repeating this process for all α1 = 3, 4, 5, · · · , we obtain every y0,j2 (x) terms where
j ≥ 3. According to (1.4.17), (1.4.19), (1.4.21) and every y0,j2 (x) where j ≥ 3, the general
expression of y02(x) for the case of α0 = 0 replacing the index n by i0 is
y02(x) = c0B1
α1∑
i0=0
{
Bi0+3
i0−1∏
i1=0
Ai1+2
α2∑
i2=i0
{
i2−1∏
i3=i0
Ai3+4
}}
xi2+4+λ (1.4.22)
In (1.4.22) y02(x) is sub-power series, having sequences cn including two term of Bn’s in
(1.3.3) as α0=0, for the polynomial case in which makes An term terminated.
(b) As α0=1, then A1=0 in (1.3.11).
c4 = B1,3c0
c5 =
{
B1
[
B3 · 1 · 1 ·A4 +B4 · 1 ·A2 · 1
]
+B2
[
B4A0 · 1 · 1
]}
c0
c6 =
{
B1
[
B3 · 1 · 1 ·A4,5 +B4 · 1 ·A2A5 +B5 · 1 · A2,3 · 1
]
+B2
[
B4A0 · 1 ·A5 +B5A0A3 · 1
]}
c0
c7 =
{
B1
[
B3 · 1 · 1 ·A4,5,6 +B4 · 1 ·A2A5,6 +B5 · 1 ·A2,3 · A6 +B6 · 1 ·A2,3,4 · 1
]
+B2
[
B4A0 · 1 ·A5,6 +B5A0A3A6 +B6A0A3,4 · 1
]}
c0
c8 =
{
B1
[
B3 · 1 · 1 ·A4,5,6,7 +B4 · 1 · A2A5,6,7 +B5 · 1 ·A2,3 ·A6,7
+B6 · 1 ·A2,3,4 ·A7 +B7 · 1 ·A2,3,4,5 · 1
]
+B2
[
B4A0 · 1 ·A5,6,7 +B5A0A3A6,7 +B6A0A3,4 ·A7 +B7A0A3,4,5 · 1
]}
c0
...
...
(1.4.23)
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The first square brackets including B1 inside curly brackets in sequence cn in (1.4.23) is
same as (1.4.14). Then its power series expansion is same as (1.4.22). Observe the second
square brackets including B2 inside curly brackets in sequence cn in (1.4.23).
(i) As α1=1, then A3=0 in the second square brackets including B2 inside curly brackets
in sequence cn in (1.4.23).
c4 = B2A0
{
B4 · 1 · 1
}
c0
c5 = B2A0
{
B4 · 1 ·A5
}
c0
c6 = B2A0
{
B4 · 1 ·A5,6
}
c0
c7 = B2A0
{
B4 · 1 ·A5,6,7
}
c0
...
...
(1.4.24)
Its power series expansion of (1.4.24) by using (1.4.16), analytic at x = 0, is
y1,12 (x) = c0A0B2,4
α2∑
n=1
{
n−1∏
i1=1
Ai1+4
}
xn+4+λ (1.4.25)
In (1.4.25) y1,12 (x) is sub-power series, for the second square brackets inside curly brackets
in sequence cn including two term of Bn’s in (1.4.23) as α0=1 and α1=1, for the
polynomial case in which makes An term terminated.
(ii) As α1=2, then A4=0 in second square brackets inside curly brackets in sequence cn
including B2 in (1.4.23).
c5 = B2A0
{
B4 · 1 · 1
}
c0
c6 = B2A0
{
B4 · 1 · A5 +B5A3 · 1
}
c0
c7 = B2A0
{
B4 · 1 · A5,6 +B5A3 ·A6
}
c0
c8 = B2A0
{
B4 · 1 · A5,6,7 +B5A3 ·A6,7
}
c0
...
...
(1.4.26)
The first term in curly brackets of sequence cn in (1.4.26) is same as (1.4.24). Then its
power series expansion is same as (1.4.25). Substitute (1.4.16) into the second term in
curly brackets of sequence cn in (1.4.26). Its power series expansion including the first
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and second terms in curly brackets of sequence cn in (1.4.26), analytic at x = 0, is
y1,22 (x) = c0B2A0
{
B4
α2∑
n=1
{
n−1∏
i1=1
Ai1+4
}
+B5A3
α2∑
n=2
{
n−1∏
i1=2
Ai1+4
}}
xn+4+λ (1.4.27)
In (1.4.27) y1,22 (x) is sub-power series, for the second square brackets inside curly brackets
in sequence cn including two term of Bn’s in (1.4.23) as α0=1 and α1=2, for the
polynomial case which makes An term terminated.
By using similar process as I did before, the solution for α1=3 with A5=0 for the second
square brackets inside curly brackets in sequence cn including B2 in (1.4.23) is
y1,32 (x) = c0B2A0
{
B4
α2∑
n=1
{
n−1∏
i1=1
Ai1+4
}
+B5A3
α2∑
n=2
{
n−1∏
i1=2
Ai1+4
}
+ B6A3,4
α2∑
n=3
{
n−1∏
i1=3
Ai1+4
}}
xn+4+λ (1.4.28)
By repeating this process for all α1 = 4, 5, 6, · · · , we obtain every y1,j2 (x) terms where
j ≥ 4 for the second square brackets inside curly brackets in sequence cn including two
term of Bn’s in (1.4.23). According to (1.4.22), (1.4.25), (1.4.27), (1.4.28) and every
y1,j2 (x) where j ≥ 4, the general expression of y12(x) for all α0 = 1 replacing the index n
by i0 is
y12(x) = c0
{
B1
α1∑
i0=0
{
Bi0+3
i0−1∏
i1=0
Ai1+2
α2∑
i2=i0
{
i2−1∏
i3=i0
Ai3+4
}}
(1.4.29)
+ B2A0
α1∑
i0=1
{
Bi0+3
i0−1∏
i1=1
Ai1+2
α2∑
i2=i0
{
i2−1∏
i3=i0
Ai3+4
}}}
xi2+4+λ
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(c) As α0=2, then A2=0 in (1.3.11).
c4 = B1,3c0
c5 =
{
B1
[
B3 · 1 · 1 ·A4 +B4 · 1 ·A2 · 1
]
+B2
[
B4A0 · 1 · 1
]}
c0
c6 =
{
B1 · 1
[
B3 · 1 ·A4,5 +B4A2A5 +B5A2,3 · 1
]
+B2A0
[
B4 · 1 · A5 +B5A3 · 1
]
+B3A0,1
[
B5 · 1 · 1
]}
c0
c7 =
{
B1 · 1
[
B3 · 1 ·A4,5,6 +B4A2A5,6 +B5A2,3A6 +B6A2,3,4 · 1
]
+B2A0
[
B4 · 1 ·A5,6 +B5A3A6 +B6A3,4 · 1
]
+B3A0,1
[
B5 · 1 · A6 +B6A4 · 1
]}
c0
c8 =
{
B1 · 1
[
B3 · 1 ·A4,5,6,7 +B4A2A5,6,7 +B5A2,3A6,7 +B6A2,3,4A7 +B7A2,3,4,5 · 1
]
+B2A0
[
B4 · 1 ·A5,6,7 +B5A3A6,7 +B6A3,4A7 +B7A3,4,5 · 1
]
+B3A0,1
[
B5 · 1 ·A6,7 +B6A4A7 +B7A4,5 · 1
]}
c0
...
...
(1.4.30)
By repeating similar process from the above, the general expression of y22(x) for all
α0 = 2 in (1.4.30) is
y22(x) = c0
{
B1
α1∑
i0=0
{
Bi0+3
i0−1∏
i1=0
Ai1+2
α2∑
i2=i0
{
i2−1∏
i3=i0
Ai3+4
}}
+B2A0
α1∑
i0=1
{
Bi0+3
i0−1∏
i1=1
Ai1+2
α2∑
i2=i0
{
i2−1∏
i3=i0
Ai3+4
}}
(1.4.31)
+ B3A0,1
α1∑
i0=2
{
Bi0+3
i0−1∏
i1=2
Ai1+2
α2∑
i2=i0
{
i2−1∏
i3=i0
Ai3+4
}}}
xi2+4+λ
Again by repeating this process for all α0 = 3, 4, 5, · · · , I obtain every yj2(x) terms where
j ≥ 3. Then I have general expression y2(x) for all α0 of two term of Bn’s according
(1.4.22), (1.4.29), (1.4.31) and yj2(x) terms where j ≥ 3.
y2(x) = c0
α0∑
i0=0
{
Bi0+1
i0−1∏
i1=0
Ai1
α1∑
i2=i0
{
Bi2+3
i2−1∏
i3=i0
Ai3+2
α2∑
i4=i2
{
i4−1∏
i5=i2
Ai5+4
}}}
xi4+4+λ
where α0 ≤ α1 ≤ α2 (1.4.32)
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By using similar process for the previous cases of zero, one and two terms of Bn’s, the
function y3(x) for the case of three term of Bn’s is
y3(x) = c0
α0∑
i0=0
{
Bi0+1
i0−1∏
i1=0
Ai1
α1∑
i2=i0
{
Bi2+3
i2−1∏
i3=i0
Ai3+2 (1.4.33)
×
α2∑
i4=i2
{
Bi4+5
i4−1∏
i5=i2
Ai5+4
α3∑
i6=i4
{
i6−1∏
i7=i4
Ai7+6
}}}}
xi6+6+λ
where α0 ≤ α1 ≤ α2 ≤ α3
By repeating this process for all higher terms of Bn’s, I obtain every ym(x) terms where
m > 3. Substitute (1.4.5), (1.4.13), (1.4.32), (1.4.33) and including all ym(x) terms where
m > 3 into (1.3.5).
Theorem 1.4.1 The general expression of y(x) for the polynomial case which makes An
term terminated in the three term recurrence relation is
y(x) = y0(x) + y1(x) + y2(x) + y3(x) + · · ·
= c0
{
α0∑
i0=0
(
i0−1∏
i1=0
Ai1
)
xi0+λ +
α0∑
i0=0
{
Bi0+1
i0−1∏
i1=0
Ai1
α1∑
i2=i0
(
i2−1∏
i3=i0
Ai3+2
)}
xi2+2+λ
+
∞∑
N=2

α0∑
i0=0
Bi0+1
i0−1∏
i1=0
Ai1
N−1∏
k=1
 αk∑
i2k=i2(k−1)
Bi2k+2k+1
i2k−1∏
i2k+1=i2(k−1)
Ai2k+1+2k

×
αN∑
i2N=i2(N−1)
 i2N−1∏
i2N+1=i2(N−1)
Ai2N+1+2N

xi2N+2N+λ
 (1.4.34)
In the above, αi ≤ αj only if i ≤ j where i, j, αi, αj ∈ N0
Theorem 1.4.2 For infinite series, replacing α0,α1,αk and αN by ∞ in (1.4.34)
y(x) = y0(x) + y1(x) + y2(x) + y3(x) + · · ·
= c0
{ ∞∑
i0=0
(
i0−1∏
i1=0
Ai1
)
xi0+λ +
∞∑
i0=0
{
Bi0+1
i0−1∏
i1=0
Ai1
∞∑
i2=i0
(
i2−1∏
i3=i0
Ai3+2
)}
xi2+2+λ
+
∞∑
N=2

∞∑
i0=0
Bi0+1
i0−1∏
i1=0
Ai1
N−1∏
k=1
 ∞∑
i2k=i2(k−1)
Bi2k+2k+1
i2k−1∏
i2k+1=i2(k−1)
Ai2k+1+2k

×
∞∑
i2N=i2(N−1)
 i2N−1∏
i2N+1=i2(N−1)
Ai2N+1+2N

xi2N+2N+λ
 (1.4.35)
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(1.4.35) is equivalent to (1.3.17). (1.4.35) is the another general expression of y(x) for the
infinite series.
1.5 Summary
In Ref.[1] I showed how to obtain the general expression of the power series for infinite
series and polynomial which makes Bn term terminated including all higher terms of An’s
using 3TRF in a linear ordinary differential equation having a recursive relation between
a 3-term. This was done by letting An in sequence cn is the leading term in the analytic
function y(x): the sequence cn consists of combinations An and Bn.
In this chapter, I show how to construct the Frobenius solution in closed forms for infinite
series and polynomial which makes An term terminated including all higher terms of Bn’s
using R3TRF in a linear ordinary differential equation having a 3-term recurrence
relation between successive coefficients. This is done by letting Bn in sequence cn is the
leading term in the analytic function y(x).
The infinite series in this chapter are equivalent to the infinite series in Ref.[1]. The
former is the letting Bn in sequence cn is the leading term in the analytic function y(x).
And the latter is the letting An in sequence cn is the leading term in the analytic function
y(x).
In chapters 2–9 I apply R3TRF to the power series expansions, integral forms and
generating functions for Heun, Confluent Heun, Mathieu, etc equations; local solutions of
these equations for infinite series and polynomial which makes An term terminated are
constructed analytically.
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Chapter 2
Heun function using reversible
three-term recurrence formula
In Ref.[2, 3], I construct the power series expansions in closed forms of Heun equation
and its integral forms for infinite series and polynomial which makes Bn term terminated
including all higher terms of An’s
1 by applying three term recurrence formula (3TRF).
In this chapter, I will apply reversible three term recurrence formula to the Frobenius
solutions in closed forms of Heun equation and its integral forms for infinite series and
polynomial which makes An term terminated including all higher terms of Bn’s
2.
The next chapter out of all 9 chapters describes the generating function of Heun
polynomial which makes An term terminated including all higher terms of Bn’s by using
R3TRF.
Nine examples of 192 local solutions of the Heun equation (Maier, 2007) are provided in
the appendices 1 and 2. For each example, I construct the power series expansions of
Heun equation and its integral forms by applying R3TRF.
2.1 Introduction
The Heun function generalizes all well-known special functions such as Spheroidal Wave,
Lame, Mathieu, and hypergeometric 2F1, 1F1 and 0F1 functions. The Heun function,
1“ higher terms of An’s” means at least two terms of An’s.
2“ higher terms of Bn’s” means at least two terms of Bn’s.
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having three term recurrence relations in its power series, is the most outstanding special
functions in among every analytic functions.
Recently Heun function started to appear in theoretical modern physics. For example the
Heun function comes out in the hydrogen-molecule ion[14], in the Schro¨dinger equation
with doubly anharmonic potential[10] (its solution is the confluent forms of Heun
equation), in the Stark effect[12], in perturbations of the Kerr metric[15, 16, 17, 18, 19],
in crystalline materials[13], in Collogero-Moser-Sutherland systems[20], etc., just to
mention a few.[6, 7, 8, 9] Traditionally, we have explained all physical phenomenons by
only using two term recursion relation in the power series expansion until 19th century.
However, since modern physics (quantum gravity, SUSY, general relativity, etc) come out
of the world, we have at least three or four recurrence relations in power series
expansions. Furthermore these type of problems can not be reduced to two term
recurrence relations by changing independent variables and coefficients.[11]
Due to its complexity Heun function was neglected for almost 100 years[4]. According to
Whittaker’s hypothesis, ‘The Heun function can not be described in form of contour
integrals of elementary functions even if it is the simplest class of special functions.’
Because Heun equation consists of three recurrence relations in its power series
expansion. Heun equation could not be described in the form of a definite or contour
integral of any elementary function for the last 100 years. The 3-term recursive relation
between successive coefficients in its power series expansion creates mathematical
difficulty to be described it into direct integral representation. Instead in Fredholm
integral equations, Heun equation is obtained by integral equations; such integral
relationships express one analytic solution in terms of another analytic solution. More
precisely, in earlier literature the integral representations of Heun equation were
constructed by using two types of relations: (1) Linear relations using Fredholm integral
equations. [21, 12] (2) Non-linear relation (Malurkar-type integral relations) including
Fredholm integral equations using two variables. [23, 24, 25, 26]
In previous papers I show the analytic solutions of Heun equation for infinite series and
polynomial which makes Bn term terminated including all higher terms of An’s by
applying 3TRF [2, 3]; (1) the power series expansion of Heun equation, (2) its integral
representation and its asymptotic behavior including the boundary condition for an
independent variable x. Indeed, according to analyzing Heun function into its combined
direct and contour integral forms resulting in a precise, we are able to observe how Heun
function relate to other well-known special functions such as Mathieu function, Lame
function, confluent forms of Heun function and etc. Because a 1F1 or 2F1 function recurs
in each of sub-integral forms of all these analytic functions. Also, an orthogonal relation
of Heun function can be obtained from its integral representation.
In this chapter, by applying R3TRF, I construct the power series expansion in closed
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forms of Heun equation for infinite series and polynomial which makes An term
terminated including all higher terms of Bn’s analytically and its integral form. Heun’s
differential equation is a second-order linear ordinary differential equation of the form [4].
d2y
dx2
+
(
γ
x
+
δ
x− 1 +
ǫ
x− a
)
dy
dx
+
αβx− q
x(x− 1)(x− a)y = 0 (2.1.1)
With the condition ǫ = α+ β − γ − δ + 1. The parameters play different roles: a 6= 0 is
the singularity parameter, α, β, γ, δ, ǫ are exponent parameters, q is the accessory
parameter which in many physical applications appears as a spectral parameter. Also, α
and β are identical to each other. The total number of free parameters is six. It has four
regular singular points which are 0, 1, a and ∞ with exponents {0, 1 − γ}, {0, 1 − δ},
{0, 1 − ǫ} and {α, β}. Assume that its solution is
y(x) =
∞∑
n=0
cnx
n+λ where λ = indicial root (2.1.2)
Plug (2.1.2) into (2.1.1).
cn+1 = An cn +Bn cn−1 ;n ≥ 1 (2.1.3)
where,
An =
(n+ λ)(n− 1 + γ + ǫ+ λ+ a(n− 1 + γ + λ+ δ)) + q
a(n+ 1 + λ)(n+ γ + λ)
=
(n+ λ)(n+ α+ β − δ + λ+ a(n + δ + γ − 1 + λ)) + q
a(n+ 1 + λ)(n+ γ + λ)
=
(1 + a)
a
(
n− −(ϕ+2(1+a)λ)−
√
ϕ2−4(1+a)q
2(1+a)
)(
n− −(ϕ+2(1+a)λ)+
√
ϕ2−4(1+a)q
2(1+a)
)
(n+ λ+ 1)(n + λ+ γ)
(2.1.4a)
and
ϕ = α+ β − δ + a(δ + γ − 1)
Bn = −(n− 1 + λ)(n + γ + δ + ǫ− 2 + λ) + αβ
a(n + 1 + λ)(n + γ + λ)
= −(n− 1 + λ+ α)(n − 1 + λ+ β)
a(n+ 1 + λ)(n + γ + λ)
(2.1.4b)
c1 = A0 c0 (2.1.4c)
We have two indicial roots which are λ = 0 and 1− γ.
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2.2 Power series
2.2.1 Polynomial of type 2
There are three types of polynomials in three term recurrence relation of a linear
ordinary differential equation: (1) polynomial which makes Bn term terminated: An term
is not terminated, (2) polynomial which makes An term terminated: Bn term is not
terminated, (3) polynomial which makes An and Bn terms terminated at the same time.
In general Heun polynomial is defined as type 3 polynomial where An and Bn terms
terminated. Heun polynomial comes from Heun equation that has a fixed integer value of
α or β, just as it has a fixed value of q. In three term recurrence relation, polynomial of
type 3 I categorize as complete polynomial. In future papers I will derive type 3 Heun
polynomial. In this part I construct the power series expansion and an integral forms for
Heun polynomial of type 2: I treat α, β, γ and δ as free variables and the accessory
parameter q as a fixed value. In my next papers I will work on the generating functions
for Heun polynomial of type 2.3
In chapter 1, the general expression of power series of y(x) for polynomial of type 2 is
y(x) =
∞∑
n=0
yn(x) = y0(x) + y1(x) + y2(x) + y3(x) + · · ·
= c0
{
α0∑
i0=0
(
i0−1∏
i1=0
Ai1
)
xi0+λ +
α0∑
i0=0
{
Bi0+1
i0−1∏
i1=0
Ai1
α1∑
i2=i0
(
i2−1∏
i3=i0
Ai3+2
)}
xi2+2+λ
+
∞∑
N=2
{
α0∑
i0=0
{
Bi0+1
i0−1∏
i1=0
Ai1
N−1∏
k=1
(
αk∑
i2k=i2(k−1)
Bi2k+2k+1
i2k−1∏
i2k+1=i2(k−1)
Ai2k+1+2k
)
×
αN∑
i2N=i2(N−1)
(
i2N−1∏
i2N+1=i2(N−1)
Ai2N+1+2N
)}}
xi2N+2N+λ
}
(2.2.1)
In the above, αi ≤ αj only if i ≤ j where i, j, αi, αj ∈ N0.
For a polynomial, we need a condition, which is:
Aαi+2i = 0 where i, αi = 0, 1, 2, · · · (2.2.2)
In the above, αi is an eigenvalue that makes An term terminated at certain value of index
n. (2.2.2) makes each yi(x) where i = 0, 1, 2, · · · as the polynomial in (2.2.1). Replace αi
3If An and Bn terms are not terminated, it turns to be infinite series.
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by qi and put n = qi + 2i in (2.1.4a) with the condition Aqi+2i = 0. Then, we obtain
eigenvalues q such as
qi + 2i =
−(ϕ+ 2(1 + a)λ)±
√
ϕ2 − 4(1 + a)q
2(1 + a)
The case of
√
ϕ2 − 4(1 + a)q = −{ϕ+ 2(1 + a)(qi + 2i+ λ)} In (2.1.4a) replace√
ϕ2 − 4(1 + a)q by −{ϕ+ 2(1 + a)(qi + 2i+ λ)}. In (2.2.1) replace index αi by qi. Take
the new (2.1.4a) and (2.1.4b) in new (2.2.1). After the replacement process, the general
expression of power series of Heun’s equation for polynomial of type 2 is given by
y(x) =
∞∑
n=0
yn(x) = y0(x) + y1(x) + y2(x) + y3(x) + · · ·
= c0x
λ

q0∑
i0=0
(−q0)i0
(
q0 +
ϕ+2(1+a)λ
(1+a)
)
i0
(1 + λ)i0(γ + λ)i0
ηi0
+

q0∑
i0=0
(i0 + λ+ α)(i0 + λ+ β)
(i0 + λ+ 2)(i0 + λ+ 1 + γ)
(−q0)i0
(
q0 +
ϕ+2(1+a)λ
(1+a)
)
i0
(1 + λ)i0(γ + λ)i0
×
q1∑
i1=i0
(−q1)i1
(
q1 + 4 +
ϕ+2(1+a)λ
(1+a)
)
i1
(3 + λ)i0(2 + γ + λ)i0
(−q1)i0
(
q1 + 4 +
ϕ+2(1+a)λ
(1+a)
)
i0
(3 + λ)i1(2 + γ + λ)i1
ηi1
 z
+
∞∑
n=2

q0∑
i0=0
(i0 + λ+ α)(i0 + λ+ β)
(i0 + λ+ 2)(i0 + λ+ 1 + γ)
(−q0)i0
(
q0 +
ϕ+2(1+a)λ
(1+a)
)
i0
(1 + λ)i0(γ + λ)i0
×
n−1∏
k=1

qk∑
ik=ik−1
(ik + 2k + λ+ α)(ik + 2k + λ+ β)
(ik + 2(k + 1) + λ)(ik + 2k + 1 + γ + λ)
(2.2.3)
×
(−qk)ik
(
qk + 4k +
ϕ+2(1+a)λ
(1+a)
)
ik
(2k + 1 + λ)ik−1(2k + γ + λ)ik−1
(−qk)ik−1
(
qk + 4k +
ϕ+2(1+a)λ
(1+a)
)
ik−1
(2k + 1 + λ)ik(2k + γ + λ)ik

×
qn∑
in=in−1
(−qn)in
(
qn + 4n+
ϕ+2(1+a)λ
(1+a)
)
in
(2n + 1 + λ)in−1(2n+ γ + λ)in−1
(−qn)in−1
(
qn + 4n+
ϕ+2(1+a)λ
(1+a)
)
in−1
(2n + 1 + λ)in(2n + γ + λ)in
ηin
 zn

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where 
z = − 1ax2
η = (1+a)a x
q = −(qj + 2j + λ){ϕ + (1 + a)(qj + 2j + λ)} as j, qj ∈ N0
qi ≤ qj only if i ≤ j where i, j ∈ N0
The case of
√
ϕ2 − 4(1 + a)q = ϕ+ 2(1 + a)(qi + 2i+ λ) In (2.1.4a) replace√
ϕ2 − 4(1 + a)q by ϕ+ 2(1 + a)(qi + 2i+ λ). In (2.2.1) replace index αi by qi. Take the
new (2.1.4a) and (2.1.4b) in new (2.2.1). After the replacement process, its solution is
equivalent to (2.2.3).
Put c0= 1 as λ=0 for the first kind of independent solutions of Heun equation and
c0 =
(
1 + a
a
)1−γ
as λ = 1− γ for the second one in (2.2.3).
Remark 2.2.1 The power series expansion of Heun equation of the first kind for
polynomial of type 2 about x = 0 as
q = −(qj + 2j){α + β − δ + a(δ + γ − 1) + (1 + a)(qj + 2j)} where j, qj ∈ N0 is
y(x) = HFRqj
(
qj =
−ϕ±
√
ϕ2 − 4(1 + a)q
2(1 + a)
− 2j, ϕ = α+ β − δ + a(δ + γ − 1),Ω1 = ϕ
(1 + a)
; η =
(1 + a)
a
x; z = −1
a
x2
)
=
q0∑
i0=0
(−q0)i0 (q0 +Ω1)i0
(1)i0(γ)i0
ηi0
+
{
q0∑
i0=0
(i0 + α)(i0 + β)
(i0 + 2)(i0 + 1 + γ)
(−q0)i0 (q0 +Ω1)i0
(1)i0(γ)i0
q1∑
i1=i0
(−q1)i1 (q1 + 4 + Ω1)i1 (3)i0(2 + γ)i0
(−q1)i0 (q1 + 4 + Ω1)i0 (3)i1(2 + γ)i1
ηi1
}
z
+
∞∑
n=2
{
q0∑
i0=0
(i0 + α)(i0 + β)
(i0 + 2)(i0 + 1 + γ)
(−q0)i0 (q0 +Ω1)i0
(1)i0(γ)i0
×
n−1∏
k=1

qk∑
ik=ik−1
(ik + 2k + α)(ik + 2k + β)
(ik + 2(k + 1))(ik + 2k + 1 + γ)
(−qk)ik (qk + 4k +Ω1)ik (2k + 1)ik−1(2k + γ)ik−1
(−qk)ik−1 (qk + 4k +Ω1)ik−1 (2k + 1)ik (2k + γ)ik

×
qn∑
in=in−1
(−qn)in (qn + 4n+Ω1)in (2n + 1)in−1(2n+ γ)in−1
(−qn)in−1 (qn + 4n+Ω1)in−1 (2n + 1)in(2n + γ)in
ηin
 zn (2.2.4)
2.2. POWER SERIES 35
For the minimum value of Heun equation of the first kind for a polynomial of type 2
about x = 0, put q0 = q1 = q2 = · · · = 0 in (2.2.4).
y(x) = HFR0
(
q = −2j(ϕ + 2(1 + a)j), ϕ = α+ β − δ + a(δ + γ − 1),Ω1 = ϕ
(1 + a)
; η =
(1 + a)
a
x; z = −1
a
x2
)
= 2F1
(
α
2
,
β
2
,
γ
2
+
1
2
, z
)
where |z| < 1 (2.2.5)
Remark 2.2.2 The power series expansion of Heun equation of the second kind for
polynomial of type 2 about x = 0 as
q = −(qj + 2j + 1− γ){α + β + 1− γ − (1− a)δ + (1 + a)(qj + 2j)} where j, qj ∈ N0 is
y(x) = HSRqj
(
qj =
−{ϕ+ 2(1 + a)(1 − γ)} ±
√
ϕ2 − 4(1 + a)q
2(1 + a)
− 2j
, ϕ = α+ β − δ + a(δ + γ − 1),Ω2 = ϕ+ 2(1 + a)(1 − γ)
(1 + a)
; η =
(1 + a)
a
x; z = −1
a
x2
)
= η1−γ
{
q0∑
i0=0
(−q0)i0 (q0 +Ω2)i0
(2− γ)i0(1)i0
ηi0
+
{
q0∑
i0=0
(i0 + 1− γ + α)(i0 + 1− γ + β)
(i0 + 3− γ)(i0 + 2)
(−q0)i0 (q0 +Ω2)i0
(2− γ)i0(1)i0
×
q1∑
i1=i0
(−q1)i1 (q1 + 4 + Ω2)i1 (4− γ)i0(3)i0
(−q1)i0 (q1 + 4 + Ω2)i0 (4− γ)i1(3)i1
ηi1
}
z
+
∞∑
n=2
{
q0∑
i0=0
(i0 + 1− γ + α)(i0 + 1− γ + β)
(i0 + 3− γ)(i0 + 2)
(−q0)i0 (q0 +Ω2)i0
(2− γ)i0(1)i0
×
n−1∏
k=1

qk∑
ik=ik−1
(ik + 2k + 1− γ + α)(ik + 2k + 1− γ + β)
(ik + 2(k + 1) + 1− γ)(ik + 2(k + 1))
× (−qk)ik (qk + 4k +Ω2)ik (2(k + 1)− γ)ik−1(2k + 1)ik−1
(−qk)ik−1 (qk + 4k +Ω2)ik−1 (2(k + 1)− γ)ik(2k + 1)ik
}
(2.2.6)
×
qn∑
in=in−1
(−qn)in (qn + 4n +Ω2)in (2(n + 1)− γ)in−1(2n + 1)in−1
(−qn)in−1 (qn + 4n+Ω2)in−1 (2(n + 1)− γ)in(2n+ 1)in
ηin
 zn

For the minimum value of Heun equation of the second kind for a polynomial of type 2
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about x = 0, put q0 = q1 = q2 = · · · = 0 in (2.2.6).
y(x) = HSR0
(
q = −(1 + 2j − γ)(ϕ+ (1 + a)(1 + 2j − γ)), ϕ = α+ β − δ + a(δ + γ − 1)
,Ω2 =
ϕ+ 2(1 + a)(1− γ)
(1 + a)
; η =
(1 + a)
a
x; z = −1
a
x2
)
= η1−γ 2F1
(
α
2
− γ
2
+
1
2
,
β
2
− γ
2
+
1
2
,−γ
2
+
3
2
, z
)
where |z| < 1 (2.2.7)
In (2.2.5) and (2.2.7), a polynomial of type 2 requires |z| < 1 for the convergence of the
radius.
In Ref.[2, 3] I treat α and/or β as a fixed value and γ, δ, q as free variables to construct
Heun polynomial of type 1: (1) if α = −2αj − j and/or β = −2βj − j where
j, αj , βj ∈ N0, an analytic solution of Heun equation turns to be the first kind of
independent solution of Heun polynomial which makes Bn term terminated. (2) if
α = −2αj − j − 1 + γ and/or β = −2βj − j − 1 + γ, an analytic solution of Heun equation
turns to be the second kind of independent solution of Heun polynomial of type 1.
In this chapter I treat q as a fixed value and α, β, γ, δ as free variables to construct Heun
polynomial of type 2: (1) if q = −(qj + 2j){α + β − δ + a(δ + γ − 1) + (1 + a)(qj + 2j)}
where j, qj ∈ N0, an analytic solution of Heun equation turns to be the first kind of
independent solution of Heun polynomial of type 2. (2) if
q = −(qj +2j +1− γ){α+ β +1− γ − (1− a)δ+ (1+ a)(qj +2j)}, an analytic solution of
Heun equation turns to be the second kind of independent solution of Heun polynomial of
type 2.
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2.2.2 Infinite series
In chapter 1, the general expression of power series of y(x) for infinite series is
y(x) =
∞∑
n=0
yn(x) = y0(x) + y1(x) + y2(x) + y3(x) + · · ·
= c0
{ ∞∑
i0=0
(
i0−1∏
i1=0
Ai1
)
xi0+λ +
∞∑
i0=0
{
Bi0+1
i0−1∏
i1=0
Ai1
∞∑
i2=i0
(
i2−1∏
i3=i0
Ai3+2
)}
xi2+2+λ
+
∞∑
N=2
{ ∞∑
i0=0
{
Bi0+1
i0−1∏
i1=0
Ai1
N−1∏
k=1
( ∞∑
i2k=i2(k−1)
Bi2k+2k+1
i2k−1∏
i2k+1=i2(k−1)
Ai2k+1+2k
)
×
∞∑
i2N=i2(N−1)
(
i2N−1∏
i2N+1=i2(N−1)
Ai2N+1+2N
)}}
xi2N+2N+λ
}
(2.2.8)
Substitute (2.1.4a)-(2.1.4c) into (2.2.8). The general expression of power series of Heun
equation for infinite series about x = 0 is
y(x) =
∞∑
n=0
yn(x) = y0(x) + y1(x) + y2(x) + y3(x) + · · ·
= c0x
λ
{ ∞∑
i0=0
(
∆−0
)
i0
(
∆+0
)
i0
(1 + λ)i0(γ + λ)i0
ηi0
+
{ ∞∑
i0=0
(i0 + λ+ α)(i0 + λ+ β)
(i0 + λ+ 2)(i0 + λ+ 1 + γ)
(
∆−0
)
i0
(
∆+0
)
i0
(1 + λ)i0(γ + λ)i0
∞∑
i1=i0
(
∆−1
)
i1
(
∆+1
)
i1
(3 + λ)i0(2 + γ + λ)i0(
∆−1
)
i0
(
∆+1
)
i0
(3 + λ)i1(2 + γ + λ)i1
ηi1
}
z
+
∞∑
n=2
{ ∞∑
i0=0
(i0 + λ+ α)(i0 + λ+ β)
(i0 + λ+ 2)(i0 + λ+ 1 + γ)
(
∆−0
)
i0
(
∆+0
)
i0
(1 + λ)i0(γ + λ)i0
×
n−1∏
k=1

∞∑
ik=ik−1
(ik + 2k + λ+ α)(ik + 2k + λ+ β)
(ik + 2(k + 1) + λ)(ik + 2k + 1 + γ + λ)
×
(
∆−k
)
ik
(
∆+k
)
ik
(2k + 1 + λ)ik−1(2k + γ + λ)ik−1(
∆−k
)
ik−1
(
∆+k
)
ik−1
(2k + 1 + λ)ik(2k + γ + λ)ik
}
×
∞∑
in=in−1
(∆−n )in (∆
+
n )in (2n+ 1 + λ)in−1(2n + γ + λ)in−1(
∆−n
)
in−1
(
∆+n
)
in−1
3(2n + 1 + λ)in(2n+ γ + λ)in
ηin
 zn
 (2.2.9)
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where 
∆±0 =
{ϕ+2(1+a)λ}±
√
ϕ2−4(1+a)q
2(1+a)
∆±1 =
{ϕ+2(1+a)(λ+2)}±
√
ϕ2−4(1+a)q
2(1+a)
∆±k =
{ϕ+2(1+a)(λ+2k)}±
√
ϕ2−4(1+a)q
2(1+a)
∆±n =
{ϕ+2(1+a)(λ+2n)}±
√
ϕ2−4(1+a)q
2(1+a)
Put c0= 1 as λ=0 for the first kind of independent solutions of Heun equation and
c0 =
(
1 + a
a
)1−γ
as λ = 1− γ for the second one in (2.2.9).
Remark 2.2.3 The power series expansion of Heun equation of the first kind for infinite
series about x = 0 using R3TRF is
y(x) = HFR
(
ϕ = α+ β − δ + a(δ + γ − 1); η = (1 + a)
a
x; z = −1
a
x2
)
=
∞∑
i0=0
(
∆−0
)
i0
(
∆+0
)
i0
(1)i0(γ)i0
ηi0
+
{
∞∑
i0=0
(i0 + α)(i0 + β)
(i0 + 2)(i0 + 1 + γ)
(
∆−0
)
i0
(
∆+0
)
i0
(1)i0(γ)i0
∞∑
i1=i0
(
∆−1
)
i1
(
∆+1
)
i1
(3)i0(2 + γ)i0(
∆−1
)
i0
(
∆+1
)
i0
(3)i1(2 + γ)i1
ηi1
}
z
+
∞∑
n=2
{
∞∑
i0=0
(i0 + α)(i0 + β)
(i0 + 2)(i0 + 1 + γ)
(
∆−0
)
i0
(
∆+0
)
i0
(1)i0(γ)i0
×
n−1∏
k=1

∞∑
ik=ik−1
(ik + 2k + α)(ik + 2k + β)
(ik + 2(k + 1))(ik + 2k + 1 + γ)
(
∆−k
)
ik
(
∆+k
)
ik
(2k + 1)ik−1(2k + γ)ik−1(
∆−k
)
ik−1
(
∆+k
)
ik−1
(2k + 1)ik (2k + γ)ik

×
∞∑
in=in−1
(
∆−n
)
in
(
∆+n
)
in
(2n+ 1)in−1(2n+ γ)in−1(
∆−n
)
in−1
(
∆+n
)
in−1
(2n+ 1)in (2n+ γ)in
ηin
 zn (2.2.10)
where 
∆±0 =
ϕ±
√
ϕ2−4(1+a)q
2(1+a)
∆±1 =
{ϕ+4(1+a)}±
√
ϕ2−4(1+a)q
2(1+a)
∆±k =
{ϕ+4(1+a)k}±
√
ϕ2−4(1+a)q
2(1+a)
∆±n =
{ϕ+4(1+a)n}±
√
ϕ2−4(1+a)q
2(1+a)
Remark 2.2.4 The power series expansion of Heun equation of the second kind for
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infinite series about x = 0 using R3TRF is
y(x) = HSR
(
ϕ = α+ β − δ + a(δ + γ − 1); η = (1 + a)
a
x; z = −1
a
x2
)
= η1−γ
{
∞∑
i0=0
(
∆−0
)
i0
(
∆+0
)
i0
(2− γ)i0(1)i0
ηi0
+
{
∞∑
i0=0
(i0 + 1− γ + α)(i0 + 1− γ + β)
(i0 + 3− γ)(i0 + 2)
(
∆−0
)
i0
(
∆+0
)
i0
(2− γ)i0(1)i0
∞∑
i1=i0
(
∆−1
)
i1
(
∆+1
)
i1
(4− γ)i0(3)i0(
∆−1
)
i0
(
∆+1
)
i0
(4− γ)i1(3)i1
ηi1
}
z
+
∞∑
n=2
{
∞∑
i0=0
(i0 + 1− γ + α)(i0 + 1− γ + β)
(i0 + 3− γ)(i0 + 2)
(
∆−0
)
i0
(
∆+0
)
i0
(2− γ)i0(1)i0
×
n−1∏
k=1

∞∑
ik=ik−1
(ik + 2k + 1− γ + α)(ik + 2k + 1− γ + β)
(ik + 2k + 3− γ)(ik + 2(k + 1))
(
∆−k
)
ik
(
∆+k
)
ik
(2(k + 1)− γ)ik−1(2k + 1)ik−1(
∆−k
)
ik−1
(
∆+k
)
ik−1
(2(k + 1) − γ)ik (2k + 1)ik

×
∞∑
in=in−1
(
∆−n
)
in
(
∆+n
)
in
(2(n+ 1)− γ)in−1(2n+ 1)in−1(
∆−n
)
in−1
(
∆+n
)
in−1
(2(n+ 1)− γ)in(2n+ 1)in
ηin
 zn
 (2.2.11)
where

∆±0 =
{ϕ+2(1+a)(1−γ)}±
√
ϕ2−4(1+a)q
2(1+a)
∆±1 =
{ϕ+2(1+a)(3−γ)}±
√
ϕ2−4(1+a)q
2(1+a)
∆±k =
{ϕ+2(1+a)(1+2k−γ)}±
√
ϕ2−4(1+a)q
2(1+a)
∆±n =
{ϕ+2(1+a)(1+2n−γ)}±
√
ϕ2−4(1+a)q
2(1+a)
It’s required that γ 6= 0,−1,−2, · · · for the first kind of independent solution of Heun
function for all cases. Because if it does not, its solution will be divergent. And it’s
required that γ 6= 2, 3, 4, · · · for the second kind of independent solution of Heun function
for all cases.
The infinite series in this chapter are equivalent to the infinite series in Ref.[2]. In this
chapter Bn is the leading term in sequence cn in the analytic function y(x). In Ref.[2] An
is the leading term in sequence cn in the analytic function y(x).
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2.3 Integral Formalism
2.3.1 Polynomial of type 2
Now let’s investigate the integral formalism for the polynomial of type 2 at certain
eigenvalue. There is a generalized hypergeometric function which is
Il =
ql∑
il=il−1
(−ql)il
(
ql + 4l +
ϕ+2(1+a)λ
(1+a)
)
il
(2l + 1 + λ)il−1(2l + γ + λ)il−1
(−ql)il−1
(
ql + 4l +
ϕ+2(1+a)λ
(1+a)
)
il−1
(2l + 1 + λ)il(2l + γ + λ)il
ηil
= ηil−1
∞∑
j=0
B(il−1 + 2l + λ, j + 1)B(il−1 + 2l − 1 + γ + λ, j + 1)
(il−1 + 2l + λ)−1(il−1 + 2l − 1 + γ + λ)−1
×
(il−1 − ql)j
(
il−1 + ql + 4l +
ϕ+2(1+a)λ
(1+a)
)
j
(1)j j!
ηj (2.3.1)
By using integral form of beta function,
B (il−1 + 2l + λ, j + 1) =
∫ 1
0
dtl t
il−1+2l−1+λ
l (1− tl)j (2.3.2a)
B (il−1 + 2l − 1 + γ + λ, j + 1) =
∫ 1
0
dul u
il−1+2(l−1)+γ+λ
l (1− ul)j (2.3.2b)
Substitute (2.3.2a) and (2.3.2b) into (2.3.1). And divide
(il−1 + 2l + λ)(il−1 + 2l − 1 + γ + λ) into Il.
Kl =
1
(il−1 + 2l + λ)(il−1 + 2l − 1 + γ + λ)
×
ql∑
il=il−1
(−ql)il
(
ql + 4l +
ϕ+2(1+a)λ
(1+a)
)
il
(2l + 1 + λ)il−1(2l + γ + λ)il−1
(−ql)il−1
(
ql + 4l +
ϕ+2(1+a)λ
(1+a)
)
il−1
(2l + 1 + λ)il(2l + γ + λ)il
ηil
=
∫ 1
0
dtl t
2l−1+λ
l
∫ 1
0
dul u
2(l−1)+γ+λ
l (ηtlul)
il−1
×
∞∑
j=0
(il−1 − ql)j
(
il−1 + ql + 4l +
ϕ+2(1+a)λ
(1+a)
)
j
(1)j j!
[η(1− tl)(1− ul)]j
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The integral form of Gauss hypergeometric function is
2F1 (α, β; γ; z) =
∞∑
n=0
(α)n(β)n
(γ)n(n!)
zn
= − 1
2πi
Γ(1− α)Γ(γ)
Γ(γ − α)
∮
dvl (−vl)α−1(1− vl)γ−α−1(1− zvl)−β (2.3.3)
where Re(γ − α) > 0
Replace α, β, γ and z by il−1 − ql, il−1 + ql + 4l + ϕ+ 2(1 + a)λ
(1 + a)
, 1 and η(1 − tl)(1− ul)
in (2.3.3).
∞∑
j=0
(
il−1 − ql)j(il−1 + ql + 4l + ϕ+2(1+a)λ(1+a)
)
j
(1)j j!
[η(1 − tl)(1− ul)]j
=
1
2πi
∮
dvl
1
vl
(
vl − 1
vl
1
1− η(1− tl)(1− ul)vl
)ql
(1− η(1 − tl)(1 − ul)vl)−
(
4l+
ϕ+2(1+a)λ
(1+a)
)
×
(
vl
vl − 1
1
1− η(1− tl)(1− ul)vl
)il−1
(2.3.4)
Substitute (2.3.4) into Kl.
Kl =
1
(il−1 + 2l + λ)(il−1 + 2l − 1 + γ + λ)
×
ql∑
il=il−1
(−ql)il
(
ql + 4l +
ϕ+2(1+a)λ
(1+a)
)
il
(2l + 1 + λ)il−1(2l + γ + λ)il−1
(−ql)il−1
(
ql + 4l +
ϕ+2(1+a)λ
(1+a)
)
il−1
(2l + 1 + λ)il(2l + γ + λ)il
ηil
=
∫ 1
0
dtl t
2l−1+λ
l
∫ 1
0
dul u
2(l−1)+γ+λ
l
1
2πi
∮
dvl
1
vl
(
vl − 1
vl
1
1− η(1− tl)(1− ul)vl
)ql
×(1− η(1 − tl)(1 − ul)vl)−
(
4l+ϕ+2(1+a)λ
(1+a)
)(
vl
vl − 1
ηtlul
1− η(1− tl)(1− ul)vl
)il−1
(2.3.5)
Substitute (2.3.5) into (2.2.3) where l = 1, 2, 3, · · · ; apply K1 into the second summation
of sub-power series y1(x), apply K2 into the third summation and K1 into the second
summation of sub-power series y2(x), apply K3 into the forth summation, K2 into the
third summation and K1 into the second summation of sub-power series y3(x), etc.
4
4y1(x) means the sub-power series in (2.2.3) contains one term of B
′
ns, y2(x) means the sub-power series
in (2.2.3) contains two terms of B′ns, y3(x) means the sub-power series in (2.2.3) contains three terms of
B′ns, etc.
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Theorem 2.3.1 The general representation in the form of integral of Heun polynomial
of type 2 is given by
y(x) =
∞∑
n=0
yn(x) = y0(x) + y1(x) + y2(x) + y3(x) + · · ·
= c0x
λ
{
q0∑
i0=0
(−q0)i0
(
q0 +
ϕ+2(1+a)λ
(1+a)
)
i0
(1 + λ)i0(γ + λ)i0
ηi0
+
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)−1+λ
n−k
∫ 1
0
dun−k u
2(n−k−1)+γ+λ
n−k
× 1
2πi
∮
dvn−k
1
vn−k
(
vn−k − 1
vn−k
1
1−←→w n−k+1,n(1− tn−k)(1− un−k)vn−k
)qn−k
× (1−←→w n−k+1,n(1− tn−k)(1 − un−k)vn−k)−
(
4(n−k)+ϕ+2(1+a)λ
(1+a)
)
×←→w −(2(n−k−1)+α+λ)n−k,n
(←→w n−k,n∂←→w n−k,n)←→w α−βn−k,n (←→w n−k,n∂←→w n−k,n)←→w 2(n−k−1)+β+λn−k,n
}
×
q0∑
i0=0
(−q0)i0
(
q0 +
ϕ+2(1+a)λ
(1+a)
)
i0
(1 + λ)i0(γ + λ)i0
←→w i01,n
}
zn
}
(2.3.6)
where
←→w i,j =

vi
(vi − 1)
←→w i+1,jtiui
1−←→w i+1,jvi(1− ti)(1 − ui) where i ≤ j
η only if i > j
In the above, the first sub-integral form contains one term of B′ns, the second one
contains two terms of Bn’s, the third one contains three terms of Bn’s, etc.
Proof According to (2.2.3),
y(x) =
∞∑
n=0
yn(x) = y0(x) + y1(x) + y2(x) + y3(x) + · · · (2.3.7)
In the above, sub-power series y0(x), y1(x), y2(x) and y3(x) of Heun polynomial which
makes An term terminated about x = 0 are
y0(x) = c0x
λ
q0∑
i0=0
(−q0)i0
(
q0 +
ϕ+2(1+a)λ
(1+a)
)
i0
(1 + λ)i0(γ + λ)i0
ηi0 (2.3.8a)
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y1(x) = c0x
λ
{
q0∑
i0=0
(i0 + λ+ α)(i0 + λ+ β)
(i0 + λ+ 2)(i0 + λ+ 1 + γ)
(−q0)i0
(
q0 +
ϕ+2(1+a)λ
(1+a)
)
i0
(1 + λ)i0(γ + λ)i0
×
q1∑
i1=i0
(−q1)i1
(
q1 + 4 +
ϕ+2(1+a)λ
(1+a)
)
i1
(3 + λ)i0(2 + γ + λ)i0
(−q1)i0
(
q1 + 4 +
ϕ+2(1+a)λ
(1+a)
)
i0
(3 + λ)i1(2 + γ + λ)i1
ηi1
}
z (2.3.8b)
y2(x) = c0x
λ
{
q0∑
i0=0
(i0 + λ+ α)(i0 + λ+ β)
(i0 + λ+ 2)(i0 + λ+ 1 + γ)
(−q0)i0
(
q0 +
ϕ+2(1+a)λ
(1+a)
)
i0
(1 + λ)i0(γ + λ)i0
×
q1∑
i1=i0
(i1 + 2 + λ+ α)(i1 + 2 + λ+ β)
(i1 + λ+ 4)(i1 + λ+ 3 + γ)
(−q1)i1
(
q1 + 4 +
ϕ+2(1+a)λ
(1+a)
)
i1
(3 + λ)i0(2 + γ + λ)i0
(−q1)i0
(
q1 + 4 +
ϕ+2(1+a)λ
(1+a)
)
i0
(3 + λ)i1(2 + γ + λ)i1
×
q2∑
i2=i1
(−q2)i2
(
q2 + 8 +
ϕ+2(1+a)λ
(1+a)
)
i2
(5 + λ)i1(4 + γ + λ)i1
(−q2)i1
(
q2 + 8 +
ϕ+2(1+a)λ
(1+a)
)
i1
(5 + λ)i2(4 + γ + λ)i2
ηi2
}
z2 (2.3.8c)
y3(x) = c0x
λ
{
q0∑
i0=0
(i0 + λ+ α)(i0 + λ+ β)
(i0 + λ+ 2)(i0 + λ+ 1 + γ)
(−q0)i0
(
q0 +
ϕ+2(1+a)λ
(1+a)
)
i0
(1 + λ)i0(γ + λ)i0
×
q1∑
i1=i0
(i1 + 2 + λ+ α)(i1 + 2 + λ+ β)
(i1 + λ+ 4)(i1 + λ+ 3 + γ)
(−q1)i1
(
q1 + 4 +
ϕ+2(1+a)λ
(1+a)
)
i1
(3 + λ)i0(2 + γ + λ)i0
(−q1)i0
(
q1 + 4 +
ϕ+2(1+a)λ
(1+a)
)
i0
(3 + λ)i1(2 + γ + λ)i1
×
q2∑
i2=i1
(i2 + 4 + λ+ α)(i2 + 4 + λ+ β)
(i2 + λ+ 6)(i2 + λ+ 5 + γ)
(−q2)i2
(
q2 + 8 +
ϕ+2(1+a)λ
(1+a)
)
i2
(5 + λ)i1(4 + γ + λ)i1
(−q2)i1
(
q2 + 8 +
ϕ+2(1+a)λ
(1+a)
)
i1
(5 + λ)i2(4 + γ + λ)i2
×
q3∑
i3=i2
(−q3)i3
(
q2 + 12 +
ϕ+2(1+a)λ
(1+a)
)
i3
(7 + λ)i2(6 + γ + λ)i2
(−q3)i2
(
q2 + 12 +
ϕ+2(1+a)λ
(1+a)
)
i2
(7 + λ)i3(6 + γ + λ)i3
ηi3
}
z3 (2.3.8d)
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Put l = 1 in (2.3.5). Take the new (2.3.5) into (2.3.8b).
y1(x) =
∫ 1
0
dt1 t
1+λ
1
∫ 1
0
du1 u
γ+λ
1
1
2πi
∮
dv1
1
v1
(
v1 − 1
v1
1
1− η(1− t1)(1− u1)v1
)q1
×(1− η(1− t1)(1 − u1)v1)−
(
4+ϕ+2(1+a)λ
(1+a)
)
×←→w −(α+λ)1,1
(←→w 1,1∂←→w 1,1)←→w α−β1,1 (←→w 1,1∂←→w 1,1)←→w β+λ1,1
×
c0xλ
q0∑
i0=0
(−q0)i0
(
q0 +
ϕ+2(1+a)λ
(1+a)
)
i0
(1 + λ)i0(γ + λ)i0
←→w i01,1
 z (2.3.9)
where
←→w 1,1 = v1
v1 − 1
ηt1u1
1− η(1− t1)(1− u1)v1
Put l = 2 in (2.3.5). Take the new (2.3.5) into (2.3.8c).
y2(x) = c0x
λ
∫ 1
0
dt2 t
3+λ
2
∫ 1
0
du2 u
2+γ+λ
2
1
2πi
∮
dv2
1
v2
(
v2 − 1
v2
1
1− η(1− t2)(1 − u2)v2
)q2
×(1− η(1− t2)(1− u2)v2)−
(
8+ϕ+2(1+a)λ
(1+a)
)
×←→w −(2+α+λ)2,2
(←→w 2,2∂←→w 2,2)←→w α−β2,2 (←→w 2,2∂←→w 2,2)←→w 2+β+λ2,2
×
{
q0∑
i0=0
(i0 + λ+ α)(i0 + λ+ β)
(i0 + λ+ 2)(i0 + λ+ 1 + γ)
(−q0)i0
(
q0 +
ϕ+2(1+a)λ
(1+a)
)
i0
(1 + λ)i0(γ + λ)i0
×
q1∑
i1=i0
(−q1)i1
(
q1 + 4 +
ϕ+2(1+a)λ
(1+a)
)
i1
(3 + λ)i0(2 + γ + λ)i0
(−q1)i0
(
q1 + 4 +
ϕ+2(1+a)λ
(1+a)
)
i0
(3 + λ)i1(2 + γ + λ)i1
←→w i12,2
}
z2 (2.3.10)
where
←→w 2,2 = v2
v2 − 1
ηt2u2
1− η(1− t2)(1− u2)v2
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Put l = 1 and η =←→w 2,2 in (1.4.15). Take the new (1.4.15) into (1.4.24).
y2(x) =
∫ 1
0
dt2 t
3+λ
2
∫ 1
0
du2 u
2+γ+λ
2
1
2πi
∮
dv2
1
v2
(
v2 − 1
v2
1
1− η(1− t2)(1− u2)v2
)q2
×(1− η(1− t2)(1− u2)v2)−
(
8+
ϕ+2(1+a)λ
(1+a)
)
×←→w −(2+α+λ)2,2
(←→w 2,2∂←→w 2,2)←→w α−β2,2 (←→w 2,2∂←→w 2,2)←→w 2+β+λ2,2
×
∫ 1
0
dt1 t
1+λ
1
∫ 1
0
du1 u
γ+λ
1
1
2πi
∮
dv1
1
v1
(
v1 − 1
v1
1
1−←→w 2,2(1− t1)(1− u1)v1
)q1
×(1−←→w 2,2(1 − t1)(1− u1)v1)−
(
4+ϕ+2(1+a)λ
(1+a)
)
×←→w −(α+λ)1,2
(←→w 1,2∂←→w 1,2)←→w α−β1,2 (←→w 1,2∂←→w 1,2)←→w β+λ1,2
×
c0xλ
q0∑
i0=0
(−q0)i0
(
q0 +
ϕ+2(1+a)λ
(1+a)
)
i0
(1 + λ)i0(γ + λ)i0
←→w i01,2
 z2 (2.3.11)
where
←→w 1,2 = v1
v1 − 1
←→w 2,2t1u1
1−←→w 2,2(1− t1)(1− u1)v1
By using similar process for the previous cases of integral forms of y1(x) and y2(x), the
integral form of sub-power series expansion of y3(x) is
y3(x) =
∫ 1
0
dt3 t
5+λ
3
∫ 1
0
du3 u
4+γ+λ
3
1
2πi
∮
dv3
1
v3
(
v3 − 1
v3
1
1− η(1− t3)(1− u3)v3
)q3
×(1− η(1− t3)(1− u3)v3)−
(
12+
ϕ+2(1+a)λ
(1+a)
)
×←→w −(4+α+λ)3,3
(←→w 3,3∂←→w 3,3)←→w α−β3,3 (←→w 3,3∂←→w 3,3)←→w 4+β+λ3,3
×
∫ 1
0
dt2 t
3+λ
2
∫ 1
0
du2 u
2+γ+λ
2
1
2πi
∮
dv2
1
v2
(
v2 − 1
v2
1
1−←→w 3,3(1− t2)(1− u2)v2
)q2
×(1−←→w 3,3(1 − t2)(1− u2)v2)−
(
8+ϕ+2(1+a)λ
(1+a)
)
×←→w −(2+α+λ)2,3
(←→w 2,3∂←→w 2,3)←→w α−β2,3 (←→w 2,3∂←→w 2,3)←→w 2+β+λ2,3
46 CHAPTER 2. HEUN FUNCTION USING R3TRF
×
∫ 1
0
dt1 t
1+λ
1
∫ 1
0
du1 u
γ+λ
1
1
2πi
∮
dv1
1
v1
(
v1 − 1
v1
1
1−←→w 2,3(1− t1)(1 − u1)v1
)q1
×(1−←→w 2,3(1− t1)(1− u1)v1)−
(
4+
ϕ+2(1+a)λ
(1+a)
)
×←→w −(α+λ)1,3
(←→w 1,3∂←→w 1,3)←→w α−β1,3 (←→w 1,3∂←→w 1,3)←→w β+λ1,3
×
c0xλ
q0∑
i0=0
(−q0)i0
(
q0 +
ϕ+2(1+a)λ
(1+a)
)
i0
(1 + λ)i0(γ + λ)i0
←→w i01,3
 z3 (2.3.12)
where

←→w 3,3 = v3v3−1
ηt3u3
1−η(1−t3)(1−u3)v3←→w 2,3 = v2v2−1
←→w 3,3t2u2
1−←→w 3,3(1−t2)(1−u2)v2←→w 1,3 = v1v1−1
←→w 2,3t1u1
1−←→w 2,3(1−t1)(1−u1)v1
By repeating this process for all higher terms of integral forms of sub-summation ym(x)
terms where m ≥ 4, I obtain every integral forms of ym(x) terms. Since we substitute
(2.3.8a), (2.3.9), (2.3.11), (2.3.12) and including all integral forms of ym(x) terms where
m ≥ 4 into (2.3.7), We obtain (2.3.6).
Put c0= 1 as λ=0 for the first kind of independent solutions of Heun equation and
c0 =
(
1 + a
a
)1−γ
as λ = 1− γ for the second one in (2.3.6).
Remark 2.3.2 The integral representation of Heun equation of the first kind for
polynomial of type 2 about x = 0 as
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q = −(qj + 2j){α + β − δ + a(δ + γ − 1) + (1 + a)(qj + 2j)} where j, qj ∈ N0 is
y(x) = HFRqj
(
qj =
−ϕ±
√
ϕ2 − 4(1 + a)q
2(1 + a)
− 2j, ϕ = α+ β − δ + a(δ + γ − 1)
, Ω1 =
ϕ
(1 + a)
; η =
(1 + a)
a
x; z = −1
a
x2
)
= 2F1 (−q0, q0 +Ω1; γ; η)
+
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)−1
n−k
∫ 1
0
dun−k u
2(n−k−1)+γ
n−k
× 1
2πi
∮
dvn−k
1
vn−k
(
vn−k − 1
vn−k
1
1−←→w n−k+1,n(1− tn−k)(1− un−k)vn−k
)qn−k
× (1−←→w n−k+1,n(1− tn−k)(1 − un−k)vn−k)−(4(n−k)+Ω1)
×←→w −(2(n−k−1)+α)n−k,n
(←→w n−k,n∂←→w n−k,n)←→w α−βn−k,n (←→w n−k,n∂←→w n−k,n)←→w 2(n−k−1)+βn−k,n
}
×2F1 (−q0, q0 +Ω1; γ;←→w 1,n)
}
zn (2.3.13)
Remark 2.3.3 The integral representation of Heun equation of the second kind for
polynomial of type 2 about x = 0 as
q = −(qj + 2j + 1− γ){α + β + 1− γ − (1− a)δ + (1 + a)(qj + 2j)} where j, qj ∈ N0 is
y(x) = HSRqj
(
qj =
−{ϕ+ 2(1 + a)(1 − γ)} ±
√
ϕ2 − 4(1 + a)q
2(1 + a)
− 2j
, ϕ = α+ β − δ + a(δ + γ − 1),Ω2 = ϕ+ 2(1 + a)(1 − γ)
(1 + a)
; η =
(1 + a)
a
x; z = −1
a
x2
)
= η1−γ
{
2F1 (−q0, q0 +Ω2; 2− γ; η) +
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)−γ
n−k
∫ 1
0
dun−k u
2(n−k)−1
n−k
× 1
2πi
∮
dvn−k
1
vn−k
(
vn−k − 1
vn−k
1
1−←→w n−k+1,n(1− tn−k)(1− un−k)vn−k
)qn−k
× (1−←→w n−k+1,n(1− tn−k)(1 − un−k)vn−k)−(4(n−k)+Ω2)
×←→w −(2(n−k)−1+α−γ)n−k,n
(←→w n−k,n∂←→w n−k,n)←→w α−βn−k,n (←→w n−k,n∂←→w n−k,n)←→w 2(n−k)−1+β−γn−k,n
}
×2F1 (−q0, q0 +Ω2; 2− γ;←→w 1,n)
}
zn
}
(2.3.14)
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2.3.2 Infinite series
Let’s consider the integral representation of Heun equation about x = 0 for infinite series
by applying R3TRF. There is a generalized hypergeometric function which is written by
Ml =
∞∑
il=il−1
(
∆−l
)
il
(
∆+l
)
il
(2l + 1 + λ)il−1(2l + γ + λ)il−1(
∆−l
)
il−1
(
∆+l
)
il−1
(2l + 1 + λ)il(2l + γ + λ)il
ηil (2.3.15)
= ηil−1
∞∑
j=0
B(il−1 + 2l + λ, j + 1)B(il−1 + 2l − 1 + γ + λ, j + 1)
(
∆−l + il−1
)
j
(
∆+l + il−1
)
j
(il−1 + 2l + λ)−1(il−1 + 2l − 1 + γ + λ)−1(1)j j! η
j
where
∆±l =
ϕ+ 2(1 + a)(λ+ 2l)±
√
ϕ2 − 4(1 + a)q
2(1 + a)
Substitute (2.3.2a) and (2.3.2b) into (2.3.15). Divide (il−1 + 2l + λ)(il−1 + 2l− 1 + γ + λ)
into the new (2.3.15).
Vl =
1
(il−1 + 2l + λ)(il−1 + 2l − 1 + γ + λ)
∞∑
il=il−1
(
∆−l
)
il
(
∆+l
)
il
(2l + 1 + λ)il−1(2l + γ + λ)il−1(
∆−l
)
il−1
(
∆+l
)
il−1
(2l + 1 + λ)il(2l + γ + λ)il
ηil
=
∫ 1
0
dtl t
2l−1+λ
l
∫ 1
0
dul u
2(l−1)+γ+λ
l (ηtlul)
il−1
∞∑
j=0
(
∆−l + il−1
)
j
(
∆+l + il−1
)
j
(η(1 − tl)(1− ul))j
(il−1 + 2l + λ)−1(il−1 + 2l − 1 + γ + λ)−1(1)j j!
The hypergeometric function is defined by
2F1 (α, β; γ; z) =
∞∑
n=0
(α)n(β)n
(γ)n(n!)
zn
=
1
2πi
Γ(1 + α− γ)
Γ(α)
∫ (1+)
0
dvl (−1)γ(−vl)α−1(1− vl)γ−α−1(1− zvl)−β (2.3.16)
where γ − α 6= 1, 2, 3, · · · , Re(α) > 0
Replace α, β, γ and z by ∆−l + il−1, ∆
+
l + il−1, 1 and η(1− tl)(1− ul) in (2.3.16). Take
the new (2.3.16) into Vl.
Vl =
1
(il−1 + 2l + λ)(il−1 + 2l − 1 + γ + λ)
∞∑
il=il−1
(
∆−l
)
il
(
∆+l
)
il
(2l + 1 + λ)il−1(2l + γ + λ)il−1(
∆−l
)
il−1
(
∆+l
)
il−1
(2l + 1 + λ)il(2l + γ + λ)il
ηil
=
∫ 1
0
dtl t
2l−1+λ
l
∫ 1
0
dul u
2(l−1)+γ+λ
l
1
2πi
∮
dvl
1
vl
(
vl − 1
vl
)−∆−l
×(1− η(1 − tl)(1− ul)vl)−∆
+
l
(
vl
vl − 1
ηtlul
1− η(1 − tl)(1− ul)vl
)il−1
(2.3.17)
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Substitute (2.3.17) into (2.2.9) where l = 1, 2, 3, · · · ; apply V1 into the second summation
of sub-power series y1(x), apply V2 into the third summation and V1 into the second
summation of sub-power series y2(x), apply V3 into the forth summation, V2 into the
third summation and V1 into the second summation of sub-power series y3(x), etc.
5
Theorem 2.3.4 The general representation in the form of integral of Heun equation for
infinite series about x = 0 using R3TRF is given by
y(x) =
∞∑
n=0
yn(x) = y0(x) + y1(x) + y2(x) + y3(x) + · · ·
= c0x
λ
{ ∞∑
i0=0
(
∆−0
)
i0
(
∆+0
)
i0
(1 + λ)i0(γ + λ)i0
ηi0
+
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)−1+λ
n−k
∫ 1
0
dun−k u
2(n−k−1)+γ+λ
n−k
× 1
2πi
∮
dvn−k
1
vn−k
(
vn−k − 1
vn−k
)−∆−n−k
(1−←→w n−k+1,n(1− tn−k)(1− un−k)vn−k)−∆
+
n−k
× ←→w −(2(n−k−1)+α+λ)n−k,n
(←→w n−k,n∂←→w n−k,n)←→w α−βn−k,n (←→w n−k,n∂←→w n−k,n)←→w 2(n−k−1)+β+λn−k,n
}
×
∞∑
i0=0
(
∆−0
)
i0
(
∆+0
)
i0
(1 + λ)i0(γ + λ)i0
←→w i01,n
}
zn
}
(2.3.18)
where ∆
±
0 =
ϕ+2(1+a)λ±
√
ϕ2−4(1+a)q
2(1+a)
∆±n−k =
ϕ+2(1+a)(λ+2(n−k))±
√
ϕ2−4(1+a)q
2(1+a)
In the above, the first sub-integral form contains one term of B′ns, the second one
contains two terms of Bn’s, the third one contains three terms of Bn’s, etc.
Proof In (2.2.9) sub-power series y0(x), y1(x), y2(x) and y3(x) of Heun equation for
infinite series about x = 0 using R3TRF are given by
y0(x) = c0x
λ
∞∑
i0=0
(
∆−0
)
i0
(
∆+0
)
i0
(1 + λ)i0(γ + λ)i0
ηi0 (2.3.19a)
5y1(x) means the sub-power series in (2.2.9) contains one term of B
′
ns, y2(x) means the sub-power series
in (2.2.9) contains two terms of B′ns, y3(x) means the sub-power series in (2.2.9) contains three terms of
B′ns, etc.
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y1(x) = c0x
λ
{ ∞∑
i0=0
(i0 + λ+ α)(i0 + λ+ β)
(i0 + λ+ 2)(i0 + λ+ 1 + γ)
(
∆−0
)
i0
(
∆+0
)
i0
(1 + λ)i0(γ + λ)i0
×
∞∑
i1=i0
(
∆−1
)
i1
(
∆+1
)
i1
(3 + λ)i0(2 + γ + λ)i0(
∆−1
)
i0
(
∆+1
)
i0
(3 + λ)i1(2 + γ + λ)i1
ηi1
}
z (2.3.19b)
y2(x) = c0x
λ
{ ∞∑
i0=0
(i0 + λ+ α)(i0 + λ+ β)
(i0 + λ+ 2)(i0 + λ+ 1 + γ)
(
∆−0
)
i0
(
∆+0
)
i0
(1 + λ)i0(γ + λ)i0
×
∞∑
i1=i0
(i1 + 2 + λ+ α)(i1 + 2 + λ+ β)
(i1 + λ+ 4)(i1 + λ+ 3 + γ)
(
∆−1
)
i1
(
∆+1
)
i1
(3 + λ)i0(2 + γ + λ)i0(
∆−1
)
i0
(
∆+1
)
i0
(3 + λ)i1(2 + γ + λ)i1
×
∞∑
i2=i1
(
∆−2
)
i2
(
∆+2
)
i2
(5 + λ)i1(4 + γ + λ)i1(
∆−2
)
i1
(
∆+2
)
i1
(5 + λ)i2(4 + γ + λ)i2
ηi2
}
z2 (2.3.19c)
y3(x) = c0x
λ
{ ∞∑
i0=0
(i0 + λ+ α)(i0 + λ+ β)
(i0 + λ+ 2)(i0 + λ+ 1 + γ)
(
∆−0
)
i0
(
∆+0
)
i0
(1 + λ)i0(γ + λ)i0
×
∞∑
i1=i0
(i1 + 2 + λ+ α)(i1 + 2 + λ+ β)
(i1 + λ+ 4)(i1 + λ+ 3 + γ)
(
∆−1
)
i1
(
∆+1
)
i1
(3 + λ)i0(2 + γ + λ)i0(
∆−1
)
i0
(
∆+1
)
i0
(3 + λ)i1(2 + γ + λ)i1
×
∞∑
i2=i1
(i2 + 4 + λ+ α)(i2 + 4 + λ+ β)
(i2 + λ+ 6)(i2 + λ+ 5 + γ)
(
∆−2
)
i2
(
∆+2
)
i2
(5 + λ)i1(4 + γ + λ)i1(
∆−2
)
i1
(
∆+2
)
i1
(5 + λ)i2(4 + γ + λ)i2
×
∞∑
i3=i2
(
∆−3
)
i3
(
∆+3
)
i3
(7 + λ)i2(6 + γ + λ)i2(
∆−3
)
i2
(
∆+3
)
i2
(7 + λ)i3(6 + γ + λ)i3
ηi3
}
z3 (2.3.19d)
where 
∆±0 =
ϕ+2(1+a)λ±
√
ϕ2−4(1+a)q
2(1+a)
∆±1 =
ϕ+2(1+a)(λ+2)±
√
ϕ2−4(1+a)q
2(1+a)
∆±2 =
ϕ+2(1+a)(λ+4)±
√
ϕ2−4(1+a)q
2(1+a)
∆±3 =
ϕ+2(1+a)(λ+6)±
√
ϕ2−4(1+a)q
2(1+a)
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Put l = 1 in (2.3.17). Take the new (2.3.17) into (2.3.19b).
y1(x) =
∫ 1
0
dt1 t
1+λ
1
∫ 1
0
du1 u
γ+λ
1
1
2πi
∮
dv1
1
v1
(
v1 − 1
v1
)−∆−1
×(1− η(1− t1)(1− u1)v1)−∆
+
1←→w −(α+λ)1,1
(←→w 1,1∂←→w 1,1)←→w α−β1,1 (←→w 1,1∂←→w 1,1)←→w β+λ1,1
×
{
c0x
λ
∞∑
i0=0
(
∆−1
)
i0
(
∆+1
)
i0
(1 + λ)i0(γ + λ)i0
←→w i01,1
}
z (2.3.20)
where
←→w 1,1 = v1
v1 − 1
ηt1u1
1− η(1− t1)(1− u1)v1
Put l = 2 in (2.3.17). Take the new (2.3.17) into (2.3.19c).
y2(x) = c0x
λ
∫ 1
0
dt2 t
3+λ
2
∫ 1
0
du2 u
2+γ+λ
2
1
2πi
∮
dv2
1
v2
(
v2 − 1
v2
)−∆−2
×(1− η(1− t2)(1− u2)v2)−∆
+
2←→w −(2+α+λ)2,2
(←→w 2,2∂←→w 2,2)←→w α−β2,2 (←→w 2,2∂←→w 2,2)←→w 2+β+λ2,2
×
{ ∞∑
i0=0
(i0 + λ+ α)(i0 + λ+ β)
(i0 + λ+ 2)(i0 + λ+ 1 + γ)
(
∆−0
)
i0
(
∆+0
)
i0
(1 + λ)i0(γ + λ)i0
×
∞∑
i1=i0
(
∆−1
)
i1
(
∆+1
)
i1
(3 + λ)i0(2 + γ + λ)i0(
∆−1
)
i0
(
∆+1
)
i0
(3 + λ)i1(2 + γ + λ)i1
←→w i12,2
}
z2 (2.3.21)
where
←→w 2,2 = v2
v2 − 1
ηt2u2
1− η(1− t2)(1− u2)v2
Put l = 1 and η =←→w 2,2 in (2.3.17). Take the new (2.3.17) into (2.3.21).
y2(x) =
∫ 1
0
dt2 t
3+λ
2
∫ 1
0
du2 u
2+γ+λ
2
1
2πi
∮
dv2
1
v2
(
v2 − 1
v2
)−∆−2
×(1− η(1− t2)(1− u2)v2)−∆
+
2←→w −(2+α+λ)2,2
(←→w 2,2∂←→w 2,2)←→w α−β2,2 (←→w 2,2∂←→w 2,2)←→w 2+β+λ2,2
×
∫ 1
0
dt1 t
1+λ
1
∫ 1
0
du1 u
γ+λ
1
1
2πi
∮
dv1
1
v1
(
v1 − 1
v1
)−∆−1
×(1−←→w 2,2(1 − t1)(1− u1)v1)−∆
+
1←→w −(α+λ)1,2
(←→w 1,2∂←→w 1,2)←→w α−β1,2 (←→w 1,2∂←→w 1,2)←→w β+λ1,2
×
{
c0x
λ
∞∑
i0=0
(
∆−0
)
i0
(
∆+0
)
i0
(1 + λ)i0(γ + λ)i0
←→w i01,2
}
z2 (2.3.22)
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where
←→w 1,2 = v1
v1 − 1
←→w 2,2t1u1
1−←→w 2,2(1− t1)(1− u1)v1
By using similar process for the previous cases of integral forms of y1(x) and y2(x), the
integral form of sub-power series expansion of y3(x) is
y3(x) =
∫ 1
0
dt3 t
5+λ
3
∫ 1
0
du3 u
4+γ+λ
3
1
2πi
∮
dv3
1
v3
(
v3 − 1
v3
)−∆−3
×(1− η(1− t3)(1− u3)v3)−∆
+
3←→w −(4+α+λ)3,3
(←→w 3,3∂←→w 3,3)←→w α−β3,3 (←→w 3,3∂←→w 3,3)←→w 4+β+λ3,3
×
∫ 1
0
dt2 t
3+λ
2
∫ 1
0
du2 u
2+γ+λ
2
1
2πi
∮
dv2
1
v2
(
v2 − 1
v2
)−∆−2
×(1−←→w 3,3(1 − t2)(1− u2)v2)−∆
+
2←→w −(2+α+λ)2,3
(←→w 2,3∂←→w 2,3)←→w α−β2,3 (←→w 2,3∂←→w 2,3)←→w 2+β+λ2,3
×
∫ 1
0
dt1 t
1+λ
1
∫ 1
0
du1 u
γ+λ
1
1
2πi
∮
dv1
1
v1
(
v1 − 1
v1
)−∆−1
×(1−←→w 2,3(1 − t1)(1− u1)v1)−∆
+
1←→w −(α+λ)1,3
(←→w 1,3∂←→w 1,3)←→w α−β1,3 (←→w 1,3∂←→w 1,3)←→w β+λ1,3
×
{
c0x
λ
∞∑
i0=0
(
∆−0
)
i0
(
∆+0
)
i0
(1 + λ)i0(γ + λ)i0
←→w i01,3
}
z3 (2.3.23)
where 
←→w 3,3 = v3v3−1
ηt3u3
1−η(1−t3)(1−u3)v3←→w 2,3 = v2v2−1
←→w 3,3t2u2
1−←→w 3,3(1−t2)(1−u2)v2←→w 1,3 = v1v1−1
←→w 2,3t1u1
1−←→w 2,3(1−t1)(1−u1)v1
By repeating this process for all higher terms of integral forms of sub-summation ym(x)
terms where m ≥ 4, I obtain every integral forms of ym(x) terms. Since we substitute
(2.3.19a), (2.3.20), (2.3.22), (2.3.23) and including all integral forms of ym(x) terms where
m ≥ 4 into (2.2.9), we obtain (2.3.18).6
Put c0= 1 as λ=0 for the first kind of independent solutions of Heun equation and
c0 =
(
1 + a
a
)1−γ
as λ = 1− γ for the second one in (2.3.18).
6Or replace the finite summation with an interval [0, q0] by infinite summation with an interval [0,∞] in
(2.3.6).Replace q0 and qn−k by
−(ϕ+2(1+a)λ)+
√
ϕ2−4(1+a)q
2(1+a)
and
−(ϕ+2(1+a)(λ+2(n−k)))+
√
ϕ2−4(1+a)q
2(1+a)
into the
new (2.3.6). Its solution is also equivalent to (2.3.18).
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Remark 2.3.5 The integral representation of Heun equation of the first kind for infinite
series about x = 0 using R3TRF is
y(x) = HFR
(
ϕ = α+ β − δ + a(δ + γ − 1); η = (1 + a)
a
x; z = −1
a
x2
)
= 2F1
(
∆−0 ,∆
+
0 ; γ; η
)
+
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)−1
n−k
∫ 1
0
dun−k u
2(n−k−1)+γ
n−k
× 1
2πi
∮
dvn−k
1
vn−k
(
vn−k − 1
vn−k
)−∆−n−k
(1−←→w n−k+1,n(1− tn−k)(1− un−k)vn−k)−∆
+
n−k
×←→w −(2(n−k−1)+α)n−k,n
(←→w n−k,n∂←→w n−k,n)←→w α−βn−k,n (←→w n−k,n∂←→w n−k,n)←→w 2(n−k−1)+βn−k,n
}
× 2F1
(
∆−0 ,∆
+
0 ; γ;
←→w 1,n
)}
zn (2.3.24)
where ∆
±
0 =
ϕ±
√
ϕ2−4(1+a)q
2(1+a)
∆±n−k =
ϕ+4(1+a)(n−k)±
√
ϕ2−4(1+a)q
2(1+a)
Remark 2.3.6 The integral representation of Heun equation of the second kind for
infinite series about x = 0 using R3TRF is
y(x) = HSR
(
ϕ = α+ β − δ + a(δ + γ − 1); η = (1 + a)
a
x; z = −1
a
x2
)
= η1−γ
{
2F1
(
∆−0 ,∆
+
0 ; 2− γ; η
)
+
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)−γ
n−k
∫ 1
0
dun−k u
2(n−k)−1
n−k
× 1
2πi
∮
dvn−k
1
vn−k
(
vn−k − 1
vn−k
)−∆−n−k
(1−←→w n−k+1,n(1− tn−k)(1− un−k)vn−k)−∆
+
n−k
×←→w −(2(n−k)−1+α−γ)n−k,n
(←→w n−k,n∂←→w n−k,n)←→w α−βn−k,n (←→w n−k,n∂←→w n−k,n)←→w 2(n−k)−1+β−γn−k,n
}
× 2F1
(
∆−0 ,∆
+
0 ; 2− γ;←→w 1,n
)}
zn
}
(2.3.25)
where ∆
±
0 =
ϕ+2(1+a)(1−γ)±
√
ϕ2−4(1+a)q
2(1+a)
∆±n−k =
ϕ+2(1+a)(2(n−k)+1−γ)±
√
ϕ2−4(1+a)q
2(1+a)
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2.4 Summary
In mathematical definition, Heun polynomial is the polynomial of type 3: for α or β =
−N − λ where N ∈ N0 and λ = 0 or 1− γ there will be a polynomial equation of degree
N + 1 for the determination q about x = 0.
In Ref.[2, 3] I show how to obtain the power series expansion in closed forms and its
integral forms of Heun functions (infinite series and polynomial of type 1) including all
higher terms of An’s by applying 3TRF. This was done by letting An in sequence cn is
the leading term in the analytic function y(x): the sequence cn consists of combinations
An and Bn. For polynomial of type 1, I treat γ, δ and q as free variables and fixed values
of α and/or β.
In this chapter I show how to construct the Frobenius solutions in closed forms of Heun
equation and its integral forms for infinite series and polynomial of type 2 including all
higher terms of Bn’s by applying R3TRF. This is done by letting Bn in sequence cn is the
leading term in the analytic function y(x). For polynomial of type 2, I treat α, β, γ and δ
as free variables and a fixed value of q.
The power series expansion of Heun equation and its integral form for infinite series
about x = 0 in this chapter are equivalent to infinite series of Heun equation in Ref.[2, 3].
In this chapter Bn is the leading term in sequence cn in the analytic function y(x). In
Ref.[2, 3] An is the leading term in sequence cn in the analytic function y(x).
In Ref.[2, 3] as we see the power series expansions of Heun equation for all cases of
infinite series and polynomial, the denominators and numerators in all Bn terms of Heun
equation about x = 0 arise with Pochhammer symbol. Again in this chapter the
denominators and numerators in all An terms of Heun function about x = 0 arise with
Pochhammer symbol. Since we construct the power series expansions with Pochhammer
symbols in numerators and denominators, we are able to describe integral forms of Heun
equation in simple way. As we observe representations in closed form integrals of Heun
equation by applying either 3TRF or R3TRF, a 2F1 function recurs in each of sub-integral
forms of Heun function. We can transforom Heun function into any special functions with
two recursive coefficients because of 2F1 functions in integral forms of Heun function.
After we replace 2F1 functions in integral forms of Heun function to other special
functions, we can rebuild the power series expansion of Heun function in a backward.
Appendices
55

.1. POWER SERIES EXPANSION OF 192 HEUN FUNCTIONS 57
.1 Power series expansion of 192 Heun functions
In this chapter, the fundamental power series expansion in closed forms and its integral
forms of Heun function about x = 0 is constructed by using R3TRF. A
machine-generated list of 192 (isomorphic to the Coxeter group of the Coxeter diagram
D4) local solutions of the Heun equation was obtained by Robert S. Maier(2007) [5]. In
appendix of Ref.[3], applying 3TRF, I analyzed the power series expansions and its
integral forms of Heun function (infinite series and polynomial of type 1) of nine out of
the 192 local solutions of Heun function in Table 2 [5].
In these appendices 1 and 2, replacing coefficients in the general expression of power
series expansion and integral representation of Heun function for polynomial and infinite
series, I derive the analytic solutions for the power series expansions and its integrals
(infinite series and polynomial of type 2) of the previous nine examples of the 192 local
solutions of Heun function in Ref.[3].7
7I treat α, β, γ and δ as free variables and a fixed value of q to construct the polynomial of type 2 and
its integral formalism for all nine examples of the 192 local solutions of Heun function.
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.1.1 (1− x)1−δHl(a, q − (δ − 1)γa;α− δ + 1, β − δ + 1, γ, 2− δ; x)
Polynomial of type 2
Replacing coefficients q, α, β, δ, c0 and λ by q − (δ − 1)γa, α− δ + 1, β − δ + 1, 2− δ, 1
and zero into (2.2.3). Multiply (1− x)1−δ and the new (2.2.3) together.
(1− x)1−δy(x)
= (1− x)1−δHl (a, q − (δ − 1)γa;α − δ + 1, β − δ + 1, γ, 2 − δ;x)
= (1− x)1−δ
{
q0∑
i0=0
(−q0)i0 (q0 +Ω)i0
(1)i0(γ)i0
ηi0
+
{
q0∑
i0=0
(i0 + 1 + α− δ)(i0 + 1 + β − δ)
(i0 + 2)(i0 + 1 + γ)
(−q0)i0 (q0 +Ω)i0
(1)i0(γ)i0
×
q1∑
i1=i0
(−q1)i1 (q1 + 4 + Ω)i1 (3)i0(2 + γ)i0
(−q1)i0 (q1 + 4 + Ω)i0 (3)i1(2 + γ)i1
ηi1
}
z
+
∞∑
n=2
{
q0∑
i0=0
(i0 + 1 + α− δ)(i0 + 1 + β − δ)
(i0 + 2)(i0 + 1 + γ)
(−q0)i0 (q0 +Ω)i0
(1)i0(γ)i0
×
n−1∏
k=1
{
qk∑
ik=ik−1
(ik + 2k + 1 + α− δ)(ik + 2k + 1 + β − δ)
(ik + 2(k + 1))(ik + 2k + 1 + γ)
× (−qk)ik (qk + 4k +Ω)ik (2k + 1)ik−1(2k + γ)ik−1
(−qk)ik−1 (qk + 4k +Ω)ik−1 (2k + 1)ik(2k + γ)ik
}
×
qn∑
in=in−1
(−qn)in (qn + 4n+Ω)in (2n + 1)in−1(2n+ γ)in−1
(−qn)in−1 (qn + 4n+Ω)in−1 (2n + 1)in(2n + γ)in
ηin
 zn
 (.1.1)
where 
z = − 1ax2
η = (1+a)a x
ϕ = α+ β − δ + a(γ − δ + 1)
Ω = ϕ(1+a)
q = (δ − 1)γa− (qj + 2j){ϕ + (1 + a)(qj + 2j)} as j, qj ∈ N0
qi ≤ qj only if i ≤ j where i, j ∈ N0
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Infinite series
Replacing coefficients q, α, β, δ, c0 and λ by q − (δ − 1)γa, α− δ + 1, β − δ + 1, 2− δ, 1
and zero into (2.2.9). Multiply (1− x)1−δ and the new (2.2.9) together.
(1− x)1−δy(x)
= (1− x)1−δHl (a, q − (δ − 1)γa;α − δ + 1, β − δ + 1, γ, 2 − δ;x)
= (1− x)1−δ
{ ∞∑
i0=0
(
∆−0
)
i0
(
∆+0
)
i0
(1)i0(γ)i0
ηi0
+
{ ∞∑
i0=0
(i0 + 1 + α− δ)(i0 + 1 + β − δ)
(i0 + 2)(i0 + 1 + γ)
(
∆−0
)
i0
(
∆+0
)
i0
(1)i0(γ)i0
∞∑
i1=i0
(
∆−1
)
i1
(
∆+1
)
i1
(3)i0(2 + γ)i0(
∆−1
)
i0
(
∆+1
)
i0
(3)i1(2 + γ)i1
ηi1
}
z
+
∞∑
n=2
{ ∞∑
i0=0
(i0 + 1 + α− δ)(i0 + 1 + β − δ)
(i0 + 2)(i0 + 1 + γ)
(
∆−0
)
i0
(
∆+0
)
i0
(1)i0(γ)i0
×
n−1∏
k=1

∞∑
ik=ik−1
(ik + 2k + 1 + α− δ)(ik + 2k + 1 + β − δ)
(ik + 2(k + 1))(ik + 2k + 1 + γ)
(
∆−k
)
ik
(
∆+k
)
ik
(2k + 1)ik−1(2k + γ)ik−1(
∆−k
)
ik−1
(
∆+k
)
ik−1
(2k + 1)ik(2k + γ)ik

×
∞∑
in=in−1
(∆−n )in (∆
+
n )in (2n + 1)in−1(2n+ γ)in−1(
∆−n
)
in−1
(
∆+n
)
in−1
(2n+ 1)in(2n+ γ)in
ηin
 zn
 (.1.2)
where 
∆±0 =
ϕ±
√
ϕ2−4(1+a)q
2(1+a)
∆±1 =
{ϕ+4(1+a)}±
√
ϕ2−4(1+a)q
2(1+a)
∆±k =
{ϕ+4(1+a)k}±
√
ϕ2−4(1+a)q
2(1+a)
∆±n =
{ϕ+4(1+a)n}±
√
ϕ2−4(1+a)q
2(1+a)
.1.2
x1−γ(1− x)1−δHl(a, q − (γ + δ − 2)a− (γ − 1)(α+ β − γ − δ + 1), α− γ − δ + 2, β − γ − δ + 2, 2− γ, 2− δ;x)
Polynomial of type 2
Replacing coefficients q, α, β, γ, δ, c0 and λ by
q − (γ + δ − 2)a − (γ − 1)(α + β − γ − δ + 1), α− γ − δ + 2, β − γ − δ + 2, 2 − γ, 2− δ,1
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and zero into (2.2.3). Multiply x1−γ(1− x)1−δ and the new (2.2.3) together.
x1−γ(1− x)1−δy(x)
= x1−γ(1− x)1−δHl(a, q − (γ + δ − 2)a− (γ − 1)(α + β − γ − δ + 1);α − γ − δ + 2
, β − γ − δ + 2, 2 − γ, 2− δ;x)
= x1−γ(1− x)1−δ
{
q0∑
i0=0
(−q0)i0 (q0 +Ω)i0
(1)i0(2− γ)i0
ηi0
+
{
q0∑
i0=0
(i0 + 2 + α− γ − δ)(i0 + 2 + β − γ − δ)
(i0 + 2)(i0 + 3− γ)
(−q0)i0 (q0 +Ω)i0
(1)i0(2− γ)i0
×
q1∑
i1=i0
(−q1)i1 (q1 + 4 + Ω)i1 (3)i0(4− γ)i0
(−q1)i0 (q1 + 4 + Ω)i0 (3)i1(4− γ)i1
ηi1
}
z
+
∞∑
n=2
{
q0∑
i0=0
(i0 + 2 + α− γ − δ)(i0 + 2 + β − γ − δ)
(i0 + 2)(i0 + 3− γ)
(−q0)i0 (q0 +Ω)i0
(1)i0(2− γ)i0
×
n−1∏
k=1

qk∑
ik=ik−1
(ik + 2k + 2 + α− γ − δ)(ik + 2k + 2 + β − γ − δ)
(ik + 2(k + 1))(ik + 2k + 3− γ)
× (−qk)ik (qk + 4k +Ω)ik (2k + 1)ik−1(2k + 2− γ)ik−1
(−qk)ik−1 (qk + 4k +Ω)ik−1 (2k + 1)ik(2k + 2− γ)ik
}
×
qn∑
in=in−1
(−qn)in (qn + 4n+Ω)in (2n + 1)in−1(2n+ 2− γ)in−1
(−qn)in−1 (qn + 4n+Ω)in−1 (2n + 1)in(2n + 2− γ)in
ηin
 zn
 (.1.3)
where 
z = − 1ax2
η = (1+a)a x
ϕ = α+ β − 2γ − δ + 2 + a(3− γ − δ)
Ω = ϕ(1+a)
q = (γ + δ − 2)a+ (γ − 1)(α + β − γ − δ + 1)
−(qj + 2j){ϕ + (1 + a)(qj + 2j)} as j, qj ∈ N0
qi ≤ qj only if i ≤ j where i, j ∈ N0
Infinite series
Replacing coefficients q, α, β, γ, δ, c0 and λ by
q − (γ + δ − 2)a− (γ − 1)(α + β − γ − δ + 1), α− γ − δ + 2, β − γ − δ + 2, 2 − γ, 2− δ,1
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and zero into (2.2.9). Multiply x1−γ(1− x)1−δ and the new (2.2.9) together.
x1−γ(1− x)1−δy(x)
= x1−γ(1− x)1−δHl(a, q − (γ + δ − 2)a− (γ − 1)(α + β − γ − δ + 1);α− γ − δ + 2
, β − γ − δ + 2, 2− γ, 2− δ;x)
= x1−γ(1− x)1−δ
{ ∞∑
i0=0
(
∆−0
)
i0
(
∆+0
)
i0
(1)i0(2− γ)i0
ηi0
+
{ ∞∑
i0=0
(i0 + 2 + α− γ − δ)(i0 + 2 + β − γ − δ)
(i0 + 2)(i0 + 3− γ)
(
∆−0
)
i0
(
∆+0
)
i0
(1)i0(2− γ)i0
∞∑
i1=i0
(
∆−1
)
i1
(
∆+1
)
i1
(3)i0(4− γ)i0(
∆−1
)
i0
(
∆+1
)
i0
(3)i1(4− γ)i1
ηi1
}
z
+
∞∑
n=2
{ ∞∑
i0=0
(i0 + 2 + α− γ − δ)(i0 + 2 + β − γ − δ)
(i0 + 2)(i0 + 3− γ)
(
∆−0
)
i0
(
∆+0
)
i0
(1)i0(2− γ)i0
×
n−1∏
k=1

∞∑
ik=ik−1
(ik + 2k + 2 + α− γ − δ)(ik + 2k + 2 + β − γ − δ)
(ik + 2(k + 1))(ik + 2k + 3− γ)
×
(
∆−k
)
ik
(
∆+k
)
ik
(2k + 1)ik−1(2k + 2− γ)ik−1(
∆−k
)
ik−1
(
∆+k
)
ik−1
(2k + 1)ik(2k + 2− γ)ik
}
×
∞∑
in=in−1
(∆−n )in (∆
+
n )in (2n + 1)in−1(2n+ 2− γ)in−1(
∆−n
)
in−1
(
∆+n
)
in−1
(2n+ 1)in(2n+ 2− γ)in
ηin
 zn
 (.1.4)
where

∆±0 =
ϕ±
√
ϕ2−4(1+a)q
2(1+a)
∆±1 =
{ϕ+4(1+a)}±
√
ϕ2−4(1+a)q
2(1+a)
∆±k =
{ϕ+4(1+a)k}±
√
ϕ2−4(1+a)q
2(1+a)
∆±n =
{ϕ+4(1+a)n}±
√
ϕ2−4(1+a)q
2(1+a)
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.1.3 Hl(1− a,−q + αβ;α, β, δ, γ; 1− x)
Polynomial of type 2
Replacing coefficients a, q, γ, δ, x, c0 and λ by 1− a, −q+αβ, δ, γ, 1− x, 1 and zero into
(2.2.3).
y(ξ) = Hl(1− a,−q + αβ;α, β, δ, γ; 1 − x)
=
q0∑
i0=0
(−q0)i0 (q0 +Ω)i0
(1)i0(δ)i0
ηi0
+
{
q0∑
i0=0
(i0 + α)(i0 + β)
(i0 + 2)(i0 + 1 + δ)
(−q0)i0 (q0 +Ω)i0
(1)i0(δ)i0
q1∑
i1=i0
(−q1)i1 (q1 + 4 + Ω)i1 (3)i0(2 + δ)i0
(−q1)i0 (q1 + 4 + Ω)i0 (3)i1(2 + δ)i1
ηi1
}
z
+
∞∑
n=2
{
q0∑
i0=0
(i0 + α)(i0 + β)
(i0 + 2)(i0 + 1 + δ)
(−q0)i0 (q0 +Ω)i0
(1)i0(δ)i0
×
n−1∏
k=1

qk∑
ik=ik−1
(ik + 2k + α)(ik + 2k + β)
(ik + 2(k + 1))(ik + 2k + 1 + δ)
(−qk)ik (qk + 4k +Ω)ik (2k + 1)ik−1(2k + δ)ik−1
(−qk)ik−1 (qk + 4k +Ω)ik−1 (2k + 1)ik (2k + δ)ik

×
qn∑
in=in−1
(−qn)in (qn + 4n +Ω)in (2n + 1)in−1(2n+ δ)in−1
(−qn)in−1 (qn + 4n+Ω)in−1 (2n + 1)in(2n + δ)in
ηin
 zn (.1.5)
where

ξ = 1− x
z = −11−aξ
2
η = 2−a1−aξ
ϕ = α+ β − δ + (1− a)(δ + γ − 1)
Ω = ϕ(2−a)
q = αβ + (qj + 2j){ϕ + (2− a)(qj + 2j)} as j, qj ∈ N0
qi ≤ qj only if i ≤ j where i, j ∈ N0
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Infinite series
Replacing coefficients a, q, γ, δ, x, c0 and λ by 1− a, −q + αβ, δ, γ, 1− x,1 and zero into
(2.2.9).
y(ξ) = Hl(1− a,−q + αβ;α, β, δ, γ; 1 − x)
=
∞∑
i0=0
(
∆−0
)
i0
(
∆+0
)
i0
(1)i0(δ)i0
ηi0
+
{ ∞∑
i0=0
(i0 + α)(i0 + β)
(i0 + 2)(i0 + 1 + δ)
(
∆−0
)
i0
(
∆+0
)
i0
(1)i0(δ)i0
∞∑
i1=i0
(
∆−1
)
i1
(
∆+1
)
i1
(3)i0(2 + δ)i0(
∆−1
)
i0
(
∆+1
)
i0
(3)i1(2 + δ)i1
ηi1
}
z
+
∞∑
n=2
{ ∞∑
i0=0
(i0 + α)(i0 + β)
(i0 + 2)(i0 + 1 + δ)
(
∆−0
)
i0
(
∆+0
)
i0
(1)i0(δ)i0
×
n−1∏
k=1

∞∑
ik=ik−1
(ik + 2k + α)(ik + 2k + β)
(ik + 2(k + 1))(ik + 2k + 1 + δ)
(
∆−k
)
ik
(
∆+k
)
ik
(2k + 1)ik−1(2k + δ)ik−1(
∆−k
)
ik−1
(
∆+k
)
ik−1
(2k + 1)ik(2k + δ)ik

×
∞∑
in=in−1
(∆−n )in (∆
+
n )in (2n + 1)in−1(2n + δ)in−1(
∆−n
)
in−1
(
∆+n
)
in−1
(2n + 1)in(2n + δ)in
ηin
 zn (.1.6)
where 
∆±0 =
ϕ±
√
ϕ2−4(2−a)q
2(2−a)
∆±1 =
{ϕ+4(2−a)}±
√
ϕ2−4(2−a)q
2(2−a)
∆±k =
{ϕ+4(2−a)k}±
√
ϕ2−4(2−a)q
2(2−a)
∆±n =
{ϕ+4(2−a)n}±
√
ϕ2−4(2−a)q
2(2−a)
.1.4 (1− x)1−δHl(1− a,−q + (δ − 1)γa+ (α− δ + 1)(β − δ + 1);α− δ + 1, β − δ + 1, 2− δ, γ; 1− x)
Polynomial of type 2
Replacing coefficients a, q, α, β, γ, δ, x, c0 and λ by 1− a,
−q + (δ − 1)γa+ (α− δ + 1)(β − δ + 1), α− δ + 1, β − δ + 1, 2− δ, γ, 1− x, 1 and zero
64
into (2.2.3). Multiply (1− x)1−δ and the new (2.2.3) together.
(1− x)1−δy(ξ)
= (1− x)1−δHl(1− a,−q + (δ − 1)γa + (α− δ + 1)(β − δ + 1);α − δ + 1
, β − δ + 1, 2− δ, γ; 1 − x)
= (1− x)1−δ
{
q0∑
i0=0
(−q0)i0 (q0 +Ω)i0
(1)i0(2− δ)i0
ηi0
+
{
q0∑
i0=0
(i0 + 1 + α− δ)(i0 + 1 + β − δ)
(i0 + 2)(i0 + 3− δ)
(−q0)i0 (q0 +Ω)i0
(1)i0(2− δ)i0
×
q1∑
i1=i0
(−q1)i1 (q1 + 4 +Ω)i1 (3)i0(4− δ)i0
(−q1)i0 (q1 + 4 +Ω)i0 (3)i1(4− δ)i1
ηi1
}
z
+
∞∑
n=2
{
q0∑
i0=0
(i0 + 1 + α− δ)(i0 + 1 + β − δ)
(i0 + 2)(i0 + 3− δ)
(−q0)i0 (q0 +Ω)i0
(1)i0(2− δ)i0
×
n−1∏
k=1

qk∑
ik=ik−1
(ik + 2k + 1 + α− δ)(ik + 2k + 1 + β − δ)
(ik + 2(k + 1))(ik + 2k + 3− δ)
× (−qk)ik (qk + 4k +Ω)ik (2k + 1)ik−1(2k + 2− δ)ik−1
(−qk)ik−1 (qk + 4k +Ω)ik−1 (2k + 1)ik(2k + 2− δ)ik
}
×
qn∑
in=in−1
(−qn)in (qn + 4n+Ω)in (2n + 1)in−1(2n + 2− δ)in−1
(−qn)in−1 (qn + 4n +Ω)in−1 (2n+ 1)in(2n+ 2− δ)in
ηin
 zn
 (.1.7)
where 
ξ = 1− x
z = −11−aξ
2
η = 2−a1−aξ
ϕ = α+ β − γ − 2δ + 2 + (1− a)(γ − δ + 1)
Ω = ϕ(2−a)
q = (δ − 1)γa+ (α− δ + 1)(β − δ + 1)
+(qj + 2j){ϕ + (2− a)(qj + 2j)} as j, qj ∈ N0
qi ≤ qj only if i ≤ j where i, j ∈ N0
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Infinite series
Replacing coefficients a, q, α, β, γ, δ, x, c0 and λ by 1− a,
−q + (δ − 1)γa+ (α− δ + 1)(β − δ + 1), α− δ + 1, β − δ + 1, 2− δ, γ, 1− x, 1 and zero
into (2.2.9). Multiply (1− x)1−δ and the new (2.2.9) together.
(1− x)1−δy(ξ)
= (1− x)1−δHl(1− a,−q + (δ − 1)γa+ (α− δ + 1)(β − δ + 1);α − δ + 1, β − δ + 1, 2− δ, γ; 1 − x)
= (1− x)1−δ
{ ∞∑
i0=0
(
∆−0
)
i0
(
∆+0
)
i0
(1)i0(2− δ)i0
ηi0
+
{ ∞∑
i0=0
(i0 + 1 + α− δ)(i0 + 1 + β − δ)
(i0 + 2)(i0 + 3− δ)
(
∆−0
)
i0
(
∆+0
)
i0
(1)i0(2− δ)i0
∞∑
i1=i0
(
∆−1
)
i1
(
∆+1
)
i1
(3)i0(4− δ)i0(
∆−1
)
i0
(
∆+1
)
i0
(3)i1(4− δ)i1
ηi1
}
z
+
∞∑
n=2
{ ∞∑
i0=0
(i0 + 1 + α− δ)(i0 + 1 + β − δ)
(i0 + 2)(i0 + 3− δ)
(
∆−0
)
i0
(
∆+0
)
i0
(1)i0(2− δ)i0
×
n−1∏
k=1

∞∑
ik=ik−1
(ik + 2k + 1 + α− δ)(ik + 2k + 1 + β − δ)
(ik + 2(k + 1))(ik + 2k + 3− δ)
(
∆−k
)
ik
(
∆+k
)
ik
(2k + 1)ik−1(2k + 2− δ)ik−1(
∆−k
)
ik−1
(
∆+k
)
ik−1
(2k + 1)ik(2k + 2− δ)ik

×
∞∑
in=in−1
(∆−n )in (∆
+
n )in (2n + 1)in−1(2n+ 2− δ)in−1(
∆−n
)
in−1
(
∆+n
)
in−1
(2n+ 1)in(2n+ 2− δ)in
ηin
}
zn
}
(.1.8)
where

∆±0 =
ϕ±
√
ϕ2−4(2−a)q
2(2−a)
∆±1 =
{ϕ+4(2−a)}±
√
ϕ2−4(2−a)q
2(2−a)
∆±k =
{ϕ+4(2−a)k}±
√
ϕ2−4(2−a)q
2(2−a)
∆±n =
{ϕ+4(2−a)n}±
√
ϕ2−4(1+a)q
2(1+a)
66
.1.5 x−αHl
(
1
a
,
q + α[(α− γ − δ + 1)a− β + δ]
a
;α, α− γ + 1, α− β + 1, δ; 1
x
)
Polynomial of type 2
Replacing coefficients a, q, β, γ, x, c0 and λ by
1
a ,
q+α[(α−γ−δ+1)a−β+δ]
a , α− γ + 1,
α− β + 1, 1x , 1 and zero into (2.2.3). Multiply x−α and the new (2.2.3) together.
x−αy(ξ)
= x−αHl
(
1
a
,
q + α[(α− γ − δ + 1)a− β + δ]
a
;α,α − γ + 1, α− β + 1, δ; 1
x
)
= x−α
{
q0∑
i0=0
(−q0)i0 (q0 +Ω)i0
(1)i0(1 + α− β)i0
ηi0
+
{
q0∑
i0=0
(i0 + α)(i0 + 1 + α− γ)
(i0 + 2)(i0 + 2 + α− β)
(−q0)i0 (q0 +Ω)i0
(1)i0(1 + α− β)i0
×
q1∑
i1=i0
(−q1)i1 (q1 + 4 + Ω)i1 (3)i0(3 + α− β)i0
(−q1)i0 (q1 + 4 + Ω)i0 (3)i1(3 + α− β)i1
ηi1
}
z
+
∞∑
n=2
{
q0∑
i0=0
(i0 + α)(i0 + 1 + α− γ)
(i0 + 2)(i0 + 2 + α− β)
(−q0)i0 (q0 +Ω)i0
(1)i0(1 + α− β)i0
×
n−1∏
k=1
{
qk∑
ik=ik−1
(ik + 2k + α)(ik + 2k + 1 + α− γ)
(ik + 2(k + 1))(ik + 2k + 2 + α− β)
× (−qk)ik (qk + 4k +Ω)ik (2k + 1)ik−1(2k + 1 + α− β)ik−1
(−qk)ik−1 (qk + 4k +Ω)ik−1 (2k + 1)ik(2k + 1 + α− β)ik
}
(.1.9)
×
qn∑
in=in−1
(−qn)in (qn + 4n+Ω)in (2n + 1)in−1(2n + 1 + α− β)in−1
(−qn)in−1 (qn + 4n+Ω)in−1 (2n+ 1)in(2n+ 1 + α− β)in
ηin
 zn

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where

ξ = 1x
z = −aξ2
η = (1 + a)ξ
ϕ = 2α− γ − δ + 1 + 1a(α− β + δ)
Ω = aϕ(1+a)
q = −α[(α − γ − δ + 1)a− β + δ]
−a(qj + 2j){ϕ + (1 + 1/a)(qj + 2j)} as j, qj ∈ N0
qi ≤ qj only if i ≤ j where i, j ∈ N0
Infinite series
Replacing coefficients a, q, β, γ, x, c0 and λ by
1
a ,
q+α[(α−γ−δ+1)a−β+δ]
a , α− γ + 1,
α− β + 1, 1x , 1 and zero into (2.2.9). Multiply x−α and the new (2.2.9) together.
x−αy(ξ)
= x−αHl
(
1
a
,
q + α[(α − γ − δ + 1)a− β + δ]
a
;α,α − γ + 1, α− β + 1, δ; 1
x
)
= x−α
{ ∞∑
i0=0
(
∆−0
)
i0
(
∆+0
)
i0
(1)i0(1 + α− β)i0
ηi0
+
{ ∞∑
i0=0
(i0 + α)(i0 + 1 + α− γ)
(i0 + 2)(i0 + 2 + α− β)
(
∆−0
)
i0
(
∆+0
)
i0
(1)i0(1 + α− β)i0
∞∑
i1=i0
(
∆−1
)
i1
(
∆+1
)
i1
(3)i0(3 + α− β)i0(
∆−1
)
i0
(
∆+1
)
i0
(3)i1(3 + α− β)i1
ηi1
}
z
+
∞∑
n=2
{ ∞∑
i0=0
(i0 + α)(i0 + 1 + α− γ)
(i0 + 2)(i0 + 2 + α− β)
(
∆−0
)
i0
(
∆+0
)
i0
(1)i0(1 + α− β)i0
×
n−1∏
k=1

∞∑
ik=ik−1
(ik + 2k + α)(ik + 2k + 1 + α− γ)
(ik + 2(k + 1))(ik + 2k + 2 + α− β)
(
∆−k
)
ik
(
∆+k
)
ik
(2k + 1)ik−1(2k + 1 + α− β)ik−1(
∆−k
)
ik−1
(
∆+k
)
ik−1
(2k + 1)ik(2k + 1 + α− β)ik

×
∞∑
in=in−1
(∆−n )in (∆
+
n )in (2n + 1)in−1(2n+ 1 + α− β)in−1(
∆−n
)
in−1
(
∆+n
)
in−1
(2n+ 1)in(2n+ 1 + α− β)in
ηin
 zn
 (.1.10)
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where 
∆±0 =
ϕ±
√
ϕ2−4(1+1/a)q
2(1+1/a)
∆±1 =
{ϕ+4(1+1/a)}±
√
ϕ2−4(1+1/a)q
2(1+1/a)
∆±k =
{ϕ+4(1+1/a)k}±
√
ϕ2−4(1+1/a)q
2(1+1/a)
∆±n =
{ϕ+4(1+1/a)n}±
√
ϕ2−4(1+1/a)q
2(1+1/a)
.1.6
(
1− x
a
)−β
Hl
(
1− a,−q + γβ;−α + γ + δ, β, γ, δ; (1− a)x
x− a
)
Polynomial of type 2
Replacing coefficients a, q, α, x, c0 and λ by 1− a, −q + γβ, −α+ γ + δ, (1−a)xx−a , 1 and
zero into (2.2.3). Multiply
(
1− xa
)−β
and the new (2.2.3) together.
(
1− x
a
)−β
y(ξ)
=
(
1− x
a
)−β
Hl
(
1− a,−q + γβ;−α+ γ + δ, β, γ, δ; (1− a)x
x− a
)
=
(
1− x
a
)−β { q0∑
i0=0
(−q0)i0 (q0 +Ω)i0
(1)i0(γ)i0
ηi0
+
{
q0∑
i0=0
(i0 − α+ γ + δ)(i0 + β)
(i0 + 2)(i0 + 1 + γ)
(−q0)i0 (q0 +Ω)i0
(1)i0(γ)i0
q1∑
i1=i0
(−q1)i1 (q1 + 4 + Ω)i1 (3)i0(2 + γ)i0
(−q1)i0 (q1 + 4 + Ω)i0 (3)i1(2 + γ)i1
ηi1
}
z
+
∞∑
n=2
{
q0∑
i0=0
(i0 − α+ γ + δ)(i0 + β)
(i0 + 2)(i0 + 1 + γ)
(−q0)i0 (q0 +Ω)i0
(1)i0(γ)i0
×
n−1∏
k=1

qk∑
ik=ik−1
(ik + 2k − α+ γ + δ)(ik + 2k + β)
(ik + 2(k + 1))(ik + 2k + 1 + γ)
(−qk)ik (qk + 4k +Ω)ik (2k + 1)ik−1(2k + γ)ik−1
(−qk)ik−1 (qk + 4k +Ω)ik−1 (2k + 1)ik(2k + γ)ik
}
×
qn∑
in=in−1
(−qn)in (qn + 4n+Ω)in (2n+ 1)in−1(2n + γ)in−1
(−qn)in−1 (qn + 4n +Ω)in−1 (2n+ 1)in(2n+ γ)in
ηin
 zn
 (.1.11)
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where

ξ = (1−a)xx−a
z = − 11−aξ2
η = 2−a1−aξ
ϕ = −α+ β + γ + (1− a)(γ + δ − 1)
Ω = aϕ(2−a)
q = γβ + (qj + 2j){ϕ + (2− a)(qj + 2j)} as j, qj ∈ N0
qi ≤ qj only if i ≤ j where i, j ∈ N0
Infinite series
Replacing coefficients a, q, α, x, c0 and λ by 1− a, −q + γβ, −α+ γ + δ, (1−a)xx−a , 1 and
zero into (2.2.9). Multiply
(
1− xa
)−β
and the new (2.2.9) together.
(
1− x
a
)−β
y(ξ)
=
(
1− x
a
)−β
Hl
(
1− a,−q + γβ;−α+ γ + δ, β, γ, δ; (1− a)x
x− a
)
=
(
1− x
a
)−β { ∞∑
i0=0
(
∆−0
)
i0
(
∆+0
)
i0
(1)i0(γ)i0
ηi0
+
{ ∞∑
i0=0
(i0 − α+ γ + δ)(i0 + β)
(i0 + 2)(i0 + 1 + γ)
(
∆−0
)
i0
(
∆+0
)
i0
(1)i0(γ)i0
∞∑
i1=i0
(
∆−1
)
i1
(
∆+1
)
i1
(3)i0(2 + γ)i0(
∆−1
)
i0
(
∆+1
)
i0
(3)i1(2 + γ)i1
ηi1
}
z
+
∞∑
n=2
{ ∞∑
i0=0
(i0 − α+ γ + δ)(i0 + β)
(i0 + 2)(i0 + 1 + γ)
(
∆−0
)
i0
(
∆+0
)
i0
(1)i0(γ)i0
×
n−1∏
k=1

∞∑
ik=ik−1
(ik + 2k − α+ γ + δ)(ik + 2k + β)
(ik + 2(k + 1))(ik + 2k + 1 + γ)
(
∆−k
)
ik
(
∆+k
)
ik
(2k + 1)ik−1(2k + γ)ik−1(
∆−k
)
ik−1
(
∆+k
)
ik−1
(2k + 1)ik(2k + γ)ik

×
∞∑
in=in−1
(∆−n )in (∆
+
n )in (2n + 1)in−1(2n+ γ)in−1(
∆−n
)
in−1
(
∆+n
)
in−1
(2n+ 1)in(2n+ γ)in
ηin
 zn
 (.1.12)
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where

∆±0 =
ϕ±
√
ϕ2−4(2−a)q
2(2−a)
∆±1 =
{ϕ+4(2−a)}±
√
ϕ2−4(2−a)q
2(2−a)
∆±k =
{ϕ+4(2−a)k}±
√
ϕ2−4(2−a)q
2(2−a)
∆±n =
{ϕ+4(2−a)n}±
√
ϕ2−4(2−a)q
2(2−a)
.1.7
(1− x)1−δ
(
1− x
a
)
−β+δ−1
Hl
(
1− a,−q + γ[(δ − 1)a+ β − δ + 1];−α+ γ + 1, β − δ + 1, γ, 2− δ; (1− a)x
x− a
)
Polynomial of type 2
Replacing coefficients a, q, α, β, δ, x, c0 and λ by 1− a, −q + γ[(δ − 1)a+ β − δ + 1],
−α+ γ + 1, β − δ + 1, 2− δ, (1−a)xx−a , 1 and zero into (2.2.3). Multiply
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(1− x)1−δ (1− xa)−β+δ−1 and the new (2.2.3) together.
(1− x)1−δ
(
1− x
a
)−β+δ−1
y(ξ)
= (1− x)1−δ
(
1− x
a
)−β+δ−1
Hl
(
1− a,−q + γ[(δ − 1)a+ β − δ + 1];−α+ γ + 1, β − δ + 1, γ
, 2− δ; (1− a)x
x− a
)
= (1− x)1−δ
(
1− x
a
)−β+δ−1{ q0∑
i0=0
(−q0)i0 (q0 +Ω)i0
(1)i0(γ)i0
ηi0
+
{
q0∑
i0=0
(i0 − α+ γ + 1)(i0 + β − δ + 1)
(i0 + 2)(i0 + 1 + γ)
(−q0)i0 (q0 +Ω)i0
(1)i0(γ)i0
×
q1∑
i1=i0
(−q1)i1 (q1 + 4 + Ω)i1 (3)i0(2 + γ)i0
(−q1)i0 (q1 + 4 + Ω)i0 (3)i1(2 + γ)i1
ηi1
}
z
+
∞∑
n=2
{
q0∑
i0=0
(i0 − α+ γ + 1)(i0 + β − δ + 1)
(i0 + 2)(i0 + 1 + γ)
(−q0)i0 (q0 +Ω)i0
(1)i0(γ)i0
×
n−1∏
k=1
{
qk∑
ik=ik−1
(ik + 2k − α+ γ + 1)(ik + 2k + β − δ + 1)
(ik + 2(k + 1))(ik + 2k + 1 + γ)
× (−qk)ik (qk + 4k +Ω)ik (2k + 1)ik−1(2k + γ)ik−1
(−qk)ik−1 (qk + 4k +Ω)ik−1 (2k + 1)ik(2k + γ)ik
}
×
qn∑
in=in−1
(−qn)in (qn + 4n+Ω)in (2n+ 1)in−1(2n + γ)in−1
(−qn)in−1 (qn + 4n +Ω)in−1 (2n+ 1)in(2n+ γ)in
ηin
 zn
 (.1.13)
where

ξ = (1−a)xx−a
z = − 11−aξ2
η = (2−a)1−a ξ
ϕ = −α+ β + γ + (1− a)(γ − δ + 1)
Ω = ϕ(2−a)
q = γ[(δ − 1)a+ β − δ + 1] + (qj + 2j){ϕ + (2− a)(qj + 2j)} as j, qj ∈ N0
qi ≤ qj only if i ≤ j where i, j ∈ N0
72
Infinite series
Replacing coefficients a, q, α, β, δ, x, c0 and λ by 1− a, −q + γ[(δ − 1)a+ β − δ + 1],
−α+ γ + 1, β − δ + 1, 2− δ, (1−a)xx−a , 1 and zero into (2.2.9). Multiply
(1− x)1−δ (1− xa)−β+δ−1 and the new (2.2.9) together.
(1− x)1−δ
(
1− x
a
)−β+δ−1
y(ξ)
= (1− x)1−δ
(
1− x
a
)−β+δ−1
Hl
(
1− a,−q + γ[(δ − 1)a+ β − δ + 1];−α+ γ + 1, β − δ + 1
, γ, 2− δ; (1− a)x
x− a
)
= (1− x)1−δ
(
1− x
a
)−β+δ−1{ ∞∑
i0=0
(
∆−0
)
i0
(
∆+0
)
i0
(1)i0(γ)i0
ηi0
+
{ ∞∑
i0=0
(i0 − α+ γ + 1)(i0 + β − δ + 1)
(i0 + 2)(i0 + 1 + γ)
(
∆−0
)
i0
(
∆+0
)
i0
(1)i0(γ)i0
∞∑
i1=i0
(
∆−1
)
i1
(
∆+1
)
i1
(3)i0(2 + γ)i0(
∆−1
)
i0
(
∆+1
)
i0
(3)i1(2 + γ)i1
ηi1
}
z
+
∞∑
n=2
{ ∞∑
i0=0
(i0 − α+ γ + 1)(i0 + β − δ + 1)
(i0 + 2)(i0 + 1 + γ)
(
∆−0
)
i0
(
∆+0
)
i0
(1)i0(γ)i0
×
n−1∏
k=1

∞∑
ik=ik−1
(ik + 2k − α+ γ + 1)(ik + 2k + β − δ + 1)
(ik + 2(k + 1))(ik + 2k + 1 + γ)
(
∆−k
)
ik
(
∆+k
)
ik
(2k + 1)ik−1(2k + γ)ik−1(
∆−k
)
ik−1
(
∆+k
)
ik−1
(2k + 1)ik(2k + γ)ik

×
∞∑
in=in−1
(∆−n )in (∆
+
n )in (2n + 1)in−1(2n+ γ)in−1(
∆−n
)
in−1
(
∆+n
)
in−1
(2n+ 1)in(2n+ γ)in
ηin
 zn
 (.1.14)
where

∆±0 =
ϕ±
√
ϕ2−4(2−a)q
2(2−a)
∆±1 =
{ϕ+4(2−a)}±
√
ϕ2−4(2−a)q
2(2−a)
∆±k =
{ϕ+4(2−a)k}±
√
ϕ2−4(2−a)q
2(2−a)
∆±n =
{ϕ+4(2−a)n}±
√
ϕ2−4(2−a)q
2(2−a)
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.1.8 x−αHl
(
a− 1
a
,
−q + α(δa+ β − δ)
a
;α, α− γ + 1, δ, α− β + 1; x− 1
x
)
Polynomial of type 2
Replacing coefficients a, q, β, γ, δ, x, c0 and λ by
a−1
a ,
−q+α(δa+β−δ)
a , α− γ + 1, δ,
α− β + 1, x−1x , 1 and zero into (2.2.3). Multiply x−α and the new (2.2.3) together.
x−αy(ξ)
= x−αHl
(
a− 1
a
,
−q + α(δa + β − δ)
a
;α,α − γ + 1, δ, α − β + 1; x− 1
x
)
= x−α
{
q0∑
i0=0
(−q0)i0 (q0 +Ω)i0
(1)i0(δ)i0
ηi0
+
{
q0∑
i0=0
(i0 + α)(i0 + α− γ + 1)
(i0 + 2)(i0 + 1 + δ)
(−q0)i0 (q0 +Ω)i0
(1)i0(δ)i0
q1∑
i1=i0
(−q1)i1 (q1 + 4 + Ω)i1 (3)i0(2 + δ)i0
(−q1)i0 (q1 + 4 + Ω)i0 (3)i1(2 + δ)i1
ηi1
}
z
+
∞∑
n=2
{
q0∑
i0=0
(i0 + α)(i0 + α− γ + 1)
(i0 + 2)(i0 + 1 + δ)
(−q0)i0 (q0 +Ω)i0
(1)i0(δ)i0
×
n−1∏
k=1

qk∑
ik=ik−1
(ik + 2k + α)(ik + 2k + α− γ + 1)
(ik + 2(k + 1))(ik + 2k + 1 + δ)
(−qk)ik (qk + 4k +Ω)ik (2k + 1)ik−1(2k + δ)ik−1
(−qk)ik−1 (qk + 4k +Ω)ik−1 (2k + 1)ik(2k + δ)ik

×
qn∑
in=in−1
(−qn)in (qn + 4n+Ω)in (2n+ 1)in−1(2n + δ)in−1
(−qn)in−1 (qn + 4n +Ω)in−1 (2n+ 1)in(2n+ δ)in
ηin
 zn
 (.1.15)
where

ξ = x−1x
z = −aa−1ξ
2
η = 2a−1a−1 ξ
ϕ = α+ β − γ + a−1a (α− β + δ)
Ω = aϕ(2a−1)
q = α(δa + β − δ) + (qj + 2j){aϕ + (2a− 1)(qj + 2j)} as j, qj ∈ N0
qi ≤ qj only if i ≤ j where i, j ∈ N0
74
Infinite series
Replacing coefficients a, q, β, γ, δ, x, c0 and λ by
a−1
a ,
−q+α(δa+β−δ)
a , α− γ + 1, δ,
α− β + 1, x−1x , 1 and zero into (2.2.9). Multiply x−α and the new (2.2.9) together.
x−αy(ξ)
= x−αHl
(
a− 1
a
,
−q + α(δa + β − δ)
a
;α,α − γ + 1, δ, α − β + 1; x− 1
x
)
= x−α
{ ∞∑
i0=0
(
∆−0
)
i0
(
∆+0
)
i0
(1)i0(δ)i0
ηi0
+
{ ∞∑
i0=0
(i0 + α)(i0 + α− γ + 1)
(i0 + 2)(i0 + 1 + δ)
(
∆−0
)
i0
(
∆+0
)
i0
(1)i0(δ)i0
∞∑
i1=i0
(
∆−1
)
i1
(
∆+1
)
i1
(3)i0(2 + δ)i0(
∆−1
)
i0
(
∆+1
)
i0
(3)i1(2 + δ)i1
ηi1
}
z
+
∞∑
n=2
{ ∞∑
i0=0
(i0 + α)(i0 + α− γ + 1)
(i0 + 2)(i0 + 1 + δ)
(
∆−0
)
i0
(
∆+0
)
i0
(1)i0(δ)i0
×
n−1∏
k=1

∞∑
ik=ik−1
(ik + 2k + α)(ik + 2k + α− γ + 1)
(ik + 2(k + 1))(ik + 2k + 1 + δ)
(
∆−k
)
ik
(
∆+k
)
ik
(2k + 1)ik−1(2k + δ)ik−1(
∆−k
)
ik−1
(
∆+k
)
ik−1
(2k + 1)ik(2k + δ)ik

×
∞∑
in=in−1
(∆−n )in (∆
+
n )in (2n + 1)in−1(2n+ δ)in−1(
∆−n
)
in−1
(
∆+n
)
in−1
(2n+ 1)in(2n+ δ)in
ηin
 zn
 (.1.16)
where

∆±0 =
aϕ±a
√
ϕ2−4 (2a−1)
a
q
2(2a−1)
∆±1 =
a
{
ϕ+4 (2a−1)
a
}
±a
√
ϕ2−4 (2a−1)
a
q
2(2a−1)
∆±k =
a
{
ϕ+4 (2a−1)
a
k
}
±a
√
ϕ2−4 (2a−1)
a
q
2(2a−1)
∆±n =
a
{
ϕ+4 (2a−1)
a
n
}
±a
√
ϕ2−4 (2a−1)
a
q
2(2a−1)
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.1.9
(
x− a
1− a
)−α
Hl
(
a, q − (β − δ)α;α,−β + γ + δ, δ, γ; a(x− 1)
x− a
)
Polynomial of type 2
Replacing coefficients q, β, γ, δ, x, c0 and λ by q − (β − δ)α, −β + γ + δ, δ, γ, a(x−1)x−a , 1
and zero into (2.2.3). Multiply
(
x−a
1−a
)−α
and the new (2.2.3) together.
(
x− a
1− a
)−α
y(ξ)
=
(
x− a
1− a
)−α
Hl
(
a, q − (β − δ)α;α,−β + γ + δ, δ, γ; a(x− 1)
x− a
)
=
(
x− a
1− a
)−α{ q0∑
i0=0
(−q0)i0 (q0 +Ω)i0
(1)i0(δ)i0
ηi0
+
{
q0∑
i0=0
(i0 + α)(i0 − β + γ + δ)
(i0 + 2)(i0 + 1 + δ)
(−q0)i0 (q0 +Ω)i0
(1)i0(δ)i0
q1∑
i1=i0
(−q1)i1 (q1 + 4 + Ω)i1 (3)i0(2 + δ)i0
(−q1)i0 (q1 + 4 + Ω)i0 (3)i1(2 + δ)i1
ηi1
}
z
×
n−1∏
k=1

qk∑
ik=ik−1
(ik + 2k + α)(ik + 2k − β + γ + δ)
(ik + 2(k + 1))(ik + 2k + 1 + δ)
(−qk)ik (qk + 4k +Ω)ik (2k + 1)ik−1(2k + δ)ik−1
(−qk)ik−1 (qk + 4k +Ω)ik−1 (2k + 1)ik(2k + δ)ik
}
×
qn∑
in=in−1
(−qn)in (qn + 4n+Ω)in (2n+ 1)in−1(2n + δ)in−1
(−qn)in−1 (qn + 4n +Ω)in−1 (2n+ 1)in(2n+ δ)in
ηin
 zn
 (.1.17)
where

ξ = a(x−1)x−a
z = − 1aξ2
η = (1+a)a ξ
ϕ = α− β + δ + a(γ + δ − 1)
Ω = ϕ(1+a)
q = (β − δ)α − (qj + 2j){ϕ + (1 + a)(qj + 2j)} as j, qj ∈ N0
qi ≤ qj only if i ≤ j where i, j ∈ N0
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Infinite series
Replacing coefficients q, β, γ, δ, x, c0 and λ by q − (β − δ)α, −β + γ + δ, δ, γ, a(x−1)x−a , 1
and zero into (2.2.9). Multiply
(
x−a
1−a
)−α
and the new (2.2.9) together.
(
x− a
1− a
)−α
y(ξ)
=
(
x− a
1− a
)−α
Hl
(
a, q − (β − δ)α;α,−β + γ + δ, δ, γ; a(x− 1)
x− a
)
=
(
x− a
1− a
)−α{ ∞∑
i0=0
(
∆−0
)
i0
(
∆+0
)
i0
(1)i0(δ)i0
ηi0
+
{ ∞∑
i0=0
(i0 + α)(i0 − β + γ + δ)
(i0 + 2)(i0 + 1 + δ)
(
∆−0
)
i0
(
∆+0
)
i0
(1)i0(δ)i0
∞∑
i1=i0
(
∆−1
)
i1
(
∆+1
)
i1
(3)i0(2 + δ)i0(
∆−1
)
i0
(
∆+1
)
i0
(3)i1(2 + δ)i1
ηi1
}
z
+
∞∑
n=2
{ ∞∑
i0=0
(i0 + α)(i0 − β + γ + δ)
(i0 + 2)(i0 + 1 + δ)
(
∆−0
)
i0
(
∆+0
)
i0
(1)i0(δ)i0
×
n−1∏
k=1

∞∑
ik=ik−1
(ik + 2k + α)(ik + 2k − β + γ + δ)
(ik + 2(k + 1))(ik + 2k + 1 + δ)
(
∆−k
)
ik
(
∆+k
)
ik
(2k + 1)ik−1(2k + δ)ik−1(
∆−k
)
ik−1
(
∆+k
)
ik−1
(2k + 1)ik (2k + δ)ik
}
×
∞∑
in=in−1
(∆−n )in (∆
+
n )in (2n + 1)in−1(2n+ δ)in−1(
∆−n
)
in−1
(
∆+n
)
in−1
(2n+ 1)in(2n+ δ)in
ηin
 zn
 (.1.18)
where

∆±0 =
ϕ±
√
ϕ2−4(1+a)q
2(1+a)
∆±1 =
{ϕ+4(1+a)}±
√
ϕ2−4(1+a)q
2(1+a)
∆±k =
{ϕ+4(1+a)k}±
√
ϕ2−4(1+a)q
2(1+a)
∆±n =
{ϕ+4(1+a)n}±
√
ϕ2−4(1+a)q
2(1+a)
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.2 Integral formalism of 192 Heun functions
.2.1 (1− x)1−δHl(a, q − (δ − 1)γa;α− δ + 1, β − δ + 1, γ, 2− δ; x)
Polynomial of type 2
Replacing coefficients q, α, β, δ, c0 and λ by q − (δ − 1)γa, α− δ + 1, β − δ + 1, 2− δ, 1
and zero into (2.3.6). Multiply (1− x)1−δ and the new (2.3.6) together.
(1− x)1−δy(x)
= (1− x)1−δHl (a, q − (δ − 1)γa;α − δ + 1, β − δ + 1, γ, 2 − δ;x)
= (1− x)1−δ
{
2F1 (−q0, q0 +Ω; γ; η) +
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)−1
n−k
∫ 1
0
dun−k u
2(n−k−1)+γ
n−k
× 1
2πi
∮
dvn−k
1
vn−k
(
vn−k − 1
vn−k
1
1−←→w n−k+1,n(1− tn−k)(1− un−k)vn−k
)qn−k
× (1−←→w n−k+1,n(1− tn−k)(1− un−k)vn−k)−(4(n−k)+Ω)
× ←→w −(2(n−k)−1+α−δ)n−k,n
(←→w n−k,n∂←→w n−k,n)←→w α−βn−k,n (←→w n−k,n∂←→w n−k,n)←→w 2(n−k)−1+β−δn−k,n
}
× 2F1 (−q0, q0 +Ω; γ;←→w 1,n)
}
zn
}
(.2.1)
where

z = − 1ax2
η = (1+a)a x
ϕ = α+ β − δ + a(γ − δ + 1)
Ω = ϕ(1+a)
q = (δ − 1)γa− (qj + 2j){ϕ + (1 + a)(qj + 2j)} as j, qj ∈ N0
qi ≤ qj only if i ≤ j where i, j ∈ N0
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Infinite series
Replacing coefficients q, α, β, δ, c0 and λ by q − (δ − 1)γa, α− δ + 1, β − δ + 1, 2− δ, 1
and zero into (2.3.18). Multiply (1− x)1−δ and the new (2.3.18) together.
(1− x)1−δy(x)
= (1− x)1−δHl (a, q − (δ − 1)γa;α − δ + 1, β − δ + 1, γ, 2 − δ;x)
= (1− x)1−δ
{
2F1
(−Π+0 ,−Π−0 ; γ; η)
+
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)−1
n−k
∫ 1
0
dun−k u
2(n−k−1)+γ
n−k
× 1
2πi
∮
dvn−k
1
vn−k
(
vn−k − 1
vn−k
)Π+n−k
(1−←→w n−k+1,n(1− tn−k)(1− un−k)vn−k)Π
−
n−k
× ←→w −(2(n−k)−1+α−δ)n−k,n
(←→w n−k,n∂←→w n−k,n)←→w α−βn−k,n (←→w n−k,n∂←→w n−k,n)←→w 2(n−k)−1+β−δn−k,n
}
× 2F1
(−Π+0 ,−Π−0 ; γ;←→w 1,n)
}
zn
}
(.2.2)
where Π
±
0 =
−ϕ±
√
ϕ2−4(1+a)(q−(δ−1)γa)
2(1+a)
Π±n−k =
−(ϕ+4(1+a)(n−k))±
√
ϕ2−4(1+a)(q−(δ−1)γa)
2(1+a)
.2.2
x1−γ(1− x)1−δHl(a, q − (γ + δ − 2)a− (γ − 1)(α+ β − γ − δ + 1);α− γ − δ + 2, β − γ − δ + 2, 2− γ, 2− δ;x)
Polynomial of type 2
Replacing coefficients q, α, β, γ, δ, c0 and λ by
q − (γ + δ − 2)a− (γ − 1)(α + β − γ − δ + 1), α− γ − δ + 2, β − γ − δ + 2, 2 − γ, 2− δ,1
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and zero into (2.3.6). Multiply x1−γ(1− x)1−δ and the new (2.3.6) together.
x1−γ(1− x)1−δy(x)
= x1−γ(1− x)1−δHl(a, q − (γ + δ − 2)a− (γ − 1)(α + β − γ − δ + 1);α − γ − δ + 2
, β − γ − δ + 2, 2 − γ, 2− δ;x)
= x1−γ(1− x)1−δ
{
2F1 (−q0, q0 +Ω; 2− γ; η)
+
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)−1
n−k
∫ 1
0
dun−k u
2(n−k)−γ
n−k
× 1
2πi
∮
dvn−k
1
vn−k
(
vn−k − 1
vn−k
1
1−←→w n−k+1,n(1− tn−k)(1 − un−k)vn−k
)qn−k
× (1−←→w n−k+1,n(1− tn−k)(1 − un−k)vn−k)−(4(n−k)+Ω)
× ←→w −(2(n−k)+α−γ−δ)n−k,n
(←→w n−k,n∂←→w n−k,n)←→w α−βn−k,n (←→w n−k,n∂←→w n−k,n)←→w 2(n−k)+β−γ−δn−k,n
}
× 2F1 (−q0, q0 +Ω; 2− γ;←→w 1,n)
}
zn
}
(.2.3)
where 
z = − 1ax2
η = (1+a)a x
ϕ = α+ β − 2γ − δ + 2 + a(3− γ − δ)
Ω = ϕ(1+a)
q = (γ + δ − 2)a+ (γ − 1)(α + β − γ − δ + 1)
−(qj + 2j){ϕ + (1 + a)(qj + 2j)} as j, qj ∈ N0
qi ≤ qj only if i ≤ j where i, j ∈ N0
Infinite series
Replacing coefficients q, α, β, γ, δ, c0 and λ by
q − (γ + δ − 2)a − (γ − 1)(α + β − γ − δ + 1), α− γ − δ + 2, β − γ − δ + 2, 2 − γ, 2− δ,1
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and zero into (2.3.18). Multiply x1−γ(1− x)1−δ and the new (2.3.18) together.
x1−γ(1− x)1−δy(x)
= x1−γ(1− x)1−δHl(a, q − (γ + δ − 2)a− (γ − 1)(α + β − γ − δ + 1);α − γ − δ + 2
, β − γ − δ + 2, 2 − γ, 2− δ;x)
= x1−γ(1− x)1−δ
{
2F1
(−Π+0 ,−Π−0 ; 2− γ; η)
+
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)−1
n−k
∫ 1
0
dun−k u
2(n−k)−γ
n−k
× 1
2πi
∮
dvn−k
1
vn−k
(
vn−k − 1
vn−k
)Π+n−k
(1−←→w n−k+1,n(1− tn−k)(1− un−k)vn−k)Π
−
n−k
× ←→w −(2(n−k)+α−γ−δ)n−k,n
(←→w n−k,n∂←→w n−k,n)←→w α−βn−k,n (←→w n−k,n∂←→w n−k,n)←→w 2(n−k)+β−γ−δn−k,n
}
× 2F1
(−Π+0 ,−Π−0 ; 2− γ;←→w 1,n)
}
zn
}
(.2.4)
where
Π
±
0 =
−ϕ±
√
ϕ2−4(1+a)(q−(γ+δ−2)a−(γ−1)(α+β−γ−δ+1))
2(1+a)
Π±n−k =
−(ϕ+4(1+a)(n−k))±
√
ϕ2−4(1+a)(q−(γ+δ−2)a−(γ−1)(α+β−γ−δ+1))
2(1+a)
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.2.3 Hl(1− a,−q + αβ;α, β, δ, γ; 1− x)
Polynomial of type 2
Replacing coefficients a, q, γ, δ, x, c0 and λ by 1− a, −q+αβ, δ, γ, 1− x, 1 and zero into
(2.3.6).
y(ξ) = Hl(1− a,−q + αβ;α, β, δ, γ; 1 − x)
= 2F1 (−q0, q0 +Ω; δ; η) +
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)−1
n−k
∫ 1
0
dun−k u
2(n−k−1)+δ
n−k
× 1
2πi
∮
dvn−k
1
vn−k
(
vn−k − 1
vn−k
1
1−←→w n−k+1,n(1− tn−k)(1− un−k)vn−k
)qn−k
× (1−←→w n−k+1,n(1− tn−k)(1 − un−k)vn−k)−(4(n−k)+Ω)
× ←→w −(2(n−k−1)+α)n−k,n
(←→w n−k,n∂←→w n−k,n)←→w α−βn−k,n (←→w n−k,n∂←→w n−k,n)←→w 2(n−k−1)+βn−k,n
}
× 2F1 (−q0, q0 +Ω; δ;←→w 1,n)
}
zn (.2.5)
where

ξ = 1− x
z = −11−aξ
2
η = 2−a1−aξ
ϕ = α+ β − δ + (1− a)(δ + γ − 1)
Ω = ϕ(2−a)
q = αβ + (qj + 2j){ϕ + (2− a)(qj + 2j)} as j, qj ∈ N0
qi ≤ qj only if i ≤ j where i, j ∈ N0
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Infinite series
Replacing coefficients a, q, γ, δ, x, c0 and λ by 1− a, −q + αβ, δ, γ, 1− x,1 and zero into
(2.3.18).
y(ξ) = Hl(1− a,−q + αβ;α, β, δ, γ; 1 − x)
= 2F1
(−Π+0 ,−Π−0 ; δ; η)
+
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)−1
n−k
∫ 1
0
dun−k u
2(n−k−1)+δ
n−k
× 1
2πi
∮
dvn−k
1
vn−k
(
vn−k − 1
vn−k
)Π+n−k
(1−←→w n−k+1,n(1− tn−k)(1− un−k)vn−k)Π
−
n−k
× ←→w −(2(n−k−1)+α)n−k,n
(←→w n−k,n∂←→w n−k,n)←→w α−βn−k,n (←→w n−k,n∂←→w n−k,n)←→w 2(n−k−1)+βn−k,n
}
× 2F1
(−Π+0 ,−Π−0 ; δ;←→w 1,n)
}
zn (.2.6)
where
Π
±
0 =
−ϕ±
√
ϕ2−4(2−a)(−q+αβ)
2(2−a)
Π±n−k =
−(ϕ+4(2−a)(n−k))±
√
ϕ2−4(2−a)(−q+αβ)
2(2−a)
.2.4 (1− x)1−δHl(1− a,−q + (δ − 1)γa+ (α− δ + 1)(β − δ + 1);α− δ + 1, β − δ + 1, 2− δ, γ; 1− x)
Polynomial of type 2
Replacing coefficients a, q, α, β, γ, δ, x, c0 and λ by 1− a,
−q + (δ − 1)γa+ (α− δ + 1)(β − δ + 1), α− δ + 1, β − δ + 1, 2− δ, γ, 1− x, 1 and zero
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into (2.3.6). Multiply (1− x)1−δ and the new (2.3.6) together.
(1− x)1−δy(ξ)
= (1− x)1−δHl(1− a,−q + (δ − 1)γa+ (α− δ + 1)(β − δ + 1);α − δ + 1, β − δ + 1, 2− δ, γ; 1 − x)
= (1− x)1−δ
{
2F1 (−q0, q0 +Ω; 2− δ; η)
+
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)−1
n−k
∫ 1
0
dun−k u
2(n−k)−δ
n−k
× 1
2πi
∮
dvn−k
1
vn−k
(
vn−k − 1
vn−k
1
1−←→w n−k+1,n(1− tn−k)(1− un−k)vn−k
)qn−k
× (1−←→w n−k+1,n(1− tn−k)(1− un−k)vn−k)−(4(n−k)+Ω)
× ←→w −(2(n−k)−1+α−δ)n−k,n
(←→w n−k,n∂←→w n−k,n)←→w α−βn−k,n (←→w n−k,n∂←→w n−k,n)←→w 2(n−k)−1+β−δn−k,n
}
× 2F1 (−q0, q0 +Ω; 2− δ;←→w 1,n)
}
zn
}
(.2.7)
where 
ξ = 1− x
z = −11−aξ
2
η = 2−a1−aξ
ϕ = α+ β − γ − 2δ + 2 + (1− a)(γ − δ + 1)
Ω = ϕ(2−a)
q = (δ − 1)γa+ (α− δ + 1)(β − δ + 1)
+(qj + 2j){ϕ + (2− a)(qj + 2j)} as j, qj ∈ N0
qi ≤ qj only if i ≤ j where i, j ∈ N0
Infinite series
Replacing coefficients a, q, α, β, γ, δ, x, c0 and λ by 1− a,
−q + (δ − 1)γa+ (α− δ + 1)(β − δ + 1), α− δ + 1, β − δ + 1, 2− δ, γ, 1− x, 1 and zero
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into (2.3.18). Multiply (1− x)1−δ and the new (2.3.18) together.
(1− x)1−δy(ξ)
= (1− x)1−δHl(1− a,−q + (δ − 1)γa+ (α− δ + 1)(β − δ + 1);α − δ + 1, β − δ + 1
, 2− δ, γ; 1 − x)
= (1− x)1−δ
{
2F1
(−Π+0 ,−Π−0 ; 2 − δ; η)
+
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)−1
n−k
∫ 1
0
dun−k u
2(n−k)−δ
n−k
× 1
2πi
∮
dvn−k
1
vn−k
(
vn−k − 1
vn−k
)Π+n−k
(1−←→w n−k+1,n(1− tn−k)(1− un−k)vn−k)Π
−
n−k
× ←→w −(2(n−k)−1+α−δ)n−k,n
(←→w n−k,n∂←→w n−k,n)←→w α−βn−k,n (←→w n−k,n∂←→w n−k,n)←→w 2(n−k)−1+β−δn−k,n
}
× 2F1
(−Π+0 ,−Π−0 ; 2− δ;←→w 1,n)
}
zn
}
(.2.8)
where
Π
±
0 =
−(ϕ+4(2−a)(n−k))±
√
ϕ2−4(2−a)(−q+(δ−1)γa+(α−δ+1)(β−δ+1))
2(2−a)
Π±n−k =
−(ϕ+4(2−a)(n−k))±
√
ϕ2−4(2−a)(−q+(δ−1)γa+(α−δ+1)(β−δ+1))
2(2−a)
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.2.5 x−αHl
(
1
a
,
q + α[(α− γ − δ + 1)a− β + δ]
a
;α, α− γ + 1, α− β + 1, δ; 1
x
)
Polynomial of type 2
Replacing coefficients a, q, β, γ, x, c0 and λ by
1
a ,
q+α[(α−γ−δ+1)a−β+δ]
a , α− γ + 1,
α− β + 1, 1x , 1 and zero into (2.3.6). Multiply x−α and the new (2.3.6) together.
x−αy(ξ)
= x−αHl
(
1
a
,
q + α[(α − γ − δ + 1)a− β + δ]
a
;α,α − γ + 1, α − β + 1, δ; 1
x
)
= x−α
{
2F1 (−q0, q0 +Ω; 1 + α− β; η)
+
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)−1
n−k
∫ 1
0
dun−k u
2(n−k)−1+α−β
n−k
× 1
2πi
∮
dvn−k
1
vn−k
(
vn−k − 1
vn−k
1
1−←→w n−k+1,n(1− tn−k)(1− un−k)vn−k
)qn−k
× (1−←→w n−k+1,n(1− tn−k)(1 − un−k)vn−k)−(4(n−k)+Ω)
× ←→w −(2(n−k−1)+α)n−k,n
(←→w n−k,n∂←→w n−k,n)←→w γ−1n−k,n (←→w n−k,n∂←→w n−k,n)←→w 2(n−k)−1+α−γn−k,n
}
× 2F1 (−q0, q0 +Ω; 1 + α− β;←→w 1,n)
}
zn
}
(.2.9)
where 
ξ = 1x
z = −aξ2
η = (1 + a)ξ
ϕ = 2α− γ − δ + 1 + 1a(α− β + δ)
Ω = aϕ(1+a)
q = −α[(α − γ − δ + 1)a− β + δ]
−a(qj + 2j){ϕ + (1 + 1/a)(qj + 2j)} as j, qj ∈ N0
qi ≤ qj only if i ≤ j where i, j ∈ N0
86
Infinite series
Replacing coefficients a, q, β, γ, x, c0 and λ by
1
a ,
q+α[(α−γ−δ+1)a−β+δ]
a , α− γ + 1,
α− β + 1, 1x , 1 and zero into (2.3.18). Multiply x−α and the new (2.3.18) together.
x−αy(ξ)
= x−αHl
(
1
a
,
q + α[(α − γ − δ + 1)a− β + δ]
a
;α,α − γ + 1, α − β + 1, δ; 1
x
)
= x−α
{
2F1
(−Π+0 ,−Π−0 ; 1 + α− β; η)
+
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)−1
n−k
∫ 1
0
dun−k u
2(n−k)−1+α−β
n−k
× 1
2πi
∮
dvn−k
1
vn−k
(
vn−k − 1
vn−k
)Π+n−k
(1−←→w n−k+1,n(1− tn−k)(1− un−k)vn−k)Π
−
n−k
× ←→w −(2(n−k−1)+α)n−k,n
(←→w n−k,n∂←→w n−k,n)←→w γ−1n−k,n (←→w n−k,n∂←→w n−k,n)←→w 2(n−k)−1+α−γn−k,n
}
× 2F1
(−Π+0 ,−Π−0 ; 1 + α− β;←→w 1,n)
}
zn
}
(.2.10)
where

Π±0 =
−ϕ±
√
ϕ2−4(1+ 1a)
(
q+α[(α−γ−δ+1)a−β+δ]
a
)
2(1+ 1a)
Π±n−k =
−(ϕ+4(1+ 1a)(n−k))±
√
ϕ2−4(1+ 1a)
(
q+α[(α−γ−δ+1)a−β+δ]
a
)
2(1+ 1a)
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.2.6
(
1− x
a
)−β
Hl
(
1− a,−q + γβ;−α + γ + δ, β, γ, δ; (1− a)x
x− a
)
Polynomial of type 2
Replacing coefficients a, q, α, x, c0 and λ by 1− a, −q + γβ, −α+ γ + δ, (1−a)xx−a , 1 and
zero into (2.3.6). Multiply
(
1− xa
)−β
and the new (2.3.6) together.
(
1− x
a
)−β
y(ξ)
=
(
1− x
a
)−β
Hl
(
1− a,−q + γβ;−α+ γ + δ, β, γ, δ; (1− a)x
x− a
)
=
(
1− x
a
)−β {
2F1 (−q0, q0 +Ω; γ; η)
+
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)−1
n−k
∫ 1
0
dun−k u
2(n−k−1)+γ
n−k
× 1
2πi
∮
dvn−k
1
vn−k
(
vn−k − 1
vn−k
1
1−←→w n−k+1,n(1− tn−k)(1− un−k)vn−k
)qn−k
× (1−←→w n−k+1,n(1− tn−k)(1− un−k)vn−k)−(4(n−k)+Ω)
× ←→w −(2(n−k−1)−α+γ+δ)n−k,n
(←→w n−k,n∂←→w n−k,n)←→w −α−β+γ+δn−k,n (←→w n−k,n∂←→w n−k,n)←→w 2(n−k−1)+βn−k,n
}
× 2F1 (−q0, q0 +Ω; γ;←→w 1,n)
}
zn
}
(.2.11)
where 
ξ = (1−a)xx−a
z = − 11−aξ2
η = 2−a1−aξ
ϕ = −α+ β + γ + (1− a)(γ + δ − 1)
Ω = ϕ(2−a)
q = γβ + (qj + 2j){ϕ + (2− a)(qj + 2j)} as j, qj ∈ N0
qi ≤ qj only if i ≤ j where i, j ∈ N0
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Infinite series
Replacing coefficients a, q, α, x, c0 and λ by 1− a, −q + γβ, −α+ γ + δ, (1−a)xx−a , 1 and
zero into (2.3.18). Multiply
(
1− xa
)−β
and the new (2.3.18) together.
(
1− x
a
)−β
y(ξ)
=
(
1− x
a
)−β
Hl
(
1− a,−q + γβ;−α+ γ + δ, β, γ, δ; (1− a)x
x− a
)
=
(
1− x
a
)−β {
2F1
(−Π+0 ,−Π−0 ; γ; η)
+
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)−1
n−k
∫ 1
0
dun−k u
2(n−k−1)+γ
n−k
× 1
2πi
∮
dvn−k
1
vn−k
(
vn−k − 1
vn−k
)Π+n−k
(1−←→w n−k+1,n(1− tn−k)(1 − un−k)vn−k)Π
−
n−k
× ←→w −(2(n−k−1)−α+γ+δ)n−k,n
(←→w n−k,n∂←→w n−k,n)←→w −α−β+γ+δn−k,n (←→w n−k,n∂←→w n−k,n)←→w 2(n−k−1)+βn−k,n
}
× 2F1
(−Π+0 ,−Π−0 ; γ;←→w 1,n)
}
zn
}
(.2.12)
where Π
±
0 =
−ϕ±
√
ϕ2−4(2−a)(−q+γβ)
2(2−a)
Π±n−k =
−(ϕ+4(2−a)(n−k))±
√
ϕ2−4(2−a)(−q+γβ)
2(2−a)
.2.7
(1− x)1−δ
(
1− x
a
)
−β+δ−1
Hl
(
1− a,−q + γ[(δ − 1)a+ β − δ + 1];−α+ γ + 1, β − δ + 1, γ, 2− δ; (1− a)x
x− a
)
Polynomial of type 2
Replacing coefficients a, q, α, β, δ, x, c0 and λ by 1− a, −q + γ[(δ − 1)a+ β − δ + 1],
−α+ γ + 1, β − δ + 1, 2− δ, (1−a)xx−a , 1 and zero into (2.3.6). Multiply
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(1− x)1−δ (1− xa)−β+δ−1 and the new (2.3.6) together.
(1− x)1−δ
(
1− x
a
)−β+δ−1
y(ξ)
= (1− x)1−δ
(
1− x
a
)−β+δ−1
Hl
(
1− a,−q + γ[(δ − 1)a+ β − δ + 1];−α+ γ + 1, β − δ + 1, γ
, 2− δ; (1 − a)x(x− a)−1
)
= (1− x)1−δ
(
1− x
a
)−β+δ−1{
2F1 (−q0, q0 +Ω; γ; η)
+
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)−1
n−k
∫ 1
0
dun−k u
2(n−k−1)+γ
n−k
× 1
2πi
∮
dvn−k
1
vn−k
(
vn−k − 1
vn−k
1
1−←→w n−k+1,n(1− tn−k)(1− un−k)vn−k
)qn−k
× (1−←→w n−k+1,n(1− tn−k)(1− un−k)vn−k)−(4(n−k)+Ω)
× ←→w −(2(n−k)−1−α+γ)n−k,n
(←→w n−k,n∂←→w n−k,n)←→w −α−β+γ+δn−k,n (←→w n−k,n∂←→w n−k,n)←→w 2(n−k)−1+β−δn−k,n
}
× 2F1 (−q0, q0 +Ω; γ;←→w 1,n)
}
zn
}
(.2.13)
where
ξ = (1−a)xx−a
z = − 11−aξ2
η = (2−a)1−a ξ
ϕ = −α+ β + γ + (1− a)(γ − δ + 1)
Ω = ϕ(2−a)
q = γ[(δ − 1)a+ β − δ + 1] + (qj + 2j){ϕ + (2− a)(qj + 2j)} as j, qj ∈ N0
qi ≤ qj only if i ≤ j where i, j ∈ N0
Infinite series
Replacing coefficients a, q, α, β, δ, x, c0 and λ by 1− a, q∗ = −q+ γ[(δ − 1)a+ β − δ+1],
−α+ γ + 1, β − δ + 1, 2− δ, (1−a)xx−a , 1 and zero into (2.3.18). Multiply
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(1− x)1−δ (1− xa)−β+δ−1 and the new (2.3.18) together.
(1− x)1−δ
(
1− x
a
)−β+δ−1
y(ξ)
= (1− x)1−δ
(
1− x
a
)−β+δ−1
Hl
(
1− a, q∗ = −q + γ[(δ − 1)a+ β − δ + 1];−α + γ + 1
, β − δ + 1, γ, 2 − δ; (1 − a)x(x− a)−1
)
= (1− x)1−δ
(
1− x
a
)−β+δ−1{
2F1
(−Π+0 ,−Π−0 ; γ; η)
+
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)−1
n−k
∫ 1
0
dun−k u
2(n−k−1)+γ
n−k
× 1
2πi
∮
dvn−k
1
vn−k
(
vn−k − 1
vn−k
)Π+n−k
(1−←→w n−k+1,n(1− tn−k)(1 − un−k)vn−k)Π
−
n−k
× ←→w −(2(n−k)−1−α+γ)n−k,n
(←→w n−k,n∂←→w n−k,n)←→w −α−β+γ+δn−k,n (←→w n−k,n∂←→w n−k,n)←→w 2(n−k)−1+β−δn−k,n
}
× 2F1
(−Π+0 ,−Π−0 ; γ;←→w 1,n)
}
zn
}
(.2.14)
where
Π
±
0 =
−ϕ±
√
ϕ2−4(2−a)(−q+γ[(δ−1)a+β−δ+1])
2(2−a)
Π±n−k =
−(ϕ+4(2−a)(n−k))±
√
ϕ2−4(2−a)(−q+γ[(δ−1)a+β−δ+1])
2(2−a)
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.2.8 x−αHl
(
a− 1
a
,
−q + α(δa+ β − δ)
a
;α, α− γ + 1, δ, α− β + 1; x− 1
x
)
Polynomial of type 2
Replacing coefficients a, q, β, γ, δ, x, c0 and λ by
a−1
a ,
−q+α(δa+β−δ)
a , α− γ + 1, δ,
α− β + 1, x−1x , 1 and zero into (2.3.6). Multiply x−α and the new (2.3.6) together.
x−αy(ξ)
= x−αHl
(
a− 1
a
,
−q + α(δa + β − δ)
a
;α,α − γ + 1, δ, α − β + 1; x− 1
x
)
= x−α
{
2F1 (−q0, q0 +Ω; δ; η) +
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)−1
n−k
∫ 1
0
dun−k u
2(n−k−1)+δ
n−k
× 1
2πi
∮
dvn−k
1
vn−k
(
vn−k − 1
vn−k
1
1−←→w n−k+1,n(1− tn−k)(1− un−k)vn−k
)qn−k
× (1−←→w n−k+1,n(1− tn−k)(1− un−k)vn−k)−(4(n−k)+Ω)
× ←→w −(2(n−k−1)+α)n−k,n
(←→w n−k,n∂←→w n−k,n)←→w γ−1n−k,n (←→w n−k,n∂←→w n−k,n)←→w 2(n−k)−1+α−γn−k,n
}
× 2F1 (−q0, q0 +Ω; δ;←→w 1,n)
}
zn
}
(.2.15)
where

ξ = x−1x
z = −aa−1ξ
2
η = 2a−1a−1 ξ
ϕ = α+ β − γ + a−1a (α− β + δ)
Ω = aϕ(2a−1)
q = α(δa + β − δ) + (qj + 2j){aϕ + (2a− 1)(qj + 2j)} as j, qj ∈ N0
qi ≤ qj only if i ≤ j where i, j ∈ N0
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Infinite series
Replacing coefficients a, q, β, γ, δ, x, c0 and λ by
a−1
a ,
−q+α(δa+β−δ)
a , α− γ + 1, δ,
α− β + 1, x−1x , 1 and zero into (2.3.18). Multiply x−α and the new (2.3.18) together.
x−αy(ξ)
= x−αHl
(
a− 1
a
,
−q + α(δa + β − δ)
a
;α,α − γ + 1, δ, α − β + 1; x− 1
x
)
= x−α
{
2F1
(−Π+0 ,−Π−0 ; δ; η)
+
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)−1
n−k
∫ 1
0
dun−k u
2(n−k−1)+δ
n−k
× 1
2πi
∮
dvn−k
1
vn−k
(
vn−k − 1
vn−k
)Π+n−k
(1−←→w n−k+1,n(1− tn−k)(1− un−k)vn−k)Π
−
n−k
× ←→w −(2(n−k−1)+α)n−k,n
(←→w n−k,n∂←→w n−k,n)←→w γ−1n−k,n (←→w n−k,n∂←→w n−k,n)←→w 2(n−k)−1+α−γn−k,n
}
× 2F1
(−Π+0 ,−Π−0 ; δ;←→w 1,n)
}
zn
}
(.2.16)
where

Π±0 =
−aϕ ± a
√
ϕ2−4 (2a−1)
a
(
−q+α(δa+β−δ)
a
)
2(2a−1)
Π±n−k =
−a
{
ϕ+4 (2a−1)
a
(n−k)
}
± a
√
ϕ2−4 (2a−1)
a
(
−q+α(δa+β−δ)
a
)
2(2a−1)
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.2.9
(
x− a
1− a
)−α
Hl
(
a, q − (β − δ)α;α,−β + γ + δ, δ, γ; a(x− 1)
x− a
)
Polynomial of type 2
Replacing coefficients q, β, γ, δ, x, c0 and λ by q − (β − δ)α, −β + γ + δ, δ, γ, a(x−1)x−a , 1
and zero into (2.3.6). Multiply
(
x−a
1−a
)−α
and the new (2.3.6) together.
(
x− a
1− a
)−α
y(ξ)
=
(
x− a
1− a
)−α
Hl
(
a, q − (β − δ)α;α,−β + γ + δ, δ, γ; a(x− 1)
x− a
)
=
(
x− a
1− a
)−α{
2F1 (−q0, q0 +Ω; δ; η)
+
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)−1
n−k
∫ 1
0
dun−k u
2(n−k−1)+δ
n−k
× 1
2πi
∮
dvn−k
1
vn−k
(
vn−k − 1
vn−k
1
1−←→w n−k+1,n(1− tn−k)(1− un−k)vn−k
)qn−k
× (1−←→w n−k+1,n(1− tn−k)(1− un−k)vn−k)−(4(n−k)+Ω)
× ←→w −(2(n−k−1)+α)n−k,n
(←→w n−k,n∂←→w n−k,n)←→w α+β−γ−δn−k,n (←→w n−k,n∂←→w n−k,n)←→w 2(n−k−1)−β+γ+δn−k,n
}
× 2F1 (−q0, q0 +Ω; δ;←→w 1,n)
}
zn
}
(.2.17)
where 
ξ = a(x−1)x−a
z = − 1aξ2
η = (1+a)a ξ
ϕ = α− β + δ + a(γ + δ − 1)
Ω = ϕ(1+a)
q = (β − δ)α − (qj + 2j){ϕ + (1 + a)(qj + 2j)} as j, qj ∈ N0
qi ≤ qj only if i ≤ j where i, j ∈ N0
94
Infinite series
Replacing coefficients q, β, γ, δ, x, c0 and λ by q − (β − δ)α, −β + γ + δ, δ, γ, a(x−1)x−a , 1
and zero into (2.3.18). Multiply
(
x−a
1−a
)−α
and the new (2.3.18) together.
(
x− a
1− a
)−α
y(ξ)
=
(
x− a
1− a
)−α
Hl
(
a, q − (β − δ)α;α,−β + γ + δ, δ, γ; a(x− 1)
x− a
)
=
(
x− a
1− a
)−α{
2F1
(−Π+0 ,−Π−0 ; δ; η)
+
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)−1
n−k
∫ 1
0
dun−k u
2(n−k−1)+δ
n−k
× 1
2πi
∮
dvn−k
1
vn−k
(
vn−k − 1
vn−k
)Π+n−k
(1−←→w n−k+1,n(1− tn−k)(1 − un−k)vn−k)Π
−
n−k
× ←→w −(2(n−k−1)+α)n−k,n
(←→w n−k,n∂←→w n−k,n)←→w α+β−γ−δn−k,n (←→w n−k,n∂←→w n−k,n)←→w 2(n−k−1)−β+γ+δn−k,n
}
× 2F1
(−Π+0 ,−Π−0 ; δ;←→w 1,n)
}
zn
}
(.2.18)
where Π
±
0 =
−ϕ±
√
ϕ2−4(1+a)(q−(β−δ)α)
2(1+a)
Π±n−k =
−(ϕ+4(1+a)(n−k))±
√
ϕ2−4(1+a)(q−(β−δ)α)
2(1+a)
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Chapter 3
The generating function for Heun
polynomial using reversible
three-term recurrence formula
In this chapter, by applying the generating function for Jacobi polynomial using
hypergeometric functions into the integral representation of Heun polynomial of type 21,
I consider the generating function of Heun polynomial including all higher terms of Bn’s
2.
Nine examples of 192 local solutions of the Heun equation (Maier, 2007) are provided in
the appendices. For each example, I construct the generating function for Heun
polynomial of type 2 including all higher terms of Bn’s.
3.1 Introduction
In 1837, Gabriel Lame´ introduced second ordinary differential equation which has four
regular singular points in the method of separation of variables applied to the Laplace
equation in elliptic coordinates[6]. Various authors has called this equation as ‘Lame´
equation’ or ‘ellipsoidal harmonic equation’[23].
In 1889, K. Heun worked on the second ordinary differential equation which has four
regular singular points. Later, the Heun function became a general function of all
1polynomial of type 2 is a polynomial which makes An term terminated in three term recursion relation
of the power series in a linear differential equation.
2“ higher terms of Bn’s” means at least two terms of Bn’s.
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well-known special functions: Mathieu, Lame and Coulomb spheroidal functions.
Lame´ ordinary differential equation represented either in the algebraic form or in
Weierstrass’s form is the special case of Heun’s differential equation: Lame´ equation is
derived from Heun equation by changing all coefficients and an independent variable.
The solutions of Lame´ and Heun equations are a form of power series that can be
expressed as three term recurrence. In contrast, most of well-known special functions
consist of two term recursion relation (Hypergeometric, Bessel, Legendre, Kummer
functions, etc). Lame´ and Heun functions arise from deriving the Laplace equation in
general Jacobi ellipsoidal or conical coordinates.[8] Also Heun polynomial arises in the
separable coordinate systems on the n-sphere.[7]
According to E. G. Kalnins and W. Miller Jr.(1990 [8]) , “Lame´ [6] and Heun functions
have received relatively little attention, since they are rather intractable. Unfortunately
the beautiful identities appearing have received little notice, probably because the
methods of proof seemed obscure.”
Because Lame´ and Heun equations have three term recursion relation in power series
representation: a 3-term recursive relation between successive coefficients in its power
series creates the complicated mathematical calculations. In general, most problems of
physical and mechanical system in nature are nonlinear. For the simplified purposes and
better approximation of physical systems, mathematically we have used linear (ordinary)
differential equations to linearize these nonlinear system. Traditionally, we have explained
these linear systems by only using two term recurrence relation of the power series in
linear ordinary differential equations until 19th century. However, since modern physics
(quantum gravity, SUSY, general relativity, etc) comes out the world, it seems to require
at least three or four term recurrence relations in power series expansions. Furthermore
these type of problems can not be reduced to two term recurrence relations.[18]
In 1939 Svartholm showed how Heun equation can be obtained in the form of series of
degenerate hypergeometric functions. [11] A few years later, His solution was developed
by Erde´lyi in three papers (1942, 1944), Sleeman (1969), Schmidt and Wolf (1979),
Kalnins and Miller (1991).[7, 12, 13, 14, 15, 16, 18]
In Ref.[3, 4], by applying 3TRF, I show power series expansion in closed forms of Heun
equation and its representation of the form of integrals for infinite series and polynomial
of type 1.3 I show that a 2F1 function recurs in each of sub-integral forms of Heun
function: the first sub-integral form contains zero term of A′ns, the second one contains
one term of An’s, the third one contains two terms of An’s, etc.
3polynomial of type 1 is a polynomial which makes Bn term terminated in three term recursion relation
of the power series in a linear differential equation.
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In chapter 2, by applying R3TRF, I show power series expansion in closed forms of Heun
function and its representation of the form of integrals for infinite series and polynomial
of type 2. I also show that a 2F1 function recurs in each of sub-integral forms of Heun
function: the first sub-integral form contains zero term of B′ns, the second one contains
one term of Bn’s, the third one contains two terms of Bn’s, etc.
In mathematics, a generating function F (x, t) is a formal (it need not converge) power
series in one indeterminate tn, whose coefficients encode information about a sequence of
numbers fn(x) that is indexed by the natural numbers (in quantum mechanically, the
index n corresponds to the eigenvalues denoted by natural numbers). In the case of
Legendre equation, fn(x) corresponds to the Legendre polynomials. Since the expansion
of F (x, t) has generated the set fn(x) in t, F (x, t) can be described as an analytic
function, combined coefficients x and t, in closed form without index n. In general, a
generating function in closed form means that it is expressed in a direct form without
summation signs. For instance, the generating function for Legendre polynomials is given
by
∞∑
n=0
Pn(x) t
n =
1√
1− 2xt+ t2 (3.1.1)
= 1 + xt+
1
2
(3x2 − 1)t2 + 1
2
(5x3 − 3x)t3 + 1
8
(35x4 − 30x2 + 3)t4
+
1
8
(63x5 − 70x3 + 15x)t5 ++ 1
16
(231x6 − 315x4 + 105x2 − 5)t6 · · · (3.1.2)
The power series representation (3.1.2) is not in closed form while an analytic function
(3.1.1) is.
In Ref.[5], by apply a generating function for Jacobi polynomial using hypergeometric
functions into the general representation in the form of integral of Lame polynomial of
type 1 in Weierstrass’s form, I construct the generating function for Lame polynomial
analytically. As we see generating functions for Lame polynomial of type 1 of the first
and second kinds, it is described as an analytic function in closed forms with removed
index αj where j, αj ∈ N0. αj is the natural numbers (eigenvalues) which makes Bn term
terminated at specific values of index n in sequence cn: the sequence cn consists of
combinations An and Bn terms in three term recurrence relation of the power series
representation of Lame equation.
In this chapter, by using same technique for the generating function for Lame polynomial
of type 1, I consider the generating function for Heun polynomial of type 2 including all
higher terms of Bn’s by applying a generating function for Jacobi polynomial using
hypergeometric functions into the general integral form of Heun polynomial of type 2.
Since the generating function for Heun polynomial is derived, we might be possible to
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construct orthogonal relations of Heun polynomial. In the physical point of view we might
be possible to obtain the normalized constant for the wave function in modern physics,
recursion relation and its expectation value of any physical quantities from the generating
function for Heun polynomial. For the case of hydrogen-like atoms, the normalized wave
function is derived from the generating function for associated Laguerre polynomials.
And the expectation value of physical quantities such as position and momentum is
constructed by applying the recursive relation of associated Laguerre polynomials.
In future papers I will derive Heun polynomial of type 3 and its generating function that
has fixed integer values of α and/or β, just as it has a fixed value of q. In this paper I
construct the generating function for Heun polynomial of type 2: I treat α, β, γ and δ as
free variables and the accessory parameter q as a fixed value.
Heun’s equation is a second-order linear ordinary differential equation of the form [1].
d2y
dx2
+
(
γ
x
+
δ
x− 1 +
ǫ
x− a
)
dy
dx
+
αβx− q
x(x− 1)(x− a)y = 0 (3.1.3)
With the condition ǫ = α+ β − γ − δ + 1. The parameters play different roles: a 6= 0 is
the singularity parameter, α, β, γ, δ, ǫ are exponent parameters, q is the accessory
parameter which in many physical applications appears as a spectral parameter. Also, α
and β are identical to each other. The total number of free parameters is six. It has four
regular singular points which are 0, 1, a and ∞ with exponents {0, 1 − γ}, {0, 1 − δ},
{0, 1 − ǫ} and {α, β}.
3.2 Generating function for Heun polynomial of type 2
Let’s investigate the generating function for Heun polynomial of type 2 of the first and
second kinds.
Lemma 3.2.1 The generating function for Jacobi polynomial using hypergeometric
functions is defined by
∞∑
q0=0
(γ)q0
q0!
wq0 2F1(−q0, q0 +A; γ;x)
= 2A−1
(
1− w +
√
w2 − 2(1− 2x)w + 1
)1−γ (
1 + w +
√
w2 − 2(1− 2x)w + 1
)γ−A
√
w2 − 2(1− 2x)w + 1
where |w| < 1 (3.2.1)
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Proof Jacobi polynomial P
(α,β)
n (x) can be written in terms of hypergeometric function
using
2F1(−n, n+ α+ β + 1;α+ 1;x) = n!
(α+ 1)n
P (α,β)n (1− 2x) (3.2.2)
And
P (α,β)n (x) =
Γ(n+ α+ 1)
n!Γ(n+ α+ β + 1)
n∑
m=0
(
n
m
)
Γ(n+m+ α+ β + 1)
Γ(m+ α+ 1)
(
x− 1
2
)m
(3.2.3)
The generating function for Jacobi polynomials is given by
∞∑
n=0
P (α,β)n (x)w
n = 2α+β
(
1− w +√w2 − 2xw + 1
)−α (
1 + w +
√
w2 − 2xw + 1
)−β
√
w2 − 2xw + 1
(3.2.4)
Replace n, α and β by q0, γ − 1 and A− γ in (3.2.2), and acting the summation operator∞∑
q0=0
(γ)q0
q0!
wq0 on the new (3.2.2)
∞∑
q0=0
(γ)q0
q0!
wq0 2F1(−q0, q0 +A; γ;x) =
∞∑
q0=0
P (γ−1,A−γ)n (1− 2x)wq0 (3.2.5)
Replace α, β and x by γ − 1, A− γ and 1− 2x in (3.2.4). As we take the new (3.2.4) into
(3.2.5), we obtain (3.2.1).
Definition 3.2.2 I define that
sa,b =
{
sa · sa+1 · sa+2 · · · sb−2 · sb−1 · sb if a > b
sa if a = b
w˜i,j =

w˜i+1,j tiui {1 + (si + 2w˜i+1,j(1− ti)(1 − ui))si}
2(1 − w˜i+1,j(1− ti)(1− ui))2si
−
w˜i+1,j tiui(1 + si)
√
s2i − 2(1− 2w˜i+1,j(1− ti)(1− ui))si + 1
2(1 − w˜i+1,j(1− ti)(1− ui))2si where i < j
ηtiui {1 + (si,∞ + 2η(1 − ti)(1 − ui))si,∞}
2(1 − η(1− ti)(1− ui))2si,∞
−
ηtiui(1 + si,∞)
√
s2i,∞ − 2(1− 2η(1 − ti)(1− ui))si,∞ + 1
2(1− η(1− ti)(1 − ui))2si,∞ where i = j
(3.2.6)
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where
a, b, i, j ∈ N0
And we have ∞∑
qi=qj
rqii =
r
qj
i
(1− ri) (3.2.7)
Theorem 3.2.3 In chapter 2, the representation in the form of integral of Heun
polynomial of type 2 is given by4
y(x) =
∞∑
n=0
yn(x) = y0(x) + y1(x) + y2(x) + y3(x) + · · ·
= c0x
λ
{
q0∑
i0=0
(−q0)i0
(
q0 +
ϕ+2(1+a)λ
(1+a)
)
i0
(1 + λ)i0(γ + λ)i0
ηi0
+
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)−1+λ
n−k
∫ 1
0
dun−k u
2(n−k−1)+γ+λ
n−k
× 1
2πi
∮
dvn−k
1
vn−k
(
vn−k − 1
vn−k
1
1−←→w n−k+1,n(1− tn−k)(1− un−k)vn−k
)qn−k
× (1−←→w n−k+1,n(1− tn−k)(1 − un−k)vn−k)−
(
4(n−k)+ϕ+2(1+a)λ
(1+a)
)
×←→w −(2(n−k−1)+α+λ)n−k,n
(←→w n−k,n∂←→w n−k,n)←→w α−βn−k,n (←→w n−k,n∂←→w n−k,n)←→w 2(n−k−1)+β+λn−k,n
}
×
q0∑
i0=0
(−q0)i0
(
q0 +
ϕ+2(1+a)λ
(1+a)
)
i0
(1 + λ)i0(γ + λ)i0
←→w i01,n
}
zn
}
(3.2.8)
where 
z = − 1ax2
η = (1+a)a x
ϕ = α+ β − δ + a(δ + γ − 1)
q = −(qj + 2j + λ){ϕ + (1 + a)(qj + 2j + λ)} as j, qj ∈ N0
qi ≤ qj only if i ≤ j where i, j ∈ N0
4y1(x) means the sub-integral form in (3.2.8) contains one term of B
′
ns, y2(x) means the sub-integral
form in (3.2.8) contains two terms of B′ns, y3(x) means the sub-integral form in (3.2.8) contains three terms
of B′ns, etc.
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and
←→w i,j =

vi
(vi − 1)
←→w i+1,jtiui
1−←→w i+1,jvi(1− ti)(1 − ui) where i ≤ j
η only if i > j
In the above, the first sub-integral form contains one term of B′ns, the second one
contains two terms of Bn’s, the third one contains three terms of Bn’s, etc.
Acting the summation operator
∞∑
q0=0
(γ′)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
 on (3.2.8) where |si| < 1
as i = 0, 1, 2, · · · by using (3.2.6) and (3.2.7),
Theorem 3.2.4 The general expression of the generating function for Heun polynomial
of type 2 is given by
∞∑
q0=0
(γ′)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
 y(x)
=
∞∏
l=1
1
(1− sl,∞)Υ(λ; s0,∞; η)
+
{
∞∏
l=2
1
(1− sl,∞)
∫ 1
0
dt1 t
1+λ
1
∫ 1
0
du1 u
γ+λ
1
(
s21,∞ − 2(1− 2η(1− t1)(1− u1))s1,∞ + 1
)− 1
2
×
 (1 + s1,∞) +
√
s21,∞ − 2(1− 2η(1− t1)(1− u1))s1,∞ + 1
2
−
(
3+
ϕ+2(1+a)λ
(1+a)
)
×w˜−(α+λ)1,1
(
w˜1,1∂w˜1,1
)
w˜α−β1,1
(
w˜1,1∂w˜1,1
)
w˜β+λ1,1 Υ(λ; s0; w˜1,1)
}
z
+
∞∑
n=2
{
∞∏
l=n+1
1
(1− sl,∞)
∫ 1
0
dtn t
2n−1+λ
n
∫ 1
0
dun u
2(n−1)+γ+λ
n
(
s2n,∞ − 2(1− 2η(1− tn)(1− un))sn,∞ + 1
)− 1
2
×
(
(1 + sn,∞) +
√
s2n,∞ − 2(1− 2η(1− tn)(1− un))sn,∞ + 1
2
)
−
(
4n−1+
ϕ+2(1+a)λ
(1+a)
)
×w˜−(2(n−1)+α+λ)n,n
(
w˜n,n∂w˜n,n
)
w˜α−βn,n
(
w˜n,n∂w˜n,n
)
w˜2(n−1)+β+λn,n
×
n−1∏
k=1
{∫ 1
0
dtn−k t
2(n−k)−1+λ
n−k
∫ 1
0
dun−k u
2(n−k−1)+γ+λ
n−k
(
s2n−k − 2(1− 2w˜n−k+1,n(1− tn−k)(1− un−k))sn−k + 1
)− 1
2
×
 (1 + sn−k) +
√
s2n−k − 2(1− 2w˜n−k+1,n(1− tn−k)(1− un−k))sn−k + 1
2
−
(
4(n−k)−1+
ϕ+2(1+a)λ
(1+a)
)
× w˜−(2(n−k−1)+α+λ)n−k,n
(
w˜n−k,n∂w˜n−k,n
)
w˜α−βn−k,n
(
w˜n−k,n∂w˜n−k,n
)
w˜
2(n−k−1)+β+λ
n−k,n
}
Υ(λ; s0; w˜1,n)
}
zn (3.2.9)
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where
Υ(λ; s0,∞; η) =
∞∑
q0=0
(γ′)q0
q0!
sq00,∞
c0xλ q0∑
i0=0
(−q0)i0
(
q0 +
ϕ+2(1+a)λ
(1+a)
)
i0
(1 + λ)i0(γ + λ)i0
ηi0

Υ(λ; s0; w˜1,1) =
∞∑
q0=0
(γ′)q0
q0!
sq00
c0xλ q0∑
i0=0
(−q0)i0
(
q0 +
ϕ+2(1+a)λ
(1+a)
)
i0
(1 + λ)i0(γ + λ)i0
w˜i01,1

Υ(λ; s0; w˜1,n) =
∞∑
q0=0
(γ′)q0
q0!
sq00
c0xλ q0∑
i0=0
(−q0)i0
(
q0 +
ϕ+2(1+a)λ
(1+a)
)
i0
(1 + λ)i0(γ + λ)i0
w˜i01,n

Proof Acting the summation operator
∞∑
q0=0
(γ′)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
 on the integral
form of Heun polynomial of type 2 y(x),
∞∑
α0=0
(γ′)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
 y(x) (3.2.10)
=
∞∑
q0=0
(γ′)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
 {y0(x) + y1(x) + y2(x) + y3(x) + · · · }
According to (3.2.8), integral forms of sub-summation y0(x), y1(x), y2(x) and y3(x) are
y0(x) = c0x
λ
q0∑
i0=0
(−q0)i0
(
q0 +
ϕ+2(1+a)λ
(1+a)
)
i0
(1 + λ)i0(γ + λ)i0
ηi0 (3.2.11a)
y1(x) =
∫ 1
0
dt1 t
1+λ
1
∫ 1
0
du1 u
γ+λ
1
1
2πi
∮
dv1
1
v1
(
v1 − 1
v1
1
1− η(1− t1)(1− u1)v1
)q1
× (1− η(1− t1)(1− u1)v1)−
(
4+ϕ+2(1+a)λ
(1+a)
)
× ←→w −(α+λ)1,1
(←→w 1,1∂←→w 1,1)←→w α−β1,1 (←→w 1,1∂←→w 1,1)←→w β+λ1,1
×
c0xλ q0∑
i0=0
(−q0)i0
(
q0 +
ϕ+2(1+a)λ
(1+a)
)
i0
(1 + λ)i0(γ + λ)i0
←→w i01,1
 z (3.2.11b)
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y2(x) =
∫ 1
0
dt2 t
3+λ
2
∫ 1
0
du2 u
2+γ+λ
2
1
2πi
∮
dv2
1
v2
(
v2 − 1
v2
1
1− η(1− t2)(1 − u2)v2
)q2
× (1− η(1 − t2)(1− u2)v2)−
(
8+ϕ+2(1+a)λ
(1+a)
)
× ←→w −(2+α+λ)2,2
(←→w 2,2∂←→w 2,2)←→w α−β2,2 (←→w 2,2∂←→w 2,2)←→w 2+β+λ2,2
×
∫ 1
0
dt1 t
1+λ
1
∫ 1
0
du1 u
γ+λ
1
1
2πi
∮
dv1
1
v1
(
v1 − 1
v1
1
1−←→w 2,2(1− t1)(1− u1)v1
)q1
× (1−←→w 2,2(1− t1)(1− u1)v1)−
(
4+
ϕ+2(1+a)λ
(1+a)
)
× ←→w −(α+λ)1,1
(←→w 1,1∂←→w 1,1)←→w α−β1,1 (←→w 1,1∂←→w 1,1)←→w β+λ1,1
×
c0xλ q0∑
i0=0
(−q0)i0
(
q0 +
ϕ+2(1+a)λ
(1+a)
)
i0
(1 + λ)i0(γ + λ)i0
←→w i01,2
 z2 (3.2.11c)
y3(x) =
∫ 1
0
dt3 t
5+λ
3
∫ 1
0
du3 u
4+γ+λ
3
1
2πi
∮
dv3
1
v3
(
v3 − 1
v3
1
1− η(1− t3)(1− u3)v3
)q3
× (1− η(1 − t3)(1− u3)v3)−
(
12+ϕ+2(1+a)λ
(1+a)
)
× ←→w −(4+α+λ)3,3
(←→w 3,3∂←→w 3,3)←→w α−β3,3 (←→w 3,3∂←→w 3,3)←→w 4+β+λ3,3
×
∫ 1
0
dt2 t
3+λ
2
∫ 1
0
du2 u
2+γ+λ
2
1
2πi
∮
dv2
1
v2
(
v2 − 1
v2
1
1−←→w 3,3(1− t2)(1 − u2)v2
)q2
× (1−←→w 3,3(1− t2)(1− u2)v2)−
(
8+
ϕ+2(1+a)λ
(1+a)
)
× ←→w −(2+α+λ)2,3
(←→w 2,3∂←→w 2,3)←→w α−β2,3 (←→w 2,3∂←→w 2,3)←→w 2+β+λ2,3
×
∫ 1
0
dt1 t
1+λ
1
∫ 1
0
du1 u
γ+λ
1
1
2πi
∮
dv1
1
v1
(
v1 − 1
v1
1
1−←→w 2,3(1− t1)(1− u1)v1
)q1
× (1−←→w 2,3(1− t1)(1− u1)v1)−
(
4+ϕ+2(1+a)λ
(1+a)
)
× ←→w −(α+λ)1,3
(←→w 1,3∂←→w 1,3)←→w α−β1,3 (←→w 1,3∂←→w 1,3)←→w β+λ1,3
×
c0xλ q0∑
i0=0
(−q0)i0
(
q0 +
ϕ+2(1+a)λ
(1+a)
)
i0
(1 + λ)i0(γ + λ)i0
←→w i01,3
 z3 (3.2.11d)
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Acting the summation operator
∞∑
q0=0
(γ′)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
 on (3.2.11a),
∞∑
q0=0
(γ′)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
 y0(x)
=
∞∏
l=1
1
(1− sl,∞)
∞∑
q0=0
(γ′)q0
q0!
sq00,∞
c0xλ q0∑
i0=0
(−q0)i0
(
q0 +
ϕ+2(1+a)λ
(1+a)
)
i0
(1 + λ)i0(γ + λ)i0
ηi0
 (3.2.12)
Acting the summation operator
∞∑
q0=0
(γ′)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
 on (3.2.11b),
∞∑
q0=0
(γ′)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
 y1(x)
=
∞∏
l=2
1
(1− sl,∞)
∫ 1
0
dt1 t
1+λ
1
∫ 1
0
du1 u
γ+λ
1
1
2πi
∮
dv1
1
v1
(1− η(1− t1)(1 − u1)v1)−
(
4+ϕ+2(1+a)λ
(1+a)
)
×
∞∑
q1=q0
(
v1 − 1
v1
s1,∞
1− η(1− t1)(1 − u1)v1
)q1←→w −(α+λ)1,1 (←→w 1,1∂←→w 1,1)←→w α−β1,1 (←→w 1,1∂←→w 1,1)←→w β+λ1,1
×
∞∑
q0=0
(γ′)q0
q0!
sq00
c0xλ q0∑
i0=0
(−q0)i0
(
q0 +
ϕ+2(1+a)λ
(1+a)
)
i0
(1 + λ)i0(γ + λ)i0
←→w i01,1
 z (3.2.13)
Replace qi, qj and ri by q1, q0 and
v1 − 1
v1
s1,∞
1− η(1 − t1)(1− u1)v1 in (3.2.7). Take the new
(3.2.7) into (3.2.13).
∞∑
q0=0
(γ′)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
 y1(x)
=
∞∏
l=2
1
(1− sl,∞)
∫ 1
0
dt1 t
1+λ
1
∫ 1
0
du1 u
γ+λ
1
1
2πi
∮
dv1
(1− η(1 − t1)(1− u1)v1)−
(
3+
ϕ+2(1+a)λ
(1+a)
)
−η(1− t1)(1− u1)v21 + (1− s1,∞)v1 + s1,∞
×←→w −(α+λ)1,1
(←→w 1,1∂←→w 1,1)←→w α−β1,1 (←→w 1,1∂←→w 1,1)←→w β+λ1,1 (3.2.14)
×
∞∑
q0=0
(γ′)q0
q0!
(
v1 − 1
v1
s0,∞
1− η(1 − t1)(1− u1)v1
)q0c0xλ q0∑
i0=0
(−q0)i0
(
q0 +
ϕ+2(1+a)λ
(1+a)
)
i0
(1 + λ)i0(γ + λ)i0
←→w i01,1
 z
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By using Cauchy’s integral formula, the contour integrand has poles at
v1 =
1− s1,∞ −
√
(1− s1,∞)2 + 4η(1− t1)(1− u1)s1,∞
2η(1− t1)(1− u1) or
1− s1,∞ +
√
(1− s1,∞)2 + 4η(1− t1)(1− u1)s1,∞
2η(1− t1)(1− u1) and
1− s1,∞ −
√
(1− s1,∞)2 + 4η(1 − t1)(1− u1)s1,∞
2η(1− t1)(1− u1) is only inside the unit circle. As we
compute the residue there in (3.2.14) we obtain
∞∑
q0=0
(γ′)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
 y1(x)
=
∞∏
l=2
1
(1− sl,∞)
∫ 1
0
dt1 t
1+λ
1
∫ 1
0
du1 u
γ+λ
1
(
s21,∞ − 2(1 − 2η(1 − t1)(1− u1))s1,∞ + 1
)− 1
2
×
1 + s1,∞ +
√
s21,∞ − 2(1− 2η(1 − t1)(1− u1))s1,∞ + 1
2
−
(
3+
ϕ+2(1+a)λ
(1+a)
)
×w˜−(α+λ)1,1
(
w˜1,1∂w˜1,1
)
w˜α−β1,1
(
w˜1,1∂w˜1,1
)
w˜β+λ1,1
×
∞∑
q0=0
(γ′)q0
q0!
sq00
c0xλ q0∑
i0=0
(−q0)i0
(
q0 +
ϕ+2(1+a)λ
(1+a)
)
i0
(1 + λ)i0(γ + λ)i0
w˜i01,1
 z (3.2.15)
where
w˜1,1 =
v1
(v1 − 1)
ηt1u1
1− ηv1(1− t1)(1− u1)
∣∣∣∣∣
v1=
1−s1,∞−
√
(1−s1,∞)
2+4η(1−t1)(1−u1)s1,∞
2η(1−t1)(1−u1)
=
ηt1u1 {1 + (s1,∞ + 2η(1 − t1)(1 − u1))s1,∞}
2(1 − η(1− t1)(1 − u1))2s1,∞
−
ηt1u1(1 + s1,∞)
√
s21,∞ − 2(1− 2η(1 − t1)(1 − u1))s1,∞ + 1
2(1 − η(1 − t1)(1− u1))2s1,∞
108 CHAPTER 3. GENERATING FUNCTION FOR HEUN POLYNOMIAL
Acting the summation operator
∞∑
q0=0
(γ′)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
 on (3.2.11c),
∞∑
q0=0
(γ′)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
 y2(x)
=
∞∏
l=3
1
(1− sl,∞)
∫ 1
0
dt2 t
3+λ
2
∫ 1
0
du2 u
2+γ+λ
2
1
2πi
∮
dv2
1
v2
(1− η(1− t2)(1 − u2)v2)−
(
8+ϕ+2(1+a)λ
(1+a)
)
×
∞∑
q2=q1
(
v2 − 1
v2
s2,∞
1− η(1− t2)(1 − u2)v2
)q2←→w −(2+α+λ)2,2 (←→w 2,2∂←→w 2,2)←→w α−β2,2 (←→w 2,2∂←→w 2,2)←→w 2+β+λ2,2
×
∫ 1
0
dt1 t
1+λ
1
∫ 1
0
du1 u
γ+λ
1
1
2πi
∮
dv1
1
v1
(1−←→w 2,2(1− t1)(1− u1)v1)−
(
4+
ϕ+2(1+a)λ
(1+a)
)
×
∞∑
q1=q0
(
v1 − 1
v1
s1
1−←→w 2,2(1− t1)(1 − u1)v1
)q1←→w −(α+λ)1,2 (←→w 1,2∂←→w 1,2)←→w α−β1,2 (←→w 1,2∂←→w 1,2)←→w β+λ1,2
×
∞∑
q0=0
(γ′)q0
q0!
sq00
c0xλ q0∑
i0=0
(−q0)i0
(
q0 +
ϕ+2(1+a)λ
(1+a)
)
i0
(1 + λ)i0(γ + λ)i0
←→w i01,2
 z2 (3.2.16)
Replace qi, qj and ri by q2, q1 and
v2 − 1
v2
s2,∞
1− η(1 − t2)(1− u2)v2 in (3.2.7). Take the new
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(3.2.7) into (3.2.16).
∞∑
q0=0
(γ′)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
 y2(x)
=
∞∏
l=3
1
(1− sl,∞)
∫ 1
0
dt2 t
3+λ
2
∫ 1
0
du2 u
2+γ+λ
2
1
2πi
∮
dv2
(1− η(1 − t2)(1− u2)v2)−
(
7+
ϕ+2(1+a)λ
(1+a)
)
−η(1− t2)(1− u2)v22 + (1− s2,∞)v2 + s2,∞
×←→w −(2+α+λ)2,2
(←→w 2,2∂←→w 2,2)←→w α−β2,2 (←→w 2,2∂←→w 2,2)←→w 2+β+λ2,2
×
∫ 1
0
dt1 t
1+λ
1
∫ 1
0
du1 u
γ+λ
1
1
2πi
∮
dv1
1
v1
(1−←→w 2,2(1− t1)(1− u1)v1)−
(
4+
ϕ+2(1+a)λ
(1+a)
)
×
∞∑
q1=q0
(
v2 − 1
v2
s1,∞
1− η(1− t2)(1 − u2)v2
v1 − 1
v1
1
1−←→w 2,2(1− t1)(1− u1)v1
)q1
×←→w −(α+λ)1,2
(←→w 1,2∂←→w 1,2)←→w α−β1,2 (←→w 1,2∂←→w 1,2)←→w β+λ1,2
×
∞∑
q0=0
(γ′)q0
q0!
sq00
c0xλ q0∑
i0=0
(−q0)i0
(
q0 +
ϕ+2(1+a)λ
(1+a)
)
i0
(1 + λ)i0(γ + λ)i0
←→w i01,2
 z2 (3.2.17)
By using Cauchy’s integral formula, the contour integrand has poles at
v2 =
1− s2,∞ −
√
(1− s2,∞)2 + 4η(1− t2)(1− u2)s2,∞
2η(1− t2)(1− u2) or
1− s2,∞ +
√
(1− s2,∞)2 + 4η(1− t2)(1− u2)s2,∞
2η(1− t2)(1− u2)
and
1− s2,∞ −
√
(1− s2,∞)2 + 4η(1− t2)(1− u2)s2,∞
2η(1 − t2)(1 − u2) is only inside the unit circle. As
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we compute the residue there in (3.2.17) we obtain
∞∑
q0=0
(γ′)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
 y2(x)
=
∞∏
l=3
1
(1− sl,∞)
∫ 1
0
dt2 t
3+λ
2
∫ 1
0
du2 u
2+γ+λ
2
(
s22,∞ − 2(1− 2η(1 − t2)(1− u2))s2,∞ + 1
)− 1
2
×
1 + s2,∞ +
√
s22,∞ − 2(1− 2η(1 − t2)(1− u2))s2,∞ + 1
2
−
(
7+ϕ+2(1+a)λ
(1+a)
)
×w˜−(2+α+λ)2,2
(
w˜2,2∂w˜2,2
)
w˜α−β2,2
(
w˜2,2∂w˜2,2
)
w˜2+β+λ2,2
×
∫ 1
0
dt1 t
1+λ
1
∫ 1
0
du1 u
γ+λ
1
1
2πi
∮
dv1
1
v1
(1− w˜2,2(1− t1)(1− u1)v1)−
(
4+ϕ+2(1+a)λ
(1+a)
)
×
∞∑
q1=q0
(
v1 − 1
v1
s1
1− w˜2,2(1− t1)(1 − u1)v1
)q1
w¨
−(α+λ)
1,2
(
w¨1,2∂w¨1,2
)
w¨α−β1,2
(
w¨1,2∂w¨1,2
)
w¨β+λ1,2
×
∞∑
q0=0
(γ′)q0
q0!
sq00
c0xλ q0∑
i0=0
(−q0)i0
(
q0 +
ϕ+2(1+a)λ
(1+a)
)
i0
(1 + λ)i0(γ + λ)i0
w¨i01,2
 z2 (3.2.18)
where
w˜2,2 =
v2
(v2 − 1)
ηt2u2
1− ηv2(1− t2)(1− u2)
∣∣∣∣∣
v2=
1−s2,∞−
√
(1−s2,∞)
2+4η(1−t2)(1−u2)s2,∞
2η(1−t2)(1−u2)
=
ηt2u2 {1 + (s2,∞ + 2η(1 − t2)(1 − u2))s2,∞}
2(1 − η(1− t2)(1 − u2))2s2,∞
−
ηt2u2(1 + s2,∞)
√
s22,∞ − 2(1− 2η(1 − t2)(1 − u2))s2,∞ + 1
2(1 − η(1 − t2)(1− u2))2s2,∞
and
w¨1,2 =
v1
(v1 − 1)
w˜2,2t1u1
1− w˜2,2v1(1− t1)(1− u1)
Replace qi, qj and ri by q1, q0 and
v1 − 1
v1
s1
1− w˜2,2(1 − t1)(1− u1)v1 in (3.2.7). Take the
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new (3.2.7) into (3.2.18).
∞∑
q0=0
(γ′)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
 y2(x)
=
∞∏
l=3
1
(1− sl,∞)
∫ 1
0
dt2 t
3+λ
2
∫ 1
0
du2 u
2+γ+λ
2
(
s22,∞ − 2(1− 2η(1 − t2)(1− u2))s2,∞ + 1
)− 1
2
×
1 + s2,∞ +
√
s22,∞ − 2(1− 2η(1 − t2)(1− u2))s2,∞ + 1
2
−
(
7+
ϕ+2(1+a)λ
(1+a)
)
×w˜−(2+α+λ)2,2
(
w˜2,2∂w˜2,2
)
w˜α−β2,2
(
w˜2,2∂w˜2,2
)
w˜2+β+λ2,2
×
∫ 1
0
dt1 t
1+λ
1
∫ 1
0
du1 u
γ+λ
1
1
2πi
∮
dv1
(1− w˜2,2(1− t1)(1 − u1)v1)−
(
3+
ϕ+2(1+a)λ
(1+a)
)
−w˜2,2(1− t1)(1 − u1)v21 + (1− s1)v1 + s1
×w¨−(α+λ)1,2
(
w¨1,2∂w¨1,2
)
w¨α−β1,2
(
w¨1,2∂w¨1,2
)
w¨β+λ1,2 (3.2.19)
×
∞∑
q0=0
(γ′)q0
q0!
(
v1 − 1
v1
s0,1
1− w˜2,2(1− t1)(1− u1)v1
)q0c0xλ q0∑
i0=0
(−q0)i0
(
q0 +
ϕ+2(1+a)λ
(1+a)
)
i0
(1 + λ)i0(γ + λ)i0
w¨i01,2
 z2
By using Cauchy’s integral formula, the contour integrand has poles at
v1 =
1− s1 −
√
(1− s1)2 + 4w˜2,2(1− t1)(1− u1)s1
2w˜2,2(1− t1)(1− u1) or
1− s1 +
√
(1− s1)2 + 4w˜2,2(1− t1)(1− u1)s1
2w˜2,2(1− t1)(1− u1)
and
1− s1 −
√
(1− s1)2 + 4w˜2,2(1− t1)(1 − u1)s1
2w˜2,2(1− t1)(1− u1) is only inside the unit circle. As we
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compute the residue there in (3.2.19) we obtain
∞∑
q0=0
(γ′)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
 y2(x)
=
∞∏
l=3
1
(1− sl,∞)
∫ 1
0
dt2 t
3+λ
2
∫ 1
0
du2 u
2+γ+λ
2
(
s22,∞ − 2(1− 2η(1 − t2)(1− u2))s2,∞ + 1
)− 1
2
×
1 + s2,∞ +
√
s22,∞ − 2(1− 2η(1 − t2)(1− u2))s2,∞ + 1
2
−
(
7+
ϕ+2(1+a)λ
(1+a)
)
×w˜−(2+α+λ)2,2
(
w˜2,2∂w˜2,2
)
w˜α−β2,2
(
w˜2,2∂w˜2,2
)
w˜2+β+λ2,2
×
∫ 1
0
dt1 t
1+λ
1
∫ 1
0
du1 u
γ+λ
1
(
s21 − 2(1− 2w˜2,2(1− t1)(1 − u1))s1 + 1
)− 1
2
×
(
1 + s1 +
√
s21 − 2(1− 2w˜2,2(1− t1)(1− u1))s1 + 1
2
)−(3+ϕ+2(1+a)λ
(1+a)
)
×w˜−(α+λ)1,2
(
w˜1,2∂w˜1,2
)
w˜α−β1,2
(
w˜1,2∂w˜1,2
)
w˜β+λ1,2
×
∞∑
q0=0
(γ′)q0
q0!
sq00
c0xλ q0∑
i0=0
(−q0)i0
(
q0 +
ϕ+2(1+a)λ
(1+a)
)
i0
(1 + λ)i0(γ + λ)i0
w˜i01,2
 z2 (3.2.20)
where
w˜1,2 =
v1
(v1 − 1)
w˜2,2t1u1
1− w˜2,2v1(1− t1)(1− u1)
∣∣∣∣∣
v1=
1−s1−
√
(1−s1)
2+4w˜2,2(1−t1)(1−u1)s1
2w˜2,2(1−t1)(1−u1)
=
w˜2,2t1u1 {1 + (s1 + 2w˜2,2(1− t1)(1− u1))s1}
2(1− w˜2,2(1− t1)(1 − u1))2s1
− w˜2,2t1u1(1 + s1)
√
s21 − 2(1 − 2w˜2,2(1− t1)(1− u1))s1 + 1
2(1 − w˜2,2(1− t1)(1 − u1))2s1
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Acting the summation operator
∞∑
q0=0
(γ′)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
 on (3.2.11d),
∞∑
q0=0
(γ′)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
 y3(x)
=
∞∏
l=4
1
(1− sl,∞)
∫ 1
0
dt3 t
5+λ
3
∫ 1
0
du3 u
4+γ+λ
3
(
s23,∞ − 2(1− 2η(1 − t3)(1− u3))s3,∞ + 1
)− 1
2
×
1 + s3,∞ +
√
s23,∞ − 2(1− 2η(1 − t3)(1− u3))s3,∞ + 1
2
−
(
11+
ϕ+2(1+a)λ
(1+a)
)
×w˜−(4+α+λ)3,3
(
w˜3,3∂w˜3,3
)
w˜α−β3,3
(
w˜3,3∂w˜3,3
)
w˜4+β+λ3,3
×
∫ 1
0
dt2 t
3+λ
2
∫ 1
0
du2 u
2+γ+λ
2
(
s22 − 2(1− 2w˜3,3(1− t2)(1 − u2))s2 + 1
)− 1
2
×
(
1 + s2 +
√
s22 − 2(1− 2w˜3,3(1− t2)(1− u2))s2 + 1
2
)−(7+ϕ+2(1+a)λ
(1+a)
)
×w˜−(2+α+λ)2,3
(
w˜2,3∂w˜2,3
)
w˜α−β2,3
(
w˜2,3∂w˜2,3
)
w˜2+β+λ2,3
×
∫ 1
0
dt1 t
1+λ
1
∫ 1
0
du1 u
γ+λ
1
(
s21 − 2(1− 2w˜2,3(1− t1)(1 − u1))s1 + 1
)− 1
2
×
(
1 + s1 +
√
s21 − 2(1− 2w˜2,3(1− t1)(1− u1))s1 + 1
2
)−(3+ϕ+2(1+a)λ
(1+a)
)
×w˜−(α+λ)1,3
(
w˜1,3∂w˜1,3
)
w˜α−β1,3
(
w˜1,3∂w˜1,3
)
w˜β+λ1,3
×
∞∑
q0=0
(γ′)q0
q0!
sq00
c0xλ q0∑
i0=0
(−q0)i0
(
q0 +
ϕ+2(1+a)λ
(1+a)
)
i0
(1 + λ)i0(γ + λ)i0
w˜i01,3
 z3 (3.2.21)
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where
w˜3,3 =
v3
(v3 − 1)
ηt3u3
1− η(1− t3)(1 − u3)v3
∣∣∣∣∣
v3=
1−s3,∞−
√
(1−s3,∞)
2+4η(1−t3)(1−u3)s3,∞
2η(1−t3)(1−u3)
=
ηt3u3 {1 + (s3,∞ + 2η(1 − t3)(1 − u3))s3,∞}
2(1 − η(1− t3)(1 − u3))2s3,∞
−
ηt3u3(1 + s3,∞)
√
s23,∞ − 2(1− 2η(1 − t3)(1 − u3))s3,∞ + 1
2(1 − η(1 − t3)(1− u3))2s3,∞
w˜2,3 =
v2
(v2 − 1)
w˜3,3t2u2
1− w˜3,3(1− t2)(1 − u2)v2
∣∣∣∣∣
v2=
1−s2−
√
(1−s2)
2+4w˜3,3(1−t2)(1−u2)s2
2w˜3,3(1−t2)(1−u2)
=
w˜3,3t2u2 {1 + (s2 + 2w˜3,3(1− t2)(1− u2))s2}
2(1− w˜3,3(1− t2)(1 − u2))2s2
− w˜3,3t2u2(1 + s2)
√
s22 − 2(1 − 2w˜3,3(1− t2)(1− u2))s2 + 1
2(1 − w˜3,3(1− t2)(1 − u2))2s2
w˜1,3 =
v1
(v1 − 1)
w˜2,3t1u1
1− w˜2,3(1− t1)(1 − u1)v1
∣∣∣∣∣
v1=
1−s1−
√
(1−s1)
2+4w˜2,3(1−t1)(1−u1)s1
2w˜2,3(1−t1)(1−u1)
=
w˜2,3t1u1 {1 + (s1 + 2w˜2,3(1− t1)(1− u1))s1}
2(1− w˜2,3(1− t1)(1 − u1))2s1
− w˜2,3t1u1(1 + s1)
√
s21 − 2(1 − 2w˜2,3(1− t1)(1− u1))s1 + 1
2(1 − w˜2,3(1− t1)(1 − u1))2s1
By repeating this process for all higher terms of integral forms of sub-summation ym(x)
terms where m > 3, I obtain every
∞∑
q0=0
(γ′)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
ym(x) terms.
Substitute (3.2.12), (3.2.15), (3.2.20), (3.2.21) and including all
∞∑
q0=0
(γ′)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
ym(x) terms where m > 3 into (3.2.10).
Remark 3.2.5 The generating function for Heun polynomial of type 2 of the first kind
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as q = −(qj + 2j){α + β − δ + a(δ + γ − 1) + (1 + a)(qj + 2j)} where j, qj ∈ N0 is
∞∑
q0=0
(γ)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
HFRqj
(
qj =
−ϕ±
√
ϕ2 − 4(1 + a)q
2(1 + a)
− 2j
, ϕ = α+ β − δ + a(δ + γ − 1),Ω1 = ϕ
(1 + a)
; η =
(1 + a)
a
x; z = −1
a
x2
)
= 2
ϕ
(1+a)
−1
{ ∞∏
l=1
1
(1− sl,∞)A (s0,∞; η) +
{ ∞∏
l=2
1
(1− sl,∞)
∫ 1
0
dt1 t1
∫ 1
0
du1 u
γ
1
←→
Γ 1 (s1,∞; t1, u1, η)
×w˜−α1,1
(
w˜1,1∂w˜1,1
)
w˜α−β1,1
(
w˜1,1∂w˜1,1
)
w˜β1,1A (s0; w˜1,1)
}
z
+
∞∑
n=2
{ ∞∏
l=n+1
1
(1− sl,∞)
∫ 1
0
dtn t
2n−1
n
∫ 1
0
dun u
2(n−1)+γ
n
←→
Γ n (sn,∞; tn, un, η)
×w˜−(2(n−1)+α)n,n
(
w˜n,n∂w˜n,n
)
w˜α−βn,n
(
w˜n,n∂w˜n,n
)
w˜2(n−1)+βn,n (3.2.22)
×
n−1∏
k=1
{∫ 1
0
dtn−k t
2(n−k)−1
n−k
∫ 1
0
dun−k u
2(n−k−1)+γ
n−k
←→
Γ n−k (sn−k; tn−k, un−k, w˜n−k+1,n)
×w˜−(2(n−k−1)+α)n−k,n
(
w˜n−k,n∂w˜n−k,n
)
w˜α−βn−k,n
(
w˜n−k,n∂w˜n−k,n
)
w˜
2(n−k−1)+β
n−k,n
}
A (s0; w˜1,n)
}
zn
}
where

←→
Γ 1 (s1,∞; t1, u1, η) =
(
1+s1,∞+
√
s21,∞−2(1−2η(1−t1)(1−u1))s1,∞+1
2
)−(3+Ω1)
√
s21,∞ − 2(1− 2η(1 − t1)(1− u1))s1,∞ + 1
←→
Γ n (sn,∞; tn, un, η) =
(
1+sn,∞+
√
s2n,∞−2(1−2η(1−tn)(1−un))sn,∞+1
2
)−(4n−1+Ω1)
√
s2n,∞ − 2(1− 2η(1 − tn)(1− un))sn,∞ + 1←→
Γ n−k (sn−k; tn−k, un−k, w˜n−k+1,n)
=
(
1+sn−k+
√
s2n−k−2(1−2w˜n−k+1,n(1−tn−k)(1−un−k))sn−k+1
2
)−(4(n−k)−1+Ω1)
√
s2n−k − 2(1− 2w˜n−k+1,n(1− tn−k)(1− un−k))sn−k + 1
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and
A (s0,∞; η) =
(
1− s0,∞ +
√
s20,∞ − 2(1− 2η)s0,∞ + 1
)1−γ
(
1 + s0,∞ +
√
s20,∞ − 2(1− 2η)s0,∞ + 1
)Ω1−γ√
s20,∞ − 2(1 − 2η)s0,∞ + 1
A (s0; w˜1,1) =
(
1− s0 +
√
s20 − 2(1− 2w˜1,1)s0 + 1
)1−γ
(
1 + s0 +
√
s20 − 2(1− 2w˜1,1)s0 + 1
)Ω1−γ√
s20 − 2(1− 2w˜1,1)s0 + 1
A (s0; w˜1,n) =
(
1− s0 +
√
s20 − 2(1 − 2w˜1,n)s0 + 1
)1−γ
(
1 + s0 +
√
s20 − 2(1− 2w˜1,n)s0 + 1
)Ω1−γ√
s20 − 2(1− 2w˜1,n)s0 + 1
Proof Replace A, w and x by
ϕ
(1 + a)
, s0,∞ and η in (3.2.1).
∞∑
q0=0
(γ)q0
q0!
sq00,∞ 2F1
(
−q0, q0 + ϕ
(1 + a)
; γ; η
)
(3.2.23)
= 2
ϕ
(1+a)
−1
(
1− s0,∞ +
√
s20,∞ − 2(1− 2η)s0,∞ + 1
)1−γ
(
1 + s0,∞ +
√
s20,∞ − 2(1− 2η)s0,∞ + 1
) ϕ
(1+a)
−γ√
s20,∞ − 2(1− 2η)s0,∞ + 1
Replace A, w and x by
ϕ
(1 + a)
, s0 and w˜1,1 in (3.2.1).
∞∑
q0=0
(γ)q0
q0!
sq00 2F1
(
−q0, q0 + ϕ
(1 + a)
; γ; w˜1,1
)
(3.2.24)
= 2
ϕ
(1+a)
−1
(
1− s0 +
√
s20 − 2(1− 2w˜1,1)s0 + 1
)1−γ
(
1 + s0 +
√
s20 − 2(1 − 2w˜1,1)s0 + 1
) ϕ
(1+a)
−γ√
s20 − 2(1− 2w˜1,1)s0 + 1
Replace A, w and x by
ϕ
(1 + a)
, s0 and w˜1,n in (3.2.1).
∞∑
q0=0
(γ)q0
q0!
sq00 2F1
(
−q0, q0 + ϕ
(1 + a)
; γ; w˜1,n
)
(3.2.25)
= 2
ϕ
(1+a)
−1
(
1− s0 +
√
s20 − 2(1− 2w˜1,n)s0 + 1
)1−γ
(
1 + s0 +
√
s20 − 2(1− 2w˜1,n)s0 + 1
) ϕ
(1+a)
−γ√
s20 − 2(1− 2w˜1,n)s0 + 1
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Put c0= 1, λ=0 and γ
′ = γ in (3.2.9). Substitute (3.2.23), (3.2.24) and (3.2.25) into the
new (3.2.9).
Remark 3.2.6 The generating function for Heun polynomial of type 2 of the second kind
as q = −(qj + 2j + 1− γ){α + β + 1− γ − (1− a)δ + (1 + a)(qj + 2j)} where j, qj ∈ N0 is
∞∑
q0=0
(2− γ)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
HSRqj
(
qj =
−{ϕ+ 2(1 + a)(1 − γ)} ±
√
ϕ2 − 4(1 + a)q
2(1 + a)
− 2j
, ϕ = α+ β − δ + a(δ + γ − 1),Ω2 = ϕ+ 2(1 + a)(1− γ)
(1 + a)
; η =
(1 + a)
a
x; z = −1
a
x2
)
= 2
ϕ+2(1+a)(1/2−γ)
(1+a) η1−γ
{ ∞∏
l=1
1
(1− sl,∞)
B (s0,∞; η)
+
{ ∞∏
l=2
1
(1− sl,∞)
∫ 1
0
dt1 t
2−γ
1
∫ 1
0
du1 u1
←→
Ψ 1 (s1,∞; t1, u1, η)
×w˜−(α−γ+1)1,1
(
w˜1,1∂w˜1,1
)
w˜α−β1,1
(
w˜1,1∂w˜1,1
)
w˜β−γ+11,1 B (s0; w˜1,1)
}
z
+
∞∑
n=2
{ ∞∏
l=n+1
1
(1− sl,∞)
∫ 1
0
dtn t
2n−γ
n
∫ 1
0
dun u
2n−1
n
←→
Ψ n (sn,∞; tn, un, η)
×w˜−(2n−1+α−γ)n,n
(
w˜n,n∂w˜n,n
)
w˜α−βn,n
(
w˜n,n∂w˜n,n
)
w˜2n−1+β−γn,n
×
n−1∏
k=1
{∫ 1
0
dtn−k t
2(n−k)−γ
n−k
∫ 1
0
dun−k u
2(n−k)−1
n−k
←→
Ψ n−k (sn−k; tn−k, un−k, w˜n−k+1,n)
×w˜−(2(n−k)−1+α−γ)n−k,n
(
w˜n−k,n∂w˜n−k,n
)
w˜α−βn−k,n
(
w˜n−k,n∂w˜n−k,n
)
w˜
2(n−k)−1+β−γ
n−k,n
}
× B (s0; w˜1,n)
}
zn
}
(3.2.26)
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where
←→
Ψ 1 (s1,∞; t1, u1, η) =
(
1+s1,∞+
√
s21,∞−2(1−2η(1−t1)(1−u1))s1,∞+1
2
)−(3+Ω2)
√
s21,∞ − 2(1− 2η(1 − t1)(1− u1))s1,∞ + 1
←→
Ψ n (sn,∞; tn, un, η) =
(
1+sn,∞+
√
s2n,∞−2(1−2η(1−tn)(1−un))sn,∞+1
2
)−(4n−1+Ω2)
√
s2n,∞ − 2(1− 2η(1 − tn)(1− un))sn,∞ + 1←→
Ψ n−k (sn−k; tn−k, un−k, w˜n−k+1,n)
=
(
(1+sn−k)+
√
s2n−k−2(1−2w˜n−k+1,n(1−tn−k)(1−un−k))sn−k+1
2
)−(4(n−k)−1+Ω2)
√
s2n−k − 2(1 − 2w˜n−k+1,n(1− tn−k)(1 − un−k))sn−k + 1
and
B (s0,∞; η) =
(
1 + s0,∞ +
√
s20,∞ − 2(1− 2η)s0,∞ + 1
)2−γ−Ω2
(
1− s0,∞ +
√
s20,∞ − 2(1− 2η)s0,∞ + 1
)1−γ√
s20,∞ − 2(1 − 2η)s0,∞ + 1
B (s0; w˜1,1) =
(
1 + s0 +
√
s20 − 2(1− 2w˜1,1)s0 + 1
)2−γ−Ω2
(
1− s0 +
√
s20 − 2(1 − 2w˜1,1)s0 + 1
)1−γ√
s20 − 2(1− 2w˜1,1)s0 + 1
B (s0; w˜1,n) =
(
1 + s0 +
√
s20 − 2(1 − 2w˜1,n)s0 + 1
)2−γ−Ω2
(
1− s0 +
√
s20 − 2(1− 2w˜1,n)s0 + 1
)1−γ√
s20 − 2(1− 2w˜1,n)s0 + 1
Proof Replace γ, A, w and x by 2− γ, ϕ+ 2(1 + a)(1− γ)
(1 + a)
, s0,∞ and η in (3.2.1).
∞∑
q0=0
(2− γ)q0
q0!
sq00,∞ 2F1
(
−q0, q0 + ϕ+ 2(1 + a)(1 − γ)
(1 + a)
; 2− γ; η
)
(3.2.27)
= 2
ϕ+2(1+a)(1/2−γ)
(1+a)
(
1 + s0,∞ +
√
s20,∞ − 2(1 − 2η)s0,∞ + 1
)−ϕ−(1+a)γ
(1+a)(
1− s0,∞ +
√
s20,∞ − 2(1 − 2η)s0,∞ + 1
)1−γ√
s20,∞ − 2(1− 2η)s0,∞ + 1
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Replace γ, A, w and x by 2− γ, ϕ+ 2(1 + a)(1 − γ)
(1 + a)
, s0 and w˜1,1 in (3.2.1).
∞∑
q0=0
(2− γ)q0
q0!
sq00 2F1
(
−q0, q0 + ϕ+ 2(1 + a)(1 − γ)
(1 + a)
; 2− γ; w˜1,1
)
(3.2.28)
= 2
ϕ+2(1+a)(1/2−γ)
(1+a)
(
1 + s0 +
√
s20 − 2(1− 2w˜1,1)s0 + 1
)−ϕ−(1+a)γ
(1+a)(
1− s0 +
√
s20 − 2(1− 2w˜1,1)s0 + 1
)1−γ√
s20 − 2(1 − 2w˜1,1)s0 + 1
Replace γ, A, w and x by 2− γ, ϕ+ 2(1 + a)(1 − γ)
(1 + a)
, s0 and w˜1,n in (3.2.1).
∞∑
q0=0
(2− γ)q0
q0!
sq00 2F1
(
−q0, q0 + ϕ+ 2(1 + a)(1− γ)
(1 + a)
; 2− γ; w˜1,n
)
(3.2.29)
= 2
ϕ+2(1+a)(1/2−γ)
(1+a)
(
1 + s0 +
√
s20 − 2(1 − 2w˜1,n)s0 + 1
)−ϕ−(1+a)γ
(1+a)(
1− s0 +
√
s20 − 2(1 − 2w˜1,n)s0 + 1
)1−γ√
s20 − 2(1 − 2w˜1,n)s0 + 1
Put c0 =
(
1 + a
a
)1−γ
, λ = 1− γ and γ′ = 2− γ in (3.2.9). Substitute (3.2.27), (3.2.28)
and (3.2.29) into the new (3.2.9).
3.3 Summary
As we see all solutions of power series expansions in Heun function by using 3TRF,
denominators and numerators in all Bn terms arise with Pochhammer symbol.[3] Also the
Frobenius solutions in Heun funtion by using R3TRF, denominators and numerators in
all An terms arise with Pochhammer symbol: the meaning of this is that the analytic
solutions of Heun’s ordinary differential equations with three recursive coefficients can be
described as Hypergoemetric functions in a strict mathematical way.
We can express representations in closed form integrals of Heun function since we have
power series expansions with Pochhammer symbols in numerators and denominators: (1)
look at Remark 1 through Remark 6 in Ref.[4]. (2) look at Remark 2.3.2 through Remark
2.3.5 in chapter 2. We can transform any special functions into all other well-known
special functions such as Legendre, Bessel, Laguerre, Kummer functions and etc because
a 2F1 function recurs in each of sub-integral forms of Heun function. After we replace 2F1
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functions in integral forms of Heun function to other special functions, we can rebuild the
power series expansion of Heun function and its linear ordinary differential equation in a
backward: understanding the connection between other special functions is important in
the mathematical and physical points of views as we all know.
Since integral representation of Heun function is derived from power series expansion in
closed forms, I construct generating function for Heun polynomial of type 2 by applying
the generating function for Jacobi polynomial using hypergeometric functions into the
general integral representation of Heun polynomial. The generating function is really
helpful in order to derive orthogonal relations, recursion relations and expectation values
of any physical quantities as we all recognize; i.e. the normalized wave function of
hydrogen-like atoms and expectation values of its physical quantities such as position and
momentum.
Appendices
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.1. GENERATING FUNCTIONS FOR 192 HEUN POLYNOMIALS OF TYPE 2 123
.1 Generating functions for 192 Heun polynomials of type
2
In appendix of chapter 2, by applying R3TRF, I construct the fundamental power series
expansions in closed forms and integral forms of Heun function (infinite series and
polynomial of type 2) of nine out of the 192 local solution of Heun function in Table 2,
obtained by Robert S. Maier(2007) [2].
In this appendix, replacing coefficients in the general expression of generating function for
Heun polynomial of type 2, I derive generating functions for Heun polynomial of type 2
for the previous nine examples of the 192 local solution of Heun equation [2].5
5I treat α, β, γ and δ as free variables and a fixed value of q to construct the generating functions for
Heun polynomial of type 2 for all nine examples of the 192 local solution of Heun function.
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.1.1 (1− x)1−δHl(a, q − (δ − 1)γa;α− δ + 1, β − δ + 1, γ, 2− δ; x)
Replacing coefficients q, α, β and δ by q − (δ − 1)γa, α− δ + 1, β − δ + 1 and 2− δ into
(3.2.22). Multiply (1− x)1−δ and the new (3.2.22) together.
∞∑
q0=0
(γ)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
 (1− x)1−δHl(a, q − (δ − 1)γa;α − δ + 1, β − δ + 1, γ, 2 − δ;x)
=
2
ϕ
(1+a)
−1
(1− x)δ−1
{ ∞∏
l=1
1
(1− sl,∞)A (s0,∞; η)
+
{ ∞∏
l=2
1
(1− sl,∞)
∫ 1
0
dt1 t1
∫ 1
0
du1 u
γ
1
←→
Γ 1 (s1,∞; t1, u1, η)
×w˜−α+δ−11,1
(
w˜1,1∂w˜1,1
)
w˜α−β1,1
(
w˜1,1∂w˜1,1
)
w˜β−δ+11,1 A (s0; w˜1,1)
}
z
+
∞∑
n=2
{ ∞∏
l=n+1
1
(1− sl,∞)
∫ 1
0
dtn t
2n−1
n
∫ 1
0
dun u
2(n−1)+γ
n
←→
Γ n (sn,∞; tn, un, η)
×w˜−(2n−1+α−δ)n,n
(
w˜n,n∂w˜n,n
)
w˜α−βn,n
(
w˜n,n∂w˜n,n
)
w˜2n−1+β−δn,n
×
n−1∏
k=1
{∫ 1
0
dtn−k t
2(n−k)−1
n−k
∫ 1
0
dun−k u
2(n−k−1)+γ
n−k
←→
Γ n−k (sn−k; tn−k, un−k, w˜n−k+1,n)
×w˜−(2(n−k)−1+α−δ)n−k,n
(
w˜n−k,n∂w˜n−k,n
)
w˜α−βn−k,n
(
w˜n−k,n∂w˜n−k,n
)
w˜
2(n−k)−1+β−δ
n−k,n
}
× A (s0; w˜1,n)
}
zn
}
(.1.1)
where

z = − 1ax2
η = (1+a)a x
ϕ = α+ β − δ + a(γ − δ + 1)
Ω1 =
ϕ
(1+a)
q = (δ − 1)γa − (qj + 2j){ϕ + (1 + a)(qj + 2j)} as j, qj ∈ N0
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
←→
Γ 1 (s1,∞; t1, u1, η) =
(
1+s1,∞+
√
s21,∞−2(1−2η(1−t1)(1−u1))s1,∞+1
2
)−(3+Ω1)
√
s21,∞ − 2(1− 2η(1 − t1)(1− u1))s1,∞ + 1
←→
Γ n (sn,∞; tn, un, η) =
(
1+sn,∞+
√
s2n,∞−2(1−2η(1−tn)(1−un))sn,∞+1
2
)−(4n−1+Ω1)
√
s2n,∞ − 2(1− 2η(1 − tn)(1− un))sn,∞ + 1←→
Γ n−k (sn−k; tn−k, un−k, w˜n−k+1,n)
=
(
1+sn−k+
√
s2n−k−2(1−2w˜n−k+1,n(1−tn−k)(1−un−k))sn−k+1
2
)−(4(n−k)−1+Ω1)
√
s2n−k − 2(1− 2w˜n−k+1,n(1− tn−k)(1− un−k))sn−k + 1
and

A (s0,∞; η) =
(
1 + s0,∞ +
√
s20,∞ − 2(1− 2η)s0,∞ + 1
)γ−Ω1
(
1− s0,∞ +
√
s20,∞ − 2(1 − 2η)s0,∞ + 1
)γ−1√
s20,∞ − 2(1 − 2η)s0,∞ + 1
A (s0; w˜1,1) =
(
1 + s0 +
√
s20 − 2(1− 2w˜1,1)s0 + 1
)γ−Ω1
(
1− s0 +
√
s20 − 2(1− 2w˜1,1)s0 + 1
)γ−1√
s20 − 2(1 − 2w˜1,1)s0 + 1
A (s0; w˜1,n) =
(
1 + s0 +
√
s20 − 2(1− 2w˜1,n)s0 + 1
)γ−Ω1
(
1− s0 +
√
s20 − 2(1− 2w˜1,n)s0 + 1
)γ−1√
s20 − 2(1 − 2w˜1,n)s0 + 1
.1.2 x1−γ(1− x)1−δHl(a, q − (γ + δ − 2)a− (γ − 1)(α+ β − γ − δ + 1);α− γ − δ + 2, β − γ − δ + 2, 2− γ, 2− δ;x)
Replacing coefficients q, α, β, γ and δ by q − (γ + δ − 2)a− (γ − 1)(α + β − γ − δ + 1),
α− γ − δ + 2, β − γ − δ + 2, 2 − γ and 2− δ into (3.2.22). Multiply x1−γ(1− x)1−δ and
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the new (3.2.22) together.
∞∑
q0=0
(γ)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
x1−γ(1− x)1−δHl(a, q − (γ + δ − 2)a
−(γ − 1)(α + β − γ − δ + 1);α − γ − δ + 2, β − γ − δ + 2, 2 − γ, 2 − δ;x)
=
2
ϕ
(1+a)
−1
xγ−1(1− x)δ−1
{ ∞∏
l=1
1
(1− sl,∞)
A (s0,∞; η)
+
{ ∞∏
l=2
1
(1− sl,∞)
∫ 1
0
dt1 t1
∫ 1
0
du1 u
2−γ
1
←→
Γ 1 (s1,∞; t1, u1, η)
×w˜−α+γ+δ−21,1
(
w˜1,1∂w˜1,1
)
w˜α−β1,1
(
w˜1,1∂w˜1,1
)
w˜β−γ−δ+21,1 A (s0; w˜1,1)
}
z
+
∞∑
n=2
{ ∞∏
l=n+1
1
(1− sl,∞)
∫ 1
0
dtn t
2n−1
n
∫ 1
0
dun u
2n−γ
n
←→
Γ n (sn,∞; tn, un, η)
×w˜−(2n+α−γ−δ)n,n
(
w˜n,n∂w˜n,n
)
w˜α−βn,n
(
w˜n,n∂w˜n,n
)
w˜2n+β−γ−δn,n
×
n−1∏
k=1
{∫ 1
0
dtn−k t
2(n−k)−1
n−k
∫ 1
0
dun−k u
2(n−k)−γ
n−k
←→
Γ n−k (sn−k; tn−k, un−k, w˜n−k+1,n)
×w˜−(2(n−k)+α−γ−δ)n−k,n
(
w˜n−k,n∂w˜n−k,n
)
w˜α−βn−k,n
(
w˜n−k,n∂w˜n−k,n
)
w˜
2(n−k)+β−γ−δ
n−k,n
}
×A (s0; w˜1,n)
}
zn
}
(.1.2)
where

z = − 1ax2
η = (1+a)a x
ϕ = α+ β − 2γ − δ + 2 + a(3− γ − δ)
Ω1 =
ϕ
(1+a)
q = (γ + δ − 2)a+ (γ − 1)(α + β − γ − δ + 1)− (qj + 2j){ϕ + (1 + a)(qj + 2j)} as j, qj ∈ N0
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
←→
Γ 1 (s1,∞; t1, u1, η) =
(
1+s1,∞+
√
s21,∞−2(1−2η(1−t1)(1−u1))s1,∞+1
2
)−(3+Ω1)
√
s21,∞ − 2(1− 2η(1 − t1)(1− u1))s1,∞ + 1
←→
Γ n (sn,∞; tn, un, η) =
(
1+sn,∞+
√
s2n,∞−2(1−2η(1−tn)(1−un))sn,∞+1
2
)−(4n−1+Ω1)
√
s2n,∞ − 2(1− 2η(1 − tn)(1− un))sn,∞ + 1←→
Γ n−k (sn−k; tn−k, un−k, w˜n−k+1,n)
=
(
1+sn−k+
√
s2n−k−2(1−2w˜n−k+1,n(1−tn−k)(1−un−k))sn−k+1
2
)−(4(n−k)−1+Ω1)
√
s2n−k − 2(1− 2w˜n−k+1,n(1− tn−k)(1− un−k))sn−k + 1
and

A (s0,∞; η) =
(
1 + s0,∞ +
√
s20,∞ − 2(1− 2η)s0,∞ + 1
)2−γ−Ω1
(
1− s0,∞ +
√
s20,∞ − 2(1 − 2η)s0,∞ + 1
)1−γ√
s20,∞ − 2(1 − 2η)s0,∞ + 1
A (s0; w˜1,1) =
(
1 + s0 +
√
s20 − 2(1 − 2w˜1,1)s0 + 1
)2−γ−Ω1
(
1− s0 +
√
s20 − 2(1− 2w˜1,1)s0 + 1
)1−γ√
s20 − 2(1 − 2w˜1,1)s0 + 1
A (s0; w˜1,n) =
(
1 + s0 +
√
s20 − 2(1− 2w˜1,n)s0 + 1
)2−γ−Ω1
(
1− s0 +
√
s20 − 2(1− 2w˜1,n)s0 + 1
)1−γ√
s20 − 2(1 − 2w˜1,n)s0 + 1
128
.1.3 Hl(1− a,−q + αβ;α, β, δ, γ; 1− x)
Replacing coefficients a, q, γ, δ and x by 1− a, −q + αβ, δ, γ and 1− x into (3.2.22).
∞∑
q0=0
(γ)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
Hl(1− a,−q + αβ;α, β, δ, γ; 1 − x)
= 2
ϕ
(2−a)
−1
{ ∞∏
l=1
1
(1− sl,∞)A (s0,∞; η)
+
{ ∞∏
l=2
1
(1− sl,∞)
∫ 1
0
dt1 t1
∫ 1
0
du1 u
δ
1
←→
Γ 1 (s1,∞; t1, u1, η)
×w˜−α1,1
(
w˜1,1∂w˜1,1
)
w˜α−β1,1
(
w˜1,1∂w˜1,1
)
w˜β1,1A (s0; w˜1,1)
}
z
+
∞∑
n=2
{ ∞∏
l=n+1
1
(1− sl,∞)
∫ 1
0
dtn t
2n−1
n
∫ 1
0
dun u
2(n−1)+δ
n
←→
Γ n (sn,∞; tn, un, η)
×w˜−(2(n−1)+α)n,n
(
w˜n,n∂w˜n,n
)
w˜α−βn,n
(
w˜n,n∂w˜n,n
)
w˜2(n−1)+βn,n
×
n−1∏
k=1
{∫ 1
0
dtn−k t
2(n−k)−1
n−k
∫ 1
0
dun−k u
2(n−k−1)+δ
n−k
←→
Γ n−k (sn−k; tn−k, un−k, w˜n−k+1,n)
×w˜−(2(n−k−1)+α)n−k,n
(
w˜n−k,n∂w˜n−k,n
)
w˜α−βn−k,n
(
w˜n−k,n∂w˜n−k,n
)
w˜
2(n−k−1)+β
n−k,n
}
× A (s0; w˜1,n)
}
zn
}
(.1.3)
where

ξ = 1− x
z = −11−aξ
2
η = 2−a1−aξ
ϕ = α+ β − δ + (1− a)(δ + γ − 1)
Ω1 =
ϕ
(2−a)
q = αβ + (qj + 2j){ϕ + (2− a)(qj + 2j)} as j, qj ∈ N0
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
←→
Γ 1 (s1,∞; t1, u1, η) =
(
1+s1,∞+
√
s21,∞−2(1−2η(1−t1)(1−u1))s1,∞+1
2
)−(3+Ω1)
√
s21,∞ − 2(1− 2η(1 − t1)(1− u1))s1,∞ + 1
←→
Γ n (sn,∞; tn, un, η) =
(
1+sn,∞+
√
s2n,∞−2(1−2η(1−tn)(1−un))sn,∞+1
2
)−(4n−1+Ω1)
√
s2n,∞ − 2(1− 2η(1 − tn)(1− un))sn,∞ + 1←→
Γ n−k (sn−k; tn−k, un−k, w˜n−k+1,n)
=
(
1+sn−k+
√
s2n−k−2(1−2w˜n−k+1,n(1−tn−k)(1−un−k))sn−k+1
2
)−(4(n−k)−1+Ω1)
√
s2n−k − 2(1− 2w˜n−k+1,n(1− tn−k)(1− un−k))sn−k + 1
and

A (s0,∞; η) =
(
1 + s0,∞ +
√
s20,∞ − 2(1− 2η)s0,∞ + 1
)δ−Ω1
(
1− s0,∞ +
√
s20,∞ − 2(1 − 2η)s0,∞ + 1
)δ−1√
s20,∞ − 2(1− 2η)s0,∞ + 1
A (s0; w˜1,1) =
(
1 + s0 +
√
s20 − 2(1− 2w˜1,1)s0 + 1
)δ−Ω1
(
1− s0 +
√
s20 − 2(1− 2w˜1,1)s0 + 1
)δ−1√
s20 − 2(1− 2w˜1,1)s0 + 1
A (s0; w˜1,n) =
(
1 + s0 +
√
s20 − 2(1− 2w˜1,n)s0 + 1
)δ−Ω1
(
1− s0 +
√
s20 − 2(1− 2w˜1,n)s0 + 1
)δ−1√
s20 − 2(1− 2w˜1,n)s0 + 1
.1.4 (1− x)1−δHl(1− a,−q + (δ − 1)γa+ (α− δ + 1)(β − δ + 1);α− δ + 1, β − δ + 1, 2− δ, γ; 1− x)
Replacing coefficients a, q, α, β, γ, δ and x by 1− a,
−q + (δ − 1)γa+ (α− δ + 1)(β − δ + 1), α− δ + 1, β − δ + 1, 2− δ, γ and 1− x into
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(3.2.22). Multiply (1− x)1−δ and the new (3.2.22) together.
∞∑
q0=0
(γ)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
 (1− x)1−δ
×Hl(1− a,−q + (δ − 1)γa+ (α− δ + 1)(β − δ + 1);α − δ + 1, β − δ + 1, 2 − δ, γ; 1 − x)
=
2
ϕ
(2−a)
−1
(1− x)δ−1
{ ∞∏
l=1
1
(1− sl,∞)
A (s0,∞; η)
+
{ ∞∏
l=2
1
(1− sl,∞)
∫ 1
0
dt1 t1
∫ 1
0
du1 u
2−δ
1
←→
Γ 1 (s1,∞; t1, u1, η)
×w˜−α+δ−11,1
(
w˜1,1∂w˜1,1
)
w˜α−β1,1
(
w˜1,1∂w˜1,1
)
w˜β−δ+11,1 A (s0; w˜1,1)
}
z
+
∞∑
n=2
{ ∞∏
l=n+1
1
(1− sl,∞)
∫ 1
0
dtn t
2n−1
n
∫ 1
0
dun u
2n−δ
n
←→
Γ n (sn,∞; tn, un, η)
×w˜−(2n−1+α−δ)n,n
(
w˜n,n∂w˜n,n
)
w˜α−βn,n
(
w˜n,n∂w˜n,n
)
w˜2n−1+β−δn,n
×
n−1∏
k=1
{∫ 1
0
dtn−k t
2(n−k)−1
n−k
∫ 1
0
dun−k u
2(n−k)−δ
n−k
←→
Γ n−k (sn−k; tn−k, un−k, w˜n−k+1,n)
×w˜−(2(n−k)−1+α−δ)n−k,n
(
w˜n−k,n∂w˜n−k,n
)
w˜α−βn−k,n
(
w˜n−k,n∂w˜n−k,n
)
w˜
2(n−k)−1+β−δ
n−k,n
}
× A (s0; w˜1,n)
}
zn
}
(.1.4)
where

ξ = 1− x
z = −11−aξ
2
η = 2−a1−aξ
ϕ = α+ β − γ − 2δ + 2 + (1− a)(γ − δ + 1)
Ω1 =
ϕ
(2−a)
q = (δ − 1)γa + (α− δ + 1)(β − δ + 1) + (qj + 2j){ϕ + (2− a)(qj + 2j)} as j, qj ∈ N0
.1. GENERATING FUNCTIONS FOR 192 HEUN POLYNOMIALS OF TYPE 2 131

←→
Γ 1 (s1,∞; t1, u1, η) =
(
1+s1,∞+
√
s21,∞−2(1−2η(1−t1)(1−u1))s1,∞+1
2
)−(3+Ω1)
√
s21,∞ − 2(1− 2η(1 − t1)(1− u1))s1,∞ + 1
←→
Γ n (sn,∞; tn, un, η) =
(
1+sn,∞+
√
s2n,∞−2(1−2η(1−tn)(1−un))sn,∞+1
2
)−(4n−1+Ω1)
√
s2n,∞ − 2(1− 2η(1 − tn)(1− un))sn,∞ + 1←→
Γ n−k (sn−k; tn−k, un−k, w˜n−k+1,n)
=
(
1+sn−k+
√
s2n−k−2(1−2w˜n−k+1,n(1−tn−k)(1−un−k))sn−k+1
2
)−(4(n−k)−1+Ω1)
√
s2n−k − 2(1− 2w˜n−k+1,n(1− tn−k)(1− un−k))sn−k + 1
and

A (s0,∞; η) =
(
1 + s0,∞ +
√
s20,∞ − 2(1− 2η)s0,∞ + 1
)2−δ−Ω1
(
1− s0,∞ +
√
s20,∞ − 2(1 − 2η)s0,∞ + 1
)1−δ√
s20,∞ − 2(1− 2η)s0,∞ + 1
A (s0; w˜1,1) =
(
1 + s0 +
√
s20 − 2(1 − 2w˜1,1)s0 + 1
)2−δ−Ω1
(
1− s0 +
√
s20 − 2(1− 2w˜1,1)s0 + 1
)1−δ√
s20 − 2(1− 2w˜1,1)s0 + 1
A (s0; w˜1,n) =
(
1 + s0 +
√
s20 − 2(1− 2w˜1,n)s0 + 1
)2−δ−Ω1
(
1− s0 +
√
s20 − 2(1− 2w˜1,n)s0 + 1
)1−δ√
s20 − 2(1− 2w˜1,n)s0 + 1
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.1.5 x−αHl
(
1
a
,
q + α[(α− γ − δ + 1)a− β + δ]
a
;α, α− γ + 1, α− β + 1, δ; 1
x
)
Replacing coefficients a, q, β, γ and x by 1a ,
q+α[(α−γ−δ+1)a−β+δ]
a , α− γ +1, α− β +1 and
1
x into (3.2.22). Multiply x
−α and the new (3.2.22) together.
∞∑
q0=0
(γ)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
x−αHl(1a, q + α[(α − γ − δ + 1)a− β + δ]a ;α,α − γ + 1
, α− β + 1, δ; 1
x
)
=
2
aϕ
(1+a)
−1
xα
{ ∞∏
l=1
1
(1− sl,∞)A (s0,∞; η)
+
{ ∞∏
l=2
1
(1− sl,∞)
∫ 1
0
dt1 t1
∫ 1
0
du1 u
α−β+1
1
←→
Γ 1 (s1,∞; t1, u1, η)
×w˜−α1,1
(
w˜1,1∂w˜1,1
)
w˜γ−11,1
(
w˜1,1∂w˜1,1
)
w˜α−γ+11,1 A (s0; w˜1,1)
}
z
+
∞∑
n=2
{ ∞∏
l=n+1
1
(1− sl,∞)
∫ 1
0
dtn t
2n−1
n
∫ 1
0
dun u
2n−1+α−β
n
←→
Γ n (sn,∞; tn, un, η)
×w˜−(2(n−1)+α)n,n
(
w˜n,n∂w˜n,n
)
w˜γ−1n,n
(
w˜n,n∂w˜n,n
)
w˜2n−1+α−γn,n
×
n−1∏
k=1
{∫ 1
0
dtn−k t
2(n−k)−1
n−k
∫ 1
0
dun−k u
2(n−k)−1+α−β
n−k
←→
Γ n−k (sn−k; tn−k, un−k, w˜n−k+1,n)
×w˜−(2(n−k−1)+α)n−k,n
(
w˜n−k,n∂w˜n−k,n
)
w˜γ−1n−k,n
(
w˜n−k,n∂w˜n−k,n
)
w˜
2(n−k)−1+α−γ
n−k,n
}
× A (s0; w˜1,n)
}
zn
}
(.1.5)
where
ξ = 1x
z = −aξ2
η = (1 + a)ξ
ϕ = 2α− γ − δ + 1 + 1a(α− β + δ)
Ω1 =
aϕ
(1+a)
q = −α[(α − γ − δ + 1)a− β + δ] − a(qj + 2j){ϕ + (1 + 1/a)(qj + 2j)} as j, qj ∈ N0
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
←→
Γ 1 (s1,∞; t1, u1, η) =
(
1+s1,∞+
√
s21,∞−2(1−2η(1−t1)(1−u1))s1,∞+1
2
)−(3+Ω1)
√
s21,∞ − 2(1− 2η(1 − t1)(1− u1))s1,∞ + 1
←→
Γ n (sn,∞; tn, un, η) =
(
1+sn,∞+
√
s2n,∞−2(1−2η(1−tn)(1−un))sn,∞+1
2
)−(4n−1+Ω1)
√
s2n,∞ − 2(1− 2η(1 − tn)(1− un))sn,∞ + 1←→
Γ n−k (sn−k; tn−k, un−k, w˜n−k+1,n)
=
(
1+sn−k+
√
s2n−k−2(1−2w˜n−k+1,n(1−tn−k)(1−un−k))sn−k+1
2
)−(4(n−k)−1+Ω1)
√
s2n−k − 2(1− 2w˜n−k+1,n(1− tn−k)(1− un−k))sn−k + 1
and

A (s0,∞; η) =
(
1 + s0,∞ +
√
s20,∞ − 2(1− 2η)s0,∞ + 1
)α−β+1−Ω1
(
1− s0,∞ +
√
s20,∞ − 2(1 − 2η)s0,∞ + 1
)α−β√
s20,∞ − 2(1− 2η)s0,∞ + 1
A (s0; w˜1,1) =
(
1 + s0 +
√
s20 − 2(1 − 2w˜1,1)s0 + 1
)α−β+1−Ω1
(
1− s0 +
√
s20 − 2(1− 2w˜1,1)s0 + 1
)α−β√
s20 − 2(1 − 2w˜1,1)s0 + 1
A (s0; w˜1,n) =
(
1 + s0 +
√
s20 − 2(1− 2w˜1,n)s0 + 1
)α−β+1−Ω1
(
1− s0 +
√
s20 − 2(1− 2w˜1,n)s0 + 1
)α−β√
s20 − 2(1 − 2w˜1,n)s0 + 1
134
.1.6
(
1− x
a
)−β
Hl
(
1− a,−q + γβ;−α + γ + δ, β, γ, δ; (1− a)x
x− a
)
Replacing coefficients a, q, α and x by 1− a, −q + γβ, −α+ γ + δ and (1−a)xx−a into
(3.2.22). Multiply
(
1− xa
)−β
and the new (3.2.22) together.
∞∑
q0=0
(γ)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
(1− xa)−βHl
(
1− a,−q + γβ;−α + γ + δ, β, γ, δ; (1− a)x
x− a
)
=
2
ϕ
(2−a)
−1(
1− xa
)β
{ ∞∏
l=1
1
(1− sl,∞)A (s0,∞; η)
+
{ ∞∏
l=2
1
(1− sl,∞)
∫ 1
0
dt1 t1
∫ 1
0
du1 u
γ
1
←→
Γ 1 (s1,∞; t1, u1, η)
×w˜α−γ−δ1,1
(
w˜1,1∂w˜1,1
)
w˜−α−β+γ+δ1,1
(
w˜1,1∂w˜1,1
)
w˜β1,1A (s0; w˜1,1)
}
z
+
∞∑
n=2
{ ∞∏
l=n+1
1
(1− sl,∞)
∫ 1
0
dtn t
2n−1
n
∫ 1
0
dun u
2(n−1)+γ
n
←→
Γ n (sn,∞; tn, un, η)
×w˜−(2(n−1)−α+γ+δ)n,n
(
w˜n,n∂w˜n,n
)
w˜−α−β+γ+δn,n
(
w˜n,n∂w˜n,n
)
w˜2(n−1)+βn,n
×
n−1∏
k=1
{∫ 1
0
dtn−k t
2(n−k)−1
n−k
∫ 1
0
dun−k u
2(n−k−1)+γ
n−k
←→
Γ n−k (sn−k; tn−k, un−k, w˜n−k+1,n)
×w˜−(2(n−k−1)−α+γ+δ)n−k,n
(
w˜n−k,n∂w˜n−k,n
)
w˜−α−β+γ+δn−k,n
(
w˜n−k,n∂w˜n−k,n
)
w˜
2(n−k−1)+β
n−k,n
}
× A (s0; w˜1,n)
}
zn
}
(.1.6)
where 
ξ = (1−a)xx−a
z = − 11−aξ2
η = 2−a1−aξ
ϕ = −α+ β + γ + (1− a)(γ + δ − 1)
Ω1 =
ϕ
(2−a)
q = γβ + (qj + 2j){ϕ + (2− a)(qj + 2j)} as j, qj ∈ N0
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
←→
Γ 1 (s1,∞; t1, u1, η) =
(
1+s1,∞+
√
s21,∞−2(1−2η(1−t1)(1−u1))s1,∞+1
2
)−(3+Ω1)
√
s21,∞ − 2(1− 2η(1 − t1)(1− u1))s1,∞ + 1
←→
Γ n (sn,∞; tn, un, η) =
(
1+sn,∞+
√
s2n,∞−2(1−2η(1−tn)(1−un))sn,∞+1
2
)−(4n−1+Ω1)
√
s2n,∞ − 2(1− 2η(1 − tn)(1− un))sn,∞ + 1←→
Γ n−k (sn−k; tn−k, un−k, w˜n−k+1,n)
=
(
1+sn−k+
√
s2n−k−2(1−2w˜n−k+1,n(1−tn−k)(1−un−k))sn−k+1
2
)−(4(n−k)−1+Ω1)
√
s2n−k − 2(1− 2w˜n−k+1,n(1− tn−k)(1− un−k))sn−k + 1
and

A (s0,∞; η) =
(
1 + s0,∞ +
√
s20,∞ − 2(1− 2η)s0,∞ + 1
)γ−Ω1
(
1− s0,∞ +
√
s20,∞ − 2(1 − 2η)s0,∞ + 1
)γ−1√
s20,∞ − 2(1 − 2η)s0,∞ + 1
A (s0; w˜1,1) =
(
1 + s0 +
√
s20 − 2(1− 2w˜1,1)s0 + 1
)γ−Ω1
(
1− s0 +
√
s20 − 2(1− 2w˜1,1)s0 + 1
)γ−1√
s20 − 2(1 − 2w˜1,1)s0 + 1
A (s0; w˜1,n) =
(
1 + s0 +
√
s20 − 2(1− 2w˜1,n)s0 + 1
)γ−Ω1
(
1− s0 +
√
s20 − 2(1− 2w˜1,n)s0 + 1
)γ−1√
s20 − 2(1 − 2w˜1,n)s0 + 1
.1.7
(1− x)1−δ
(
1− x
a
)
−β+δ−1
Hl
(
1− a,−q + γ[(δ − 1)a+ β − δ + 1];−α+ γ + 1, β − δ + 1, γ, 2− δ; (1− a)x
x− a
)
Replacing coefficients a, q, α, β, δ and x by 1− a, −q + γ[(δ − 1)a+ β − δ + 1],
−α+ γ + 1, β − δ + 1, 2− δ and (1−a)xx−a into (3.2.22). Multiply (1− x)1−δ
(
1− xa
)−β+δ−1
136
and the new (3.2.22) together.
∞∑
q0=0
(γ)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
 (1− x)1−δ (1− xa)−β+δ−1
×Hl
(
1− a,−q + γ[(δ − 1)a + β − δ + 1];−α+ γ + 1, β − δ + 1, γ, 2 − δ; (1− a)x
x− a
)
=
2
ϕ
(2−a)
−1 (
1− xa
)−β+δ−1
(1− x)δ−1
{ ∞∏
l=1
1
(1− sl,∞) A (s0,∞; η)
+
{ ∞∏
l=2
1
(1− sl,∞)
∫ 1
0
dt1 t1
∫ 1
0
du1 u
γ
1
←→
Γ 1 (s1,∞; t1, u1, η)
×w˜α−γ−11,1
(
w˜1,1∂w˜1,1
)
w˜−α−β+γ+δ1,1
(
w˜1,1∂w˜1,1
)
w˜β−δ+11,1 A (s0; w˜1,1)
}
z
+
∞∑
n=2
{ ∞∏
l=n+1
1
(1− sl,∞)
∫ 1
0
dtn t
2n−1
n
∫ 1
0
dun u
2(n−1)+γ
n
←→
Γ n (sn,∞; tn, un, η)
×w˜−(2n−1−α+γ)n,n
(
w˜n,n∂w˜n,n
)
w˜−α−β+γ+δn,n
(
w˜n,n∂w˜n,n
)
w˜2n−1+β−δn,n
×
n−1∏
k=1
{∫ 1
0
dtn−k t
2(n−k)−1
n−k
∫ 1
0
dun−k u
2(n−k−1)+γ
n−k
←→
Γ n−k (sn−k; tn−k, un−k, w˜n−k+1,n)
×w˜−(2(n−k)−1−α+γ)n−k,n
(
w˜n−k,n∂w˜n−k,n
)
w˜−α−β+γ+δn−k,n
(
w˜n−k,n∂w˜n−k,n
)
w˜
2(n−k)−1+β−δ
n−k,n
}
× A (s0; w˜1,n)
}
zn
}
(.1.7)
where

ξ = (1−a)xx−a
z = − 11−aξ2
η = (2−a)1−a ξ
ϕ = −α+ β + γ + (1− a)(γ − δ + 1)
Ω1 =
ϕ
(2−a)
q = γ[(δ − 1)a+ β − δ + 1] + (qj + 2j){ϕ + (2− a)(qj + 2j)} as j, qj ∈ N0
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
←→
Γ 1 (s1,∞; t1, u1, η) =
(
1+s1,∞+
√
s21,∞−2(1−2η(1−t1)(1−u1))s1,∞+1
2
)−(3+Ω1)
√
s21,∞ − 2(1− 2η(1 − t1)(1− u1))s1,∞ + 1
←→
Γ n (sn,∞; tn, un, η) =
(
1+sn,∞+
√
s2n,∞−2(1−2η(1−tn)(1−un))sn,∞+1
2
)−(4n−1+Ω1)
√
s2n,∞ − 2(1− 2η(1 − tn)(1− un))sn,∞ + 1←→
Γ n−k (sn−k; tn−k, un−k, w˜n−k+1,n)
=
(
1+sn−k+
√
s2n−k−2(1−2w˜n−k+1,n(1−tn−k)(1−un−k))sn−k+1
2
)−(4(n−k)−1+Ω1)
√
s2n−k − 2(1− 2w˜n−k+1,n(1− tn−k)(1− un−k))sn−k + 1
and

A (s0,∞; η) =
(
1 + s0,∞ +
√
s20,∞ − 2(1− 2η)s0,∞ + 1
)γ−Ω1
(
1− s0,∞ +
√
s20,∞ − 2(1 − 2η)s0,∞ + 1
)γ−1√
s20,∞ − 2(1 − 2η)s0,∞ + 1
A (s0; w˜1,1) =
(
1 + s0 +
√
s20 − 2(1− 2w˜1,1)s0 + 1
)γ−Ω1
(
1− s0 +
√
s20 − 2(1− 2w˜1,1)s0 + 1
)γ−1√
s20 − 2(1 − 2w˜1,1)s0 + 1
A (s0; w˜1,n) =
(
1 + s0 +
√
s20 − 2(1− 2w˜1,n)s0 + 1
)γ−Ω1
(
1− s0 +
√
s20 − 2(1− 2w˜1,n)s0 + 1
)γ−1√
s20 − 2(1 − 2w˜1,n)s0 + 1
138
.1.8 x−αHl
(
a− 1
a
,
−q + α(δa+ β − δ)
a
;α, α− γ + 1, δ, α− β + 1; x− 1
x
)
Replacing coefficients a, q, β, γ, δ and x by a−1a ,
−q+α(δa+β−δ)
a , α− γ + 1, δ, α− β + 1
and x−1x into (3.2.22). Multiply x
−α and the new (3.2.22) together.
∞∑
q0=0
(γ)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
x−αHl(a− 1a , −q + α(δa + β − δ)a ;α,α − γ + 1, δ
, α− β + 1; x− 1
x
)
=
2
aϕ
(2a−1)
−1
xα
{ ∞∏
l=1
1
(1− sl,∞) A (s0,∞; η)
+
{ ∞∏
l=2
1
(1− sl,∞)
∫ 1
0
dt1 t1
∫ 1
0
du1 u
δ
1
←→
Γ 1 (s1,∞; t1, u1, η)
×w˜−α1,1
(
w˜1,1∂w˜1,1
)
w˜γ−11,1
(
w˜1,1∂w˜1,1
)
w˜α−γ+11,1 A (s0; w˜1,1)
}
z
+
∞∑
n=2
{ ∞∏
l=n+1
1
(1− sl,∞)
∫ 1
0
dtn t
2n−1
n
∫ 1
0
dun u
2(n−1)+δ
n
←→
Γ n (sn,∞; tn, un, η)
×w˜−(2(n−1)+α)n,n
(
w˜n,n∂w˜n,n
)
w˜γ−1n,n
(
w˜n,n∂w˜n,n
)
w˜2n−1+α−γn,n
×
n−1∏
k=1
{∫ 1
0
dtn−k t
2(n−k)−1
n−k
∫ 1
0
dun−k u
2(n−k−1)+δ
n−k
←→
Γ n−k (sn−k; tn−k, un−k, w˜n−k+1,n)
×w˜−(2(n−k−1)+α)n−k,n
(
w˜n−k,n∂w˜n−k,n
)
w˜γ−1n−k,n
(
w˜n−k,n∂w˜n−k,n
)
w˜
2(n−k)−1+α−γ
n−k,n
}
× A (s0; w˜1,n)
}
zn
}
(.1.8)
where 
ξ = x−1x
z = −aa−1ξ
2
η = 2a−1a−1 ξ
ϕ = α+ β − γ + a−1a (α− β + δ)
Ω1 =
aϕ
(2a−1)
q = α(δa + β − δ) + (qj + 2j){aϕ + (2a− 1)(qj + 2j)} as j, qj ∈ N0
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
←→
Γ 1 (s1,∞; t1, u1, η) =
(
1+s1,∞+
√
s21,∞−2(1−2η(1−t1)(1−u1))s1,∞+1
2
)−(3+Ω1)
√
s21,∞ − 2(1− 2η(1 − t1)(1− u1))s1,∞ + 1
←→
Γ n (sn,∞; tn, un, η) =
(
1+sn,∞+
√
s2n,∞−2(1−2η(1−tn)(1−un))sn,∞+1
2
)−(4n−1+Ω1)
√
s2n,∞ − 2(1− 2η(1 − tn)(1− un))sn,∞ + 1←→
Γ n−k (sn−k; tn−k, un−k, w˜n−k+1,n)
=
(
1+sn−k+
√
s2n−k−2(1−2w˜n−k+1,n(1−tn−k)(1−un−k))sn−k+1
2
)−(4(n−k)−1+Ω1)
√
s2n−k − 2(1− 2w˜n−k+1,n(1− tn−k)(1− un−k))sn−k + 1
and

A (s0,∞; η) =
(
1 + s0,∞ +
√
s20,∞ − 2(1− 2η)s0,∞ + 1
)δ−Ω1
(
1− s0,∞ +
√
s20,∞ − 2(1 − 2η)s0,∞ + 1
)δ−1√
s20,∞ − 2(1− 2η)s0,∞ + 1
A (s0; w˜1,1) =
(
1 + s0 +
√
s20 − 2(1− 2w˜1,1)s0 + 1
)δ−Ω1
(
1− s0 +
√
s20 − 2(1− 2w˜1,1)s0 + 1
)δ−1√
s20 − 2(1− 2w˜1,1)s0 + 1
A (s0; w˜1,n) =
(
1 + s0 +
√
s20 − 2(1− 2w˜1,n)s0 + 1
)δ−Ω1
(
1− s0 +
√
s20 − 2(1− 2w˜1,n)s0 + 1
)δ−1√
s20 − 2(1− 2w˜1,n)s0 + 1
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(
x− a
1− a
)−α
Hl
(
a, q − (β − δ)α;α,−β + γ + δ, δ, γ; a(x− 1)
x− a
)
Replacing coefficients q, β, γ, δ and x by q − (β − δ)α, −β + γ + δ, δ, γ and a(x−1)x−a into
(3.2.22). Multiply
(
x−a
1−a
)−α
and the new (3.2.22) together.
∞∑
q0=0
(γ)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn

(
x− a
1− a
)−α
Hl
(
a, q − (β − δ)α;α,−β + γ + δ, δ, γ; a(x− 1)
x− a
)
=
2
ϕ
(1+a)
−1(
x−a
1−a
)α
{ ∞∏
l=1
1
(1− sl,∞) A (s0,∞; η)
+
{ ∞∏
l=2
1
(1− sl,∞)
∫ 1
0
dt1 t1
∫ 1
0
du1 u
δ
1
←→
Γ 1 (s1,∞; t1, u1, η)
×w˜−α1,1
(
w˜1,1∂w˜1,1
)
w˜α+β−γ−δ1,1
(
w˜1,1∂w˜1,1
)
w˜−β+γ+δ1,1 A (s0; w˜1,1)
}
z
+
∞∑
n=2
{ ∞∏
l=n+1
1
(1− sl,∞)
∫ 1
0
dtn t
2n−1
n
∫ 1
0
dun u
2(n−1)+δ
n
←→
Γ n (sn,∞; tn, un, η)
×w˜−(2(n−1)+α)n,n
(
w˜n,n∂w˜n,n
)
w˜α+β−γ−δn,n
(
w˜n,n∂w˜n,n
)
w˜2(n−1)−β+γ+δn,n
×
n−1∏
k=1
{∫ 1
0
dtn−k t
2(n−k)−1
n−k
∫ 1
0
dun−k u
2(n−k−1)+δ
n−k
←→
Γ n−k (sn−k; tn−k, un−k, w˜n−k+1,n)
×w˜−(2(n−k−1)+α)n−k,n
(
w˜n−k,n∂w˜n−k,n
)
w˜α+β−γ−δn−k,n
(
w˜n−k,n∂w˜n−k,n
)
w˜
2(n−k−1)−β+γ+δ
n−k,n
}
× A (s0; w˜1,n)
}
zn
}
(.1.9)
where 
ξ = a(x−1)x−a
z = − 1aξ2
η = (1+a)a ξ
ϕ = α− β + δ + a(γ + δ − 1)
Ω1 =
ϕ
(1+a)
q = (β − δ)α − (qj + 2j){ϕ + (1 + a)(qj + 2j)} as j, qj ∈ N0
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
←→
Γ 1 (s1,∞; t1, u1, η) =
(
1+s1,∞+
√
s21,∞−2(1−2η(1−t1)(1−u1))s1,∞+1
2
)−(3+Ω1)
√
s21,∞ − 2(1− 2η(1 − t1)(1− u1))s1,∞ + 1
←→
Γ n (sn,∞; tn, un, η) =
(
1+sn,∞+
√
s2n,∞−2(1−2η(1−tn)(1−un))sn,∞+1
2
)−(4n−1+Ω1)
√
s2n,∞ − 2(1− 2η(1 − tn)(1− un))sn,∞ + 1←→
Γ n−k (sn−k; tn−k, un−k, w˜n−k+1,n)
=
(
1+sn−k+
√
s2n−k−2(1−2w˜n−k+1,n(1−tn−k)(1−un−k))sn−k+1
2
)−(4(n−k)−1+Ω1)
√
s2n−k − 2(1− 2w˜n−k+1,n(1− tn−k)(1− un−k))sn−k + 1
and
A (s0,∞; η) =
(
1 + s0,∞ +
√
s20,∞ − 2(1− 2η)s0,∞ + 1
)δ−Ω1
(
1− s0,∞ +
√
s20,∞ − 2(1 − 2η)s0,∞ + 1
)δ−1√
s20,∞ − 2(1− 2η)s0,∞ + 1
A (s0; w˜1,1) =
(
1 + s0 +
√
s20 − 2(1− 2w˜1,1)s0 + 1
)δ−Ω1
(
1− s0 +
√
s20 − 2(1− 2w˜1,1)s0 + 1
)δ−1√
s20 − 2(1− 2w˜1,1)s0 + 1
A (s0; w˜1,n) =
(
1 + s0 +
√
s20 − 2(1− 2w˜1,n)s0 + 1
)δ−Ω1
(
1− s0 +
√
s20 − 2(1− 2w˜1,n)s0 + 1
)δ−1√
s20 − 2(1− 2w˜1,n)s0 + 1
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Chapter 4
Confluent Heun function using
three-term recurrence formula
The Confluent Heun equation (CHE) is one of 4 confluent forms of Heun’s differential
equation. The Confluent Heun function (CHF) is applicable to areas such as general
relativity, theory of rotating/non-rotating black hole, the gauge theories on thick brane
words, hydrogen molecule ion in Stark effect and etc.
In this chapter I will apply three term recurrence formula (3TRF) [1] to the power series
expansion in closed forms and its integral forms of the CHE for infinite series and
polynomial which makes Bn term terminated including all higher terms of An’s.
1 Indeed,
I construct the generating function for Confluent Heun polynomial (CHP) which makes
Bn term terminated.
4.1 Introduction
4.1.1 Non-symmetrical canonical form of Confluent Heun Equation
In Ref.[1, 2], Heun’s equation is a second-order linear ordinary differential equation of the
form
d2y
dx2
+
(
γ
x
+
δ
x− 1 +
ǫ
x− a
)
dy
dx
+
αβx− q
x(x− 1)(x− a)y = 0 (4.1.1)
1“ higher terms of An’s” means at least two terms of An’s.
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With the condition ǫ = α+ β − γ − δ + 1. The parameters play different roles: a 6= 0 is
the singularity parameter, α, β, γ, δ, ǫ are exponent parameters, q is the accessory
parameter. Also, α and β are identical to each other. The total number of free
parameters is six. It has four regular singular points which are 0, 1, a and ∞ with
exponents {0, 1 − γ}, {0, 1 − δ}, {0, 1 − ǫ} and {α, β}.
Heun equation has the four kinds of confluent forms: (1) Confluent Heun (two regular
and one irregular singularities), (2) Doubly Confluent Heun (two irregular singularities),
(3) Biconfluent Heun (one regular and one irregular singularities)2, (4) Triconfluent Heun
equations (one irregular singularity). We can derive these four confluent forms from Heun
equation by combining two or more regular singularities to take form an irregular
singularity. Its process, converting Heun equation to other confluent forms, is similar to
deriving of confluent hypergeometric equation from the hypergeometric equation. For the
CHE, divide (4.1.1) by a to get
x(x−1)
(x
a
− 1
) d2y
dx2
+
(
γ(x− 1)
(x
a
− 1
)
+ δx
(x
a
− 1
)
+
ǫ
a
x(x− 1)
) dy
dx
+
(
α
β
a
x− q
a
)
y = 0
Let a, β, ǫ, q →∞ in such a way that
β
a
→ β
a
→ −β, q
a
→ −q
the new β and q being constants, we find the non-symmetrical canonical form of the
Confluent Heun Equation (CHE).[2, 21, 8]
d2y
dx2
+
(
β +
γ
x
+
δ
x− 1
)
dy
dx
+
αβx− q
x(x− 1)y = 0 (4.1.2)
(4.1.2) has three singular points: two regular singular points which are 0 and 1 with
exponents {0, 1 − γ} and {0, 1 − δ}, and one irregular singular point which is ∞ with an
exponent α. Its solution is denoted as Hc(α, β, γ, δ, q;x).
3
4.1.2 Generalized spheroidal equation (GSE)
The Boˆcher symmetrical form of the CHE in applications of mathematical physics is
written as [9, 10]
d
dz
(z2 − 1) d
dz
y(z) +
(
−p2(z2 − 1) + 2pβz − λ− m
2 + s2 + 2msz
(z2 − 1)
)
y(z) = 0 (4.1.3)
2Biconfluent Heun equation is derived from the grand confluent hypergeometric equation by changing
all coefficients µ = 1 and εω = −q.[36, 37]
3Several authors denote as coefficients 4p and σ instead of β and q. And they define the solution of the
CHE as H
(a)
c (p, α, γ, δ, σ;x).
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It is called the generalized spheroidal equation (GSE). The GSE has three singular
points: two regular singular points which are ±1 and one irregular singular point which is
∞. Putting y(z) = (1− z2)− 12 v(z) in (4.1.2), we obtain the normal symmetrical form of
the CHE:
(z2 − 1)d
2v
dz2
+
(
−p2(z2 − 1) + 2pβz − λ− m
2 + s2 − 1 + 2msz
(z2 − 1)
)
v(z) = 0 (4.1.4)
It is called a normal form of the GSE. By putting
y(z) = (z − 1)± 12 (m+s)(z + 1)± 12 (m−s)e±pzw(z) into (4.1.3), The solution of the GSE can
be described in the form of non-symmetrical canonical form of the CHE. The 16 possible
solutions are as follows.
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1. y(z) = (z − 1) 12 (m+s)(z + 1) 12 (m−s)epzHc
(
β +m+ 1, 4p,m − s+ 1,m+ s+ 1
, 2p(β + 1)−m(m+ 1)− λ; 1+z2
)
2. y(z) = (z − 1) 12 (m+s)(z + 1) 12 (m−s)e−pzHc
(− β +m+ 1,−4p,m− s+ 1,m+ s+ 1
, 2p(β − 1)−m(m+ 1)− λ; 1+z2
)
3. y(z) = (z − 1) 12 (m+s)(z + 1) 12 (m−s)epzHc
(
β +m+ 1,−4p,m+ s+ 1,m− s+ 1
,−2p(β + 2m+ 1)−m(m+ 1)− λ; 1−z2
)
4. y(z) = (z − 1) 12 (m+s)(z + 1) 12 (m−s)e−pzHc
(− β +m+ 1, 4p,m + s+ 1,m− s+ 1
,−2p(β − 2m− 1)−m(m+ 1)− λ; 1−z2
)
5. y(z) = (z − 1)− 12 (m+s)(z + 1)− 12 (m−s)epzHc
(
β −m+ 1, 4p,−m + s+ 1,−m− s+ 1
, 2p(β + 1) +m(−m+ 1)− λ; 1+z2
)
6. y(z) = (z − 1)− 12 (m+s)(z + 1)− 12 (m−s)e−pzHc
(− β −m+ 1,−4p,−m+ s+ 1,−m− s+ 1
, 2p(β − 1) +m(−m+ 1)− λ; 1+z2
)
7. y(z) = (z − 1)− 12 (m+s)(z + 1)− 12 (m−s)epzHc
(
β −m+ 1,−4p,−m− s+ 1,−m+ s+ 1
,−2p(β − 2m+ 1) +m(−m+ 1)− λ; 1−z2
)
8. y(z) = (z − 1)− 12 (m+s)(z + 1)− 12 (m−s)e−pzHc
(− β −m+ 1, 4p,−m − s+ 1,−m+ s+ 1
,−2p(β − 2m− 1) +m(−m+ 1)− λ; 1−z2
)
9. y(z) = (z − 1) 12 (m+s)(z + 1)− 12 (m−s)epzHc
(
β + s+ 1, 4p,−m+ s+ 1,m+ s+ 1
, 2p(β + 1)− s(s+ 1)− λ; 1+z2
)
10. y(z) = (z − 1) 12 (m+s)(z + 1)− 12 (m−s)e−pzHc
(− β + s+ 1,−4p,−m+ s+ 1,m+ s+ 1
, 2p(β − 1)− s(s+ 1)− λ; 1+z2
)
11. y(z) = (z − 1) 12 (m+s)(z + 1)− 12 (m−s)epzHc
(
β + s+ 1,−4p,m + s+ 1,−m+ s+ 1
,−2p(β + 2s+ 1)− s(s+ 1)− λ; 1−z2
)
12. y(z) = (z − 1) 12 (m+s)(z + 1)− 12 (m−s)e−pzHc
(− β + s+ 1, 4p,m+ s+ 1,−m+ s+ 1
,−2p(β − 2s− 1)− s(s+ 1)− λ; 1−z2
)
13. y(z) = (z − 1)− 12 (m+s)(z + 1) 12 (m−s)epzHc
(
β − s+ 1, 4p,m− s+ 1,−m− s+ 1
, 2p(β + 1) + s(−s+ 1)− λ; 1+z2
)
14. y(z) = (z − 1)− 12 (m+s)(z + 1) 12 (m−s)e−pzHc
(− β − s+ 1,−4p,m − s+ 1,−m− s+ 1
, 2p(β − 1) + s(−s+ 1)− λ; 1+z2
)
15. y(z) = (z − 1)− 12 (m+s)(z + 1) 12 (m−s)epzHc
(
β − s+ 1,−4p,−m− s+ 1,m− s+ 1
,−2p(β − 2s+ 1) + s(−s+ 1)− λ; 1−z2
)
16. y(z) = (z − 1)− 12 (m+s)(z + 1) 12 (m−s)e−pzHc
(− β − s+ 1, 4p,−m− s+ 1,m− s+ 1
,−2p(β + 2s+ 1) + s(−s+ 1)− λ; 1−z2
)
Table 4.1: The 16 possible solutions of the GSE using non-symmetrical canonical form of
the CHE
4.2. CHF WITH A REGULAR SINGULAR POINT AT ZERO 149
4.1.3 Generalized spheroidal equation in the Leaver version
The generalized spheroidal wave equation (GSWE), one of standard forms of the CHE, in
the Leaver version reads [6]
z(z−z0)d
2U
dz2
+(B1+B2z)
dU
dz
+
(
B3 − 2ηω(z − z0) + ω2z(z − z0)
)
U(z) = 0 where ω 6= 0
(4.1.5)
where B1, B2, B3, η and ω are constant. (4.1.5) has three singular points: two regular
singular points which are 0 and z0 with exponents
{
0, 1 + B1z0
}
and
{
0, 1 −B2 − B1z0
}
,
and one irregular singular point which is ∞. To permit the non-symmetrical canonical
form of the CHE limit, the first step is given by the substitutions
z = z0(1− x), U(z) = exp (iwz0(1− x)) y(x)
which convert (4.1.5) into
d2y
dx2
+
(
−2iωz0 +
B2 +
B1
z0
x
+
−B1
z0
x− 1
)
dy
dx
+
−2iωz0
(
iη + B22
)
x−
(
−B2 − iωz0
(
B2 +
B1
z0
))
x(x− 1) y(x) = 0
(4.1.6)
As we compare all coefficients in (4.1.6) with (4.1.2), we find that
α→ iη + B22
β → −2iωz0
γ → B2 + B1z0
δ → −B1z0
q → −B2 − iz0
(
B2 +
B1
2
)
Then the solution U(z) for the GSWE in the Leaver version is described by the
non-symmetrical canonical form of the CHE.
U(B1, B2, B3; z0, ω, η; z) (4.1.7)
= exp (iwz0(1− x))Hc
(
iη +
B2
2
,−2iωz0, B2 + B1
z0
,−B1
z0
,−B2 − iz0
(
B2 +
B1
2
)
; z0(1− x)
)
4.2 Confluent Heun function with a regular singular point
at zero
In this chapter, by applying 3TRF [1], I’ll construct the power series expansion in closed
forms, the integral form and the generating function for non-symmetrical canonical form
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of the CHE for infinite series and polynomial which makes Bn term terminated including
all higher terms of An’s: I prefer (4.1.2) as an analytic solution of the CHE rather than
the GSE and its Leaver version because of more convenient mathematical calculations.
Assume that its solution is
y(x) =
∞∑
n=0
cnx
n+λ where λ = indicial root (4.2.1)
Plug (4.2.1) into (4.1.2). Then we get a three-term recurrence relation for the coefficients
cn:
cn+1 = An cn +Bn cn−1 ;n ≥ 1 (4.2.2)
where,
An =
(n+ λ)(n + λ− β + γ + δ − 1)− q
(n+ λ+ 1)(n + λ+ γ)
(4.2.3a)
Bn =
β(n+ λ+ α− 1)
(n+ λ+ 1)(n + λ+ γ)
(4.2.3b)
c1 = A0 c0 (4.2.3c)
We have two indicial roots which are λ1 = 0 and λ2 = 1− γ.
Now let’s test for convergence of infinite series of the analytic function y(x). As n≫ 1
(for sufficiently large), (4.2.3a) and (4.2.3b) are
lim
n≫1
An = 1 (4.2.4a)
lim
n≫1
Bn =
β
n
(4.2.4b)
(4.2.4b) is negligible because of n≫ 1. Substitute (4.2.4a) into (4.2.2) with Bn = 0. For
n = 0, 1, 2, · · · , it give
c0
c1 = c0
c2 = c0
c3 = c0
...
...
(4.2.5)
When a function y(x), analytic at x = 0, is expanded in a power series putting c0 = 1 by
using (4.2.5), we write
lim
n≫1
y(x) =
1
1− x where |x| < 1 (4.2.6)
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For polynomial which makes An terminated, (4.2.4b) is only available for the asymptotic
behavior of the minimum y(x).4 Substitute (4.2.4b) into (4.2.2) with An = 0. For
n = 0, 1, 2, · · · , it gives
c0 c1
c2 =
Γ( 12)
Γ( 32)
β
2 c0 c3 =
1
1!
β
2 c1
c4 =
Γ( 12)
Γ( 52)
(
β
2
)2
c0 c5 =
1
2!
(
β
2
)2
c1
c6 =
Γ( 12)
Γ( 72)
(
β
2
)3
c0 c7 =
1
3!
(
β
2
)3
c1
...
...
(4.2.7)
Put (4.2.7) into (4.2.1) taking c0 = 1 and λ = 0 for simplicity by letting c1 = A0c0 = 0.
min
(
lim
n≫1
y(z)
)
= 1 + eη
√
πη Erf (
√
η) where η =
1
2
βx2 (4.2.8)
On the above Erf(y) is an error function which is
Erf(y) =
2√
π
∫ y
0
dt e−t
2
4.2.1 Power series
Polynomial of type 1
As I mentioned in chapter 2, there are three types of polynomials in three term
recurrence relation of a linear ordinary differential equation: (1) type 1 is the polynomial
which makes Bn term terminated: An term is not terminated, (2) type 2 is the
polynomial which makes An term terminated: Bn term is not terminated, (3) type 3 is
the polynomial which makes An and Bn terms terminated at the same time.
5 In general
the CHP is defined as type 3 polynomial where An and Bn terms terminated. The CHP
comes from the CHE that has a fixed integer value of α, just as it has a fixed value of q.
In three term recurrence relation, polynomial of type 3 I categorize as complete
polynomial. In future papers I will derive type 3 CHP. In this chapter I construct the
4(4.2.4a) is negligible for the minimum y(x) because An term will be terminated at the specific eigen-
values.
5If An and Bn terms are not terminated, it turns to be infinite series.
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power series expansion, its integral forms and the generating function for the CHP of
type 1: I treat β, γ, δ and q as free variables and α as a fixed value.
In Ref.[1], the general expression of power series of y(x) for polynomial of type 1 is given
by
y(x) =
∞∑
n=0
yn(x) = y0(x) + y1(x) + y2(x) + y3(x) + · · ·
= c0
{
β0∑
i0=0
(
i0−1∏
i1=0
B2i1+1
)
x2i0+λ +
β0∑
i0=0
{
A2i0
i0−1∏
i1=0
B2i1+1
β1∑
i2=i0
(
i2−1∏
i3=i0
B2i3+2
)}
x2i2+1+λ
+
∞∑
N=2
{
β0∑
i0=0
{
A2i0
i0−1∏
i1=0
B2i1+1
N−1∏
k=1
(
βk∑
i2k=i2(k−1)
A2i2k+k
i2k−1∏
i2k+1=i2(k−1)
B2i2k+1+(k+1)
)
×
βN∑
i2N=i2(N−1)
(
i2N−1∏
i2N+1=i2(N−1)
B2i2N+1+(N+1)
)}}
x2i2N+N+λ
}
(4.2.9)
In the above, βi ≤ βj only if i ≤ j where i, j, βi, βj ∈ N0.
For a polynomial, we need a condition, which is:
B2βi+(i+1) = 0 where i = 0, 1, 2, · · · , βi = 0, 1, 2, · · · (4.2.10)
In the above, βi is an eigenvalue that makes Bn term terminated at certain value of index
n. (4.2.10) makes each yi(x) where i = 0, 1, 2, · · · as the polynomial in (4.2.9). Replace βi
by αi and put n = 2αi + (i+ 1) in (4.2.3b) with the condition B2αi+(i+1) = 0. Then, we
obtain eigenvalues α = −2αj − j − λ.
In (4.2.3b) replace α by −2αi − i− λ. In (4.2.9) replace index βi by αi. Take (4.2.3a) and
the new (4.2.3b) in new (4.2.9). After the replacement process, the general expression of
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power series of the CHE for polynomial of type 1 is given by
y(x) =
∞∑
n=0
yn(x) = y0(x) + y1(x) + y2(x) + y3(x) + · · ·
= c0x
λ
{
α0∑
i0=0
(−α0)i0
(1 + λ2 )i0(
1
2 +
γ
2 +
λ
2 )i0
ηi0
+
{
α0∑
i0=0
(i0 +
λ
2 )
(
i0 +
1
2(−β + γ + δ − 1 + λ)
)− q4
(i0 +
1
2 +
λ
2 )(i0 +
γ
2 +
λ
2 )
× (−α0)i0
(1 + λ2 )i0(
1
2 +
γ
2 +
λ
2 )i0
α1∑
i1=i0
(−α1)i1(32 + λ2 )i0(1 + γ2 + λ2 )i0
(−α1)i0(32 + λ2 )i1(1 + γ2 + λ2 )i1
ηi1
}
x
+
∞∑
n=2
{
α0∑
i0=0
(i0 +
λ
2 )
(
i0 +
1
2 (−β + γ + δ − 1 + λ)
)− q4
(i0 +
1
2 +
λ
2 )(i0 +
γ
2 +
λ
2 )
(−α0)i0
(1 + λ2 )i0(
1
2 +
γ
2 +
λ
2 )i0
×
n−1∏
k=1
{
αk∑
ik=ik−1
(ik +
k
2 +
λ
2 )
(
ik +
1
2(−β + γ + δ + λ+ k − 1)
) − q4
(ik +
k
2 +
1
2 +
λ
2 )(ik +
k
2 +
γ
2 +
λ
2 )
×(−αk)ik(1 +
k
2 +
λ
2 )ik−1(
1
2 +
k
2 +
γ
2 +
λ
2 )ik−1
(−αk)ik−1(1 + k2 + λ2 )ik(12 + k2 + γ2 + λ2 )ik
}
×
αn∑
in=in−1
(−αn)in(1 + n2 + λ2 )in−1(12 + n2 + γ2 + λ2 )in−1
(−αn)in−1(1 + n2 + λ2 )in(12 + n2 + γ2 + λ2 )in
ηin
}
xn
 (4.2.11)
where

η = 12βx
2
α = −2αj − j − λ
αi ≤ αj only if i ≤ j where i, j, αi, αj ∈ N0
Put c0= 1 as λ = 0 for the first kind of independent solutions of the CHE and λ = 1− γ
for the second one in (4.2.11).
Remark 4.2.1 The power series expansion of the CHE of the first kind for polynomial of
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type 1 about x = 0 as α = −(2αj + j) where j, αj ∈ N0 is
y(x) = H(a)c Fαj
(
α = −(2αj + j), β, γ, δ, q; η = 1
2
βx2
)
=
α0∑
i0=0
(−α0)i0
(1)i0(
1
2 +
γ
2 )i0
ηi0
+
{
α0∑
i0=0
i0
(
i0 +
1
2(−β + γ + δ − 1)
)− q4
(i0 +
1
2)(i0 +
γ
2 )
(−α0)i0
(1)i0(
1
2 +
γ
2 )i0
α1∑
i1=i0
(−α1)i1(32)i0(1 + γ2 )i0
(−α1)i0(32)i1(1 + γ2 )i1
ηi1
}
x
+
∞∑
n=2
{
α0∑
i0=0
i0
(
i0 +
1
2(−β + γ + δ − 1)
) − q4
(i0 +
1
2)(i0 +
γ
2 )
(−α0)i0
(1)i0(
1
2 +
γ
2 )i0
×
n−1∏
k=1
{
αk∑
ik=ik−1
(ik +
k
2 )
(
ik +
1
2(−β + γ + δ + k − 1)
)− q4
(ik +
k
2 +
1
2)(ik +
k
2 +
γ
2 )
(−αk)ik(k2 + 1)ik−1(k2 + 12 + γ2 )ik−1
(−αk)ik−1(k2 + 1)ik (k2 + 12 + γ2 )ik
}
×
αn∑
in=in−1
(−αn)in(n2 + 1)in−1(n2 + 12 + γ2 )in−1
(−αn)in−1(n2 + 1)in(n2 + 12 + γ2 )in
ηin
}
xn (4.2.12)
For the minimum value of the CHE of the first kind for a polynomial of type 1 about
x = 0, put α0 = α1 = α2 = · · · = 0 in (4.2.12).
y(x) = H(a)c F0
(
α = −j, β, γ, δ, q; η = 1
2
βx2
)
= 2F1
(
1
2
(
ϕ+
√
ϕ2 + 4q
)
,
1
2
(
ϕ−
√
ϕ2 + 4q
)
, γ, x
)
(4.2.13)
where ϕ = −β + γ + δ − 1 and |x| < 1.
Remark 4.2.2 The power series expansion of the CHE of the second kind for polynomial
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of type 1 about x = 0 as α = −(2αj + j + 1− γ) where j, αj ∈ N0 is
y(x) = H(a)c Sαj
(
α = −(2αj + j + 1− γ), β, γ, δ, q; η = 1
2
βx2
)
= x1−γ
{
α0∑
i0=0
(−α0)i0
(32 − γ2 )i0(1)i0
ηi0
+
{
α0∑
i0=0
(
i0 +
1
2 − γ2
) (
i0 +
1
2(−β + δ)
) − q4
(i0 + 1− γ2 )(i0 + 12)
(−α0)i0
(32 − γ2 )i0(1)i0
α1∑
i1=i0
(−α1)i1(2− γ2 )i0(32)i0
(−α1)i0(2− γ2 )i1(32)i1
ηi1
}
x
+
∞∑
n=2
{
α0∑
i0=0
(i0 +
1
2 − γ2 )
(
i0 +
1
2 (−β + δ)
) − q4
(i0 + 1− γ2 )(i0 + 12 )
(−α0)i0
(32 − γ2 )i0(1)i0
×
n−1∏
k=1
{
αk∑
ik=ik−1
(ik +
k
2 +
1
2 − γ2 )
(
ik +
1
2(−β + δ + k)
)− q4
(ik +
k
2 + 1− γ2 )(ik + k2 + 12)
(−αk)ik(k2 + 32 − γ2 )ik−1(k2 + 1)ik−1
(−αk)ik−1(k2 + 32 − γ2 )ik(k2 + 1)ik
}
×
αn∑
in=in−1
(−αn)in(n2 + 32 − γ2 )in−1(n2 + 1)in−1
(−αn)in−1(n2 + 32 − γ2 )in(n2 + 1)in
ηin
}
xn
 (4.2.14)
For the minimum value of the CHE of the second kind for a polynomial of type 1 about
x = 0, put α0 = α1 = α2 = · · · = 0 in (4.2.14).
y(x) = H(a)c S0
(
α = −(j + 1− γ), β, γ, δ, q; η = 1
2
βx2
)
= x1−γ 2F1
(
1
2
(
ϕ+ 2(1− γ) +
√
ϕ2 + 4q
)
,
1
2
(
ϕ+ 2(1 − γ)−
√
ϕ2 + 4q
)
, 2− γ, x
)
(4.2.15)
where ϕ = −β + γ + δ − 1 and |x| < 1. In (4.2.13) and (4.2.15), a polynomial of type 1
requires |x| < 1 for the convergence of the radius.
156 CHAPTER 4. CONFLUENT HEUN FUNCTION USING 3TRF
Infinite series
In Ref.[1], the general expression of power series of y(x) for infinite series is defined by
y(x) =
∞∑
n=0
yn(x) = y0(x) + y1(x) + y2(x) + y3(x) + · · ·
= c0
{ ∞∑
i0=0
(
i0−1∏
i1=0
B2i1+1
)
x2i0+λ +
∞∑
i0=0
{
A2i0
i0−1∏
i1=0
B2i1+1
∞∑
i2=i0
(
i2−1∏
i3=i0
B2i3+2
)}
x2i2+1+λ
+
∞∑
N=2
{ ∞∑
i0=0
{
A2i0
i0−1∏
i1=0
B2i1+1
N−1∏
k=1
( ∞∑
i2k=i2(k−1)
A2i2k+k
i2k−1∏
i2k+1=i2(k−1)
B2i2k+1+(k+1)
)
×
∞∑
i2N=i2(N−1)
(
i2N−1∏
i2N+1=i2(N−1)
B2i2N+1+(N+1)
)}}
x2i2N+N+λ
}
(4.2.16)
Substitute (4.2.3a)–(4.2.3c) into (4.2.16). The general expression of power series of the
CHE for infinite series about x = 0 is
y(x) =
∞∑
n=0
yn(x) = y0(x) + y1(x) + y2(x) + y3(x) + · · ·
= c0x
λ
{ ∞∑
i0=0
(α2 +
λ
2 )i0
(1 + λ2 )i0(
1
2 +
γ
2 +
λ
2 )i0
ηi0
+
{ ∞∑
i0=0
(i0 +
λ
2 )
(
i0 +
1
2(−β + γ + δ − 1 + λ)
)− q4
(i0 +
1
2 +
λ
2 )(i0 +
γ
2 +
λ
2 )
(α2 +
λ
2 )i0
(1 + λ2 )i0(
1
2 +
γ
2 +
λ
2 )i0
×
∞∑
i1=i0
(12 +
α
2 +
λ
2 )i1(
3
2 +
λ
2 )i0(1 +
γ
2 +
λ
2 )i0
(12 +
α
2 +
λ
2 )i0(
3
2 +
λ
2 )i1(1 +
γ
2 +
λ
2 )i1
ηi1
}
x
+
∞∑
n=2
{ ∞∑
i0=0
(i0 +
λ
2 )
(
i0 +
1
2 (−β + γ + δ − 1 + λ)
)− q4
(i0 +
1
2 +
λ
2 )(i0 +
γ
2 +
λ
2 )
(α2 +
λ
2 )i0
(1 + λ2 )i0(
1
2 +
γ
2 +
λ
2 )i0
×
n−1∏
k=1

∞∑
ik=ik−1
(ik +
k
2 +
λ
2 )
(
ik +
1
2(−β + γ + δ − 1 + k + λ)
) − q4
(ik +
k
2 +
1
2 +
λ
2 )(ik +
k
2 +
γ
2 +
λ
2 )
× (
k
2 +
α
2 +
λ
2 )ik(
k
2 + 1 +
λ
2 )ik−1(
k
2 +
1
2 +
γ
2 +
λ
2 )ik−1
(k2 +
α
2 +
λ
2 )ik−1(
k
2 + 1 +
λ
2 )ik(
k
2 +
1
2 +
γ
2 +
λ
2 )ik
}
×
∞∑
in=in−1
(n2 +
α
2 +
λ
2 )in(
n
2 + 1 +
λ
2 )in−1(
n
2 +
1
2 +
γ
2 +
λ
2 )in−1
(n2 +
α
2 +
λ
2 )in−1(
n
2 + 1 +
λ
2 )in(
n
2 +
1
2 +
γ
2 +
λ
2 )in
ηin
}
xn
 (4.2.17)
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Put c0= 1 as λ = 0 for the first kind of independent solutions of the CHE and λ = 1− γ
in (4.2.17).
Remark 4.2.3 The power series expansion of the CHE of the first kind for infinite
series about x = 0 using 3TRF is
y(x) = H(a)c F
(
α, β, γ, δ, q; η =
1
2
βx2
)
=
∞∑
i0=0
(α2 )i0
(1)i0(
1
2 +
γ
2 )i0
ηi0
+
{ ∞∑
i0=0
i0
(
i0 +
1
2(−β + γ + δ − 1)
) − q4
(i0 +
1
2)(i0 +
γ
2 )
(α2 )i0
(1)i0(
1
2 +
γ
2 )i0
∞∑
i1=i0
(12 +
α
2 )i1(
3
2)i0(1 +
γ
2 )i0
(12 +
α
2 )i0(
3
2)i1(1 +
γ
2 )i1
ηi1
}
x
+
∞∑
n=2
{ ∞∑
i0=0
i0
(
i0 +
1
2(−β + γ + δ − 1)
)− q4
(i0 +
1
2)(i0 +
γ
2 )
(α2 )i0
(1)i0(
1
2 +
γ
2 )i0
×
n−1∏
k=1

∞∑
ik=ik−1
(ik +
k
2 )
(
ik +
1
2(−β + γ + δ − 1 + k)
) − q4
(ik +
k
2 +
1
2)(ik +
k
2 +
γ
2 )
× (
k
2 +
α
2 )ik(
k
2 + 1)ik−1(
k
2 +
1
2 +
γ
2 )ik−1
(k2 +
α
2 )ik−1(
k
2 + 1)ik(
k
2 +
1
2 +
γ
2 )ik
}
×
∞∑
in=in−1
(n2 +
α
2 )in(
n
2 + 1)in−1(
n
2 +
1
2 +
γ
2 )in−1
(n2 +
α
2 )in−1(
n
2 + 1)in(
n
2 +
1
2 +
γ
2 )in
ηin
}
xn (4.2.18)
Remark 4.2.4 The power series expansion of the CHE of the second kind for infinite
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series for infinite series about x = 0 using 3TRF is
y(x) = H(a)c S
(
α, β, γ, δ, q; η =
1
2
βx2
)
= x1−γ
{ ∞∑
i0=0
(α2 +
1
2 − γ2 )i0
(32 − γ2 )i0(1)i0
ηi0
+
{ ∞∑
i0=0
(i0 +
1
2 − γ2 )
(
i0 +
1
2(−β + δ)
) − q4
(i0 + 1− γ2 )(i0 + 12)
(α2 +
1
2 − γ2 )i0
(32 − γ2 )i0(1)i0
×
∞∑
i1=i0
(1 + α2 − γ2 )i1(2− γ2 )i0(32 )i0
(1 + α2 − γ2 )i0(2− γ2 )i1(32 )i1
ηi1
}
x
+
∞∑
n=2
{ ∞∑
i0=0
(i0 +
1
2 − γ2 )
(
i0 +
1
2 (−β + δ)
) − q4
(i0 + 1− γ2 )(i0 + 12 )
(α2 +
1
2 − γ2 )i0
(32 − γ2 )i0(1)i0
×
n−1∏
k=1

∞∑
ik=ik−1
(ik +
k
2 +
1
2 − γ2 )
(
ik +
1
2(−β + δ + k)
) − q4
(ik +
k
2 + 1− γ2 )(ik + k2 + 12)
× (
k
2 +
α
2 +
1
2 − γ2 )ik(k2 + 32 − γ2 )ik−1(k2 + 1)ik−1
(k2 +
α
2 +
1
2 − γ2 )ik−1(k2 + 32 − γ2 )ik(k2 + 1)ik
}
×
∞∑
in=in−1
(n2 +
α
2 +
1
2 − γ2 )in(n2 + 32 − γ2 )in−1(n2 + 1)in−1
(n2 +
α
2 +
1
2 − γ2 )in−1(n2 + 32 − γ2 )in(n2 + 1)in
ηin
}
xn
(4.2.19)
It is required that γ 6= 0,−1,−2, · · · for the first kind of independent solution of the CHF
for all cases. Because if it does not, its solution will be divergent. And it is required that
γ 6= 2, 3, 4, · · · for the second kind of independent solution of the CHF for all cases.
4.2.2 Integral formalism
The CHE could not be constructed in the definite or contour integral form of any
well-known simple function because of a 3-term recursive relation between successive
coefficients in its power series. The three term recurrence relation in power series of the
CHE creates mathematical difficulty to be analyzed it into direct or contour integral
formalism.
Instead in earlier literature the integral relations of the CHE were constructed by using
Fredholm integral equations; such integral relationships express one analytic solution in
terms of another analytic solution such as a confluent hypergeometric function with a
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branch point at zero. [2] There are many other forms of integral relations in the CHE.
[14, 15, 16, 17, 18, 19]
Now I consider the combined definite and contour integral forms of the CHF by using
3TRF. Expressing the CHF in integral forms resulting in a precise and simplified
transformation of the CHF to other well-known special functions such as confluent
hypergeometric function.
Polynomial of type 1
Let’s investigate the integral representation for polynomial of type 1. There is a
generalized hypergeometric function which is
Il =
αl∑
il=il−1
(−αl)il(1 + l2 + λ2 )il−1(12 + γ2 + l2 + λ2 )il−1
(−αl)il−1(1 + l2 + λ2 )il(12 + γ2 + l2 + λ2 )l
ηil
= ηil−1
∞∑
j=0
B(il−1 + l2 +
λ
2 , j + 1)B(il−1 +
l
2 − 12 + γ2 + λ2 , j + 1)(il−1 − αl)j
(il−1 + l2 +
λ
2 )
−1(il−1 + l2 − 12 + γ2 + λ2 )−1(1)j j!
ηj (4.2.20)
By using integral form of beta function,
B
(
il−1 +
l
2
+
λ
2
, j + 1
)
=
∫ 1
0
dtl t
il−1+
l
2
−1+λ
2
l (1− tl)j (4.2.21a)
B
(
il−1 +
l
2
− 1
2
+
γ
2
+
λ
2
, j + 1
)
=
∫ 1
0
dul u
il−1+
l
2
− 3
2
+ γ
2
+λ
2
l (1− ul)j (4.2.21b)
Substitute (4.2.21a) and (4.2.21b) into (4.2.20). And divide
(il−1 + l2 +
λ
2 )(il−1 +
l
2 − 12 + γ2 + λ2 ) into Il.
Kl =
1
(il−1 + l2 +
λ
2 )(il−1 +
l
2 − 12 + γ2 + λ2 )
αl∑
il=il−1
(−αl)il(1 + l2 + λ2 )il−1(12 + γ2 + l2 + λ2 )il−1
(−αl)il−1(1 + l2 + λ2 )il(12 + γ2 + l2 + λ2 )il
ηil
=
∫ 1
0
dtl t
l
2
−1+λ
2
l
∫ 1
0
dul u
l
2
− 3
2
+ γ
2
+λ
2
l (ηtlul)
il−1
∞∑
j=0
(il−1 − αl)j
(1)j j!
[η(1 − tl)(1− ul)]j
Confluent hypergeometric polynomial of the first kind is defined by
Fα0(γ; z) =
Γ(α0 + γ)
Γ(γ)
α0∑
j=0
(−α0)j
(γ)jj!
zj =
Γ(α0 + 1)
2πi
∮
dvl
exp
(
− zvl(1−vl)
)
vα0+1l (1− vl)γ
(4.2.22)
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replaced α0, γ and z by αl − il−1, 1 and η(1− tl)(1 − ul) in (4.2.22)
∞∑
j=0
(il−1 − αl)j
(1)j j!
[η(1 − tl)(1− ul)]j = 1
2πi
∮
dvl
exp
(
− vl(1−vl)η(1 − tl)(1 − ul)
)
v
αl−il−1+1
l (1− vl)
(4.2.23)
Substitute (4.2.23) into Kl.
Kl =
1
(il−1 + l2 +
λ
2 )(il−1 +
l
2 − 12 + γ2 + λ2 )
αl∑
il=il−1
(−αl)il(1 + l2 + λ2 )il−1(12 + γ2 + l2 + λ2 )il−1
(−αl)il−1(1 + l2 + λ2 )il(12 + γ2 + l2 + λ2 )il
ηil
=
∫ 1
0
dtl t
l
2
−1+λ
2
l
∫ 1
0
dul u
l
2
− 3
2
+ γ
2
+λ
2
l
1
2πi
∮
dvl
exp
(
− vl(1−vl)η(1− tl)(1 − ul)
)
vαl+1l (1− vl)
(ηtlulvl)
il−1 (4.2.24)
Substitute (4.2.24) into (4.2.11) where l = 1, 2, 3, · · · ; apply K1 into the second
summation of sub-power series y1(x), apply K2 into the third summation and K1 into the
second summation of sub-power series y2(x), apply K3 into the forth summation, K2 into
the third summation and K1 into the second summation of sub-power series y3(x), etc.
6
Theorem 4.2.5 The general representation in the form of integral of the CHP of type 1
about x = 0 is given by
y(x) =
∞∑
n=0
yn(x) = y0(x) + y1(x) + y2(x) + y3(x) + · · ·
= c0x
λ
{
α0∑
i0=0
(−α0)i0
(1 + λ2 )i0(
1
2 +
γ
2 +
λ
2 )i0
ηi0
+
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
1
2
(n−k−2+λ)
n−k
∫ 1
0
dun−k u
1
2
(n−k−3+γ+λ)
n−k
× 1
2πi
∮
dvn−k
exp
(
− vn−k(1−vn−k)wn−k+1,n(1− tn−k)(1− un−k)
)
v
αn−k+1
n−k (1− vn−k)
×
(
w
− 1
2
(n−k−1+λ)
n−k,n
(
wn−k,n∂wn−k,n
)
w
1
2
(β−γ−δ+1)
n−k,n
(
wn−k,n∂wn−k,n
)
w
1
2
(−β+γ+δ+λ+n−k−2)
n−k,n −
q
4
)}
×
α0∑
i0=0
(−α0)i0
(1 + λ2 )i0(
1
2 +
γ
2 +
λ
2 )i0
wi01,n
}
xn
}
(4.2.25)
6y1(x) means the sub-power series in (4.2.11) contains one term of A
′
ns, y2(x) means the sub-power
series in (4.2.11) contains two terms of A′ns, y3(x) means the sub-power series in (4.2.11) contains three
terms of A′ns, etc.
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where
wa,b =

η
b∏
l=a
tlulvl where a ≤ b
η only if a > b
In the above, the first sub-integral form contains one term of A′ns, the second one
contains two terms of An’s, the third one contains three terms of An’s, etc.
Proof According to (4.2.11),
y(x) =
∞∑
n=0
yn(x) = y0(x) + y1(x) + y2(x) + y3(x) + · · · (4.2.26)
In the above, sub-power series y0(x), y1(x), y2(x) and y3(x) of the CHP of type 1 using
3TRF about x = 0 are
y0(x) = c0x
λ
α0∑
i0=0
(−α0)i0
(1 + λ2 )i0(
1
2 +
γ
2 +
λ
2 )i0
ηi0 (4.2.27a)
y1(x) = c0x
λ
{
α0∑
i0=0
(i0 +
λ
2 )(i0 +
1
2(−β + γ + δ − 1 + λ))− q4
(i0 +
1
2 +
λ
2 )(i0 +
γ
2 +
λ
2 )
(−α0)i0
(1 + λ2 )i0(
1
2 +
γ
2 +
λ
2 )i0
×
α1∑
i1=i0
(−α1)i1(32 + λ2 )i0(1 + γ2 + λ2 )i0
(−α1)i0(32 + λ2 )i1(1 + γ2 + λ2 )i1
ηi1
}
x (4.2.27b)
y2(x) = c0x
λ
{
α0∑
i0=0
(i0 +
λ
2 )(i0 +
1
2(−β + γ + δ − 1 + λ))− q4
(i0 +
1
2 +
λ
2 )(i0 +
γ
2 +
λ
2 )
(−α0)i0
(1 + λ2 )i0(
1
2 +
γ
2 +
λ
2 )i0
×
α1∑
i1=i0
(i1 +
1
2 +
λ
2 )(i1 +
1
2(−β + γ + δ + λ))− q4
(i1 + 1 +
λ
2 )(i1 +
1
2 +
γ
2 +
λ
2 )
(−α1)i1(32 + λ2 )i0(1 + γ2 + λ2 )i0
(−α1)i0(32 + λ2 )i1(1 + γ2 + λ2 )i1
×
α2∑
i2=i1
(−α2)i2(2 + λ2 )i1(32 + γ2 + λ2 )i1
(−α2)i1(2 + λ2 )i2(32 + γ2 + λ2 )i2
ηi2
}
x2 (4.2.27c)
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y3(x) = c0x
λ
{
α0∑
i0=0
(i0 +
λ
2 )(i0 +
1
2(−β + γ + δ − 1 + λ))− q4
(i0 +
1
2 +
λ
2 )(i0 +
γ
2 +
λ
2 )
(−α0)i0
(1 + λ2 )i0(
1
2 +
γ
2 +
λ
2 )i0
×
α1∑
i1=i0
(i1 +
1
2 +
λ
2 )(i1 +
1
2(−β + γ + δ + λ))− q4
(i1 + 1 +
λ
2 )(i1 +
1
2 +
γ
2 +
λ
2 )
(−α1)i1(32 + λ2 )i0(1 + γ2 + λ2 )i0
(−α1)i0(32 + λ2 )i1(1 + γ2 + λ2 )i1
×
α2∑
i2=i1
(i2 + 1 +
λ
2 )(i1 +
1
2(−β + γ + δ + 1 + λ))− q4
(i2 +
3
2 +
λ
2 )(i2 + 1 +
γ
2 +
λ
2 )
(−α2)i2(2 + λ2 )i1(32 + γ2 + λ2 )i1
(−α2)i1(2 + λ2 )i2(32 + γ2 + λ2 )i2
×
α3∑
i3=i2
(−α3)i3(52 + λ2 )i2(2 + γ2 + λ2 )i2
(−α3)i2(52 + λ2 )i3(2 + γ2 + λ2 )i3
ηi3
}
x3 (4.2.27d)
Put l = 1 in (4.2.24). Take the new (4.2.24) into (4.2.27b).
y1(x) =
∫ 1
0
dt1 t
1
2
(−1+λ)
1
∫ 1
0
du1 u
1
2
(−2+γ+λ)
1
1
2πi
∮
dv1
exp
(
− v1(1−v1)(1− t1)(1− u1)η
)
vα1+11 (1− v1)
×
(
w
−λ
2
1,1
(
w1,1∂w1,1
)
w
1
2
(β−γ−δ+1)
1,1
(
w1,1∂w1,1
)
w
1
2
(−β+γ+δ−1+λ)
1,1 −
q
4
)
×
{
c0x
λ
α0∑
i0=0
(−α0)i0
(1 + λ2 )i0(
1
2 +
γ
2 +
λ
2 )i0
wi01,1
}
x (4.2.28)
where
w1,1 = η
1∏
l=1
tlulvl
Put l = 2 in (4.2.24). Take the new (4.2.24) into (4.2.27c).
y2(x) = c0x
λ
∫ 1
0
dt2 t
λ
2
2
∫ 1
0
du2 u
1
2
(−1+γ+λ)
2
1
2πi
∮
dv2
exp
(
− v2(1−v2)(1− t2)(1− u2)η
)
vα2+12 (1− v2)
×
(
w
− 1
2
(1+λ)
2,2
(
w2,2∂w2,2
)
w
1
2
(β−γ−δ+1)
2,2
(
w2,2∂w2,2
)
w
1
2
(−β+γ+δ+λ)
2,2 −
q
4
)
×
{
α0∑
i0=0
(i0 +
λ
2 )(i0 +
1
2(−β + γ + δ − 1 + λ))− q4
(i0 +
1
2 +
λ
2 )(i0 +
γ
2 +
λ
2 )
(−α0)i0
(1 + λ2 )i0(
1
2 +
γ
2 +
λ
2 )i0
×
α1∑
i1=i0
(−α1)i1(32 + λ2 )i0(1 + γ2 + λ2 )i0
(−α1)i0(32 + λ2 )i1(1 + γ2 + λ2 )i1
wi12,2
}
x2 (4.2.29)
where
w2,2 = η
2∏
l=2
tlulvl
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Put l = 1 and η = w2,2 in (4.2.24). Take the new (4.2.24) into (4.2.29).
y2(x) =
∫ 1
0
dt2 t
λ
2
2
∫ 1
0
du2 u
1
2
(−1+γ+λ)
2
1
2πi
∮
dv2
exp
(
− v2(1−v2)(1− t2)(1− u2)η
)
vα2+12 (1− v2)
×
(
w
− 1
2
(1+λ)
2,2
(
w2,2∂w2,2
)
w
1
2
(β−γ−δ+1)
2,2
(
w2,2∂w2,2
)
w
1
2
(−β+γ+δ+λ)
2,2 −
q
4
)
×
∫ 1
0
dt1 t
1
2
(−1+λ)
1
∫ 1
0
du1 u
1
2
(−2+γ+λ)
1
1
2πi
∮
dv1
exp
(
− v1(1−v1)(1− t1)(1− u1)w2,2
)
vα1+11 (1− v1)
×
(
w
−λ
2
1,2
(
w1,2∂w1,2
)
w
1
2
(β−γ−δ+1)
1,2
(
w1,2∂w1,2
)
w
1
2
(−β+γ+δ−1+λ)
1,2 −
q
4
)
×
{
c0x
λ
α0∑
i0=0
(−α0)i0
(1 + λ2 )i0(
1
2 +
γ
2 +
λ
2 )i0
wi01,2
}
x2 (4.2.30)
where
w1,2 = η
2∏
l=1
tlulvl
By using similar process for the previous cases of integral forms of y1(x) and y2(x), the
integral form of sub-power series expansion of y3(x) is
y3(x) =
∫ 1
0
dt3 t
1
2
(1+λ)
3
∫ 1
0
du3 u
1
2
(γ+λ)
3
1
2πi
∮
dv3
exp
(
− v3(1−v3)(1− t3)(1− u3)η
)
vα3+13 (1− v3)
×
(
w
− 1
2
(2+λ)
3,3
(
w3,3∂w3,3
)
w
1
2
(β−γ−δ+1)
3,3
(
w3,3∂w3,3
)
w
1
2
(−β+γ+δ+1+λ)
3,3 −
q
4
)
×
∫ 1
0
dt2 t
λ
2
2
∫ 1
0
du2 u
1
2
(−1+γ+λ)
2
1
2πi
∮
dv2
exp
(
− v2(1−v2)(1− t2)(1− u2)w3,3
)
vα2+12 (1− v2)
×
(
w
− 1
2
(1+λ)
2,3
(
w2,3∂w2,3
)
w
1
2
(β−γ−δ+1)
2,3
(
w2,3∂w2,3
)
w
1
2
(−β+γ+δ+λ)
2,3 −
q
4
)
×
∫ 1
0
dt1 t
1
2
(−1+λ)
1
∫ 1
0
du1 u
1
2
(−2+γ+λ)
1
1
2πi
∮
dv1
exp
(
− v1(1−v1)(1− t1)(1− u1)w2,3
)
vα1+11 (1− v1)
×
(
w
−λ
2
1,3
(
w1,3∂w1,3
)
w
1
2
(β−γ−δ+1)
1,3
(
w1,3∂w1,3
)
w
1
2
(−β+γ+δ−1+λ)
1,3 −
q
4
)
×
{
c0x
λ
α0∑
i0=0
(−α0)i0
(1 + λ2 )i0(
1
2 +
γ
2 +
λ
2 )i0
wi01,3
}
x3 (4.2.31)
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where
w3,3 = η
3∏
l=3
tlulvl w2,3 = η
3∏
l=2
tlulvl w1,3 = η
3∏
l=1
tlulvl
By repeating this process for all higher terms of integral forms of sub-summation ym(x)
terms where m ≥ 4, we obtain every integral forms of ym(x) terms. Substitute (4.2.27a),
(4.2.28), (4.2.30), (4.2.31) and including all integral forms of ym(x) terms where m ≥ 4
into (4.2.26).
Put c0= 1 as λ = 0 for the first kind of independent solutions of the CHE and λ = 1− γ
in (4.2.25).
Remark 4.2.6 The integral representation of the CHE of the first kind for polynomial of
type 1 about x = 0 as α = −(2αj + j) where j, αj ∈ N0 is
y(x) = H(a)c Fαj
(
α = −(2αj + j), β, γ, δ, q; η = 1
2
βx2
)
= 1F1
(
−α0; 1
2
+
γ
2
; η
)
+
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
1
2
(n−k−2)
n−k
∫ 1
0
dun−k u
1
2
(n−k−3+γ)
n−k
× 1
2πi
∮
dvn−k
exp
(
− vn−k(1−vn−k)wn−k+1,n(1− tn−k)(1− un−k)
)
v
αn−k+1
n−k (1− vn−k)
×
(
w
− 1
2
(n−k−1)
n−k,n
(
wn−k,n∂wn−k,n
)
w
1
2
(β−γ−δ+1)
n−k,n
(
wn−k,n∂wn−k,n
)
w
1
2
(−β+γ+δ+n−k−2)
n−k,n −
q
4
)}
×1F1
(
−α0; 1
2
+
γ
2
;w1,n
)}
xn (4.2.32)
Remark 4.2.7 The integral representation of the CHE of the second kind for polynomial
4.2. CHF WITH A REGULAR SINGULAR POINT AT ZERO 165
of type 1 about x = 0 as α = −(2αj + j + 1− γ) where j, αj ∈ N0 is
y(x) = H(a)c Sαj
(
α = −(2αj + j + 1− γ), β, γ, δ, q; η = 1
2
βx2
)
= x1−γ
{
1F1
(
−α0; 3
2
− γ
2
; η
)
+
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
1
2
(n−k−1−γ)
n−k
∫ 1
0
dun−k u
1
2
(n−k−2)
n−k
× 1
2πi
∮
dvn−k
exp
(
− vn−k(1−vn−k)wn−k+1,n(1− tn−k)(1− un−k)
)
v
αn−k+1
n−k (1− vn−k)
×
(
w
− 1
2
(n−k−γ)
n−k,n
(
wn−k,n∂wn−k,n
)
w
1
2
(β−γ−δ+1)
n−k,n
(
wn−k,n∂wn−k,n
)
w
1
2
(−β+δ+n−k−1)
n−k,n −
q
4
)}
× 1F1
(
−α0; 3
2
− γ
2
;w1,n
)}
xn
}
(4.2.33)
In the above, 1F1 (a; b; z) is a Kummer function of the first kind which is defined by
1F1 (a; b; z) = M(a, b, z) =
∞∑
n=0
(a)n
(b)nn!
zn = ezM(b− a, b,−z)
= − 1
2πi
Γ (1− a) Γ (b)
Γ (b− a)
∮
dvj e
zvj (−vj)a−1 (1− vj)b−a−1
=
Γ (a)
2πi
∮
dvj e
vjv−bj
(
1− z
vj
)−a
=
1
2πi
Γ (1− a) Γ (b)
Γ (b− a)
∮
dvj e
− z vj
1−vj va−1j (1− vj)−b (4.2.34)
Infinite series
Let’s consider the integral representation of the CHE about x = 0 for infinite series by
applying 3TRF. There is a generalized hypergeometric function which is written by
Ml =
∞∑
il=il−1
(
α
2 +
l
2 +
λ
2
)
il
(1 + l2 +
λ
2 )il−1(
1
2 +
γ
2 +
l
2 +
λ
2 )il−1(
α
2 +
l
2 +
λ
2
)
il−1
(1 + l2 +
λ
2 )il(
1
2 +
γ
2 +
l
2 +
λ
2 )l
ηil
= ηil−1
∞∑
j=0
B(il−1 + l2 +
λ
2 , j + 1)B(il−1 +
l
2 − 12 + γ2 + λ2 , j + 1)
(
α
2 +
l
2 +
λ
2 + il−1
)
j
(il−1 + l2 +
λ
2 )
−1(il−1 + l2 − 12 + γ2 + λ2 )−1(1)j j!
ηj (4.2.35)
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Substitute (4.2.21a) and (4.2.21b) into (4.2.35). And divide
(il−1 + l2 +
λ
2 )(il−1 +
l
2 − 12 + γ2 + λ2 ) into the new (4.2.35).
Vl =
1
(il−1 + l2 +
λ
2 )(il−1 +
l
2 − 12 + γ2 + λ2 )
∞∑
il=il−1
(
α
2 +
l
2 +
λ
2
)
il
(1 + l2 +
λ
2 )il−1(
1
2 +
γ
2 +
l
2 +
λ
2 )il−1(
α
2 +
l
2 +
λ
2
)
il−1
(1 + l2 +
λ
2 )il(
1
2 +
γ
2 +
l
2 +
λ
2 )l
ηil
=
∫ 1
0
dtl t
l
2
−1+λ
2
l
∫ 1
0
dul u
l
2
− 3
2
+ γ
2
+λ
2
l (ηtlul)
il−1
∞∑
j=0
(
α
2 +
l
2 +
λ
2 + il−1
)
j
(1)j j!
[η(1 − tl)(1− ul)]j
Replace a, b and z by α2 +
l
2 +
λ
2 + il−1, 1 and η(1− tj)(1 − uj) in (4.2.34). Take the new
(4.2.34) into Vl
Vl =
1
(il−1 + l2 +
λ
2 )(il−1 +
l
2 − 12 + γ2 + λ2 )
∞∑
il=il−1
(
α
2 +
l
2 +
λ
2
)
il
(1 + l2 +
λ
2 )il−1(
1
2 +
γ
2 +
l
2 +
λ
2 )il−1(
α
2 +
l
2 +
λ
2
)
il−1
(1 + l2 +
λ
2 )il(
1
2 +
γ
2 +
l
2 +
λ
2 )l
ηil
=
∫ 1
0
dtl t
l
2
−1+λ
2
l
∫ 1
0
dul u
l
2
− 3
2
+ γ
2
+λ
2
l
1
2πi
∮
dvl
exp
(
− vl(1−vl)η(1− tl)(1− ul)
)
v
− 1
2
(α+l+λ)+1
l (1− vl)
(ηtlulvl)
il−1 (4.2.36)
Substitute (4.2.36) into (4.2.17) where l = 1, 2, 3, · · · ; apply V1 into the second summation
of sub-power series y1(x), apply V2 into the third summation and V1 into the second
summation of sub-power series y2(x), apply V3 into the forth summation, V2 into the
third summation and V1 into the second summation of sub-power series y3(x), etc.
7
Theorem 4.2.8 The general expression of an integral form of the CHE for infinite
7y1(x) means the sub-power series in (4.2.17) contains one term of A
′
ns, y2(x) means the sub-power
series in (4.2.17) contains two terms of A′ns, y3(x) means the sub-power series in (4.2.17) contains three
terms of A′ns, etc.
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series about x = 0 using 3TRF is given by
y(x) =
∞∑
n=0
yn(x) = y0(x) + y1(x) + y2(x) + y3(x) + · · ·
= c0x
λ
{ ∞∑
i0=0
(α2 +
λ
2 )i0
(1 + λ2 )i0(
1
2 +
γ
2 +
λ
2 )i0
ηi0
+
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
1
2
(n−k−2+λ)
n−k
∫ 1
0
dun−k u
1
2
(n−k−3+γ+λ)
n−k
× 1
2πi
∮
dvn−k
exp
(
− vn−k(1−vn−k)wn−k+1,n(1− tn−k)(1− un−k)
)
v
− 1
2
(α+n−k+λ)+1
n−k (1− vn−k)
×
(
w
− 1
2
(n−k−1+λ)
n−k,n
(
wn−k,n∂wn−k,n
)
w
1
2
(β−γ−δ+1)
n−k,n
(
wn−k,n∂wn−k,n
)
w
1
2
(−β+γ+δ+λ+n−k−2)
n−k,n −
q
4
)}
×
∞∑
i0=0
(α2 +
λ
2 )i0
(1 + λ2 )i0(
1
2 +
γ
2 +
λ
2 )i0
wi01,n
}
xn
}
(4.2.37)
In the above, the first sub-integral form contains one term of A′ns, the second one
contains two terms of An’s, the third one contains three terms of An’s, etc.
Proof In (4.2.17) sub-power series y0(x), y1(x), y2(x) and y3(x) of the CHE for infinite
series using 3TRF about x = 0 are
y0(x) = c0x
λ
∞∑
i0=0
(
α
2 +
λ
2
)
i0
(1 + λ2 )i0(
1
2 +
γ
2 +
λ
2 )i0
ηi0 (4.2.38a)
y1(x) = c0x
λ
{ ∞∑
i0=0
(i0 +
λ
2 )(i0 +
1
2 (−β + γ + δ − 1 + λ))− q4
(i0 +
1
2 +
λ
2 )(i0 +
γ
2 +
λ
2 )
(
α
2 +
λ
2
)
i0
(1 + λ2 )i0(
1
2 +
γ
2 +
λ
2 )i0
×
∞∑
i1=i0
(
α
2 +
1
2 +
λ
2
)
i1
(32 +
λ
2 )i0(1 +
γ
2 +
λ
2 )i0(
α
2 +
1
2 +
λ
2
)
i0
(32 +
λ
2 )i1(1 +
γ
2 +
λ
2 )i1
ηi1
}
x (4.2.38b)
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y2(x) = c0x
λ
{ ∞∑
i0=0
(i0 +
λ
2 )(i0 +
1
2(−β + γ + δ − 1 + λ))− q4
(i0 +
1
2 +
λ
2 )(i0 +
γ
2 +
λ
2 )
(
α
2 +
λ
2
)
i0
(1 + λ2 )i0(
1
2 +
γ
2 +
λ
2 )i0
×
∞∑
i1=i0
(i1 +
1
2 +
λ
2 )(i1 +
1
2(−β + γ + δ + λ))− q4
(i1 + 1 +
λ
2 )(i1 +
1
2 +
γ
2 +
λ
2 )
(
α
2 +
1
2 +
λ
2
)
i1
(32 +
λ
2 )i0(1 +
γ
2 +
λ
2 )i0(
α
2 +
1
2 +
λ
2
)
i0
(32 +
λ
2 )i1(1 +
γ
2 +
λ
2 )i1
×
∞∑
i2=i1
(
α
2 + 1 +
λ
2
)
i2
(2 + λ2 )i1(
3
2 +
γ
2 +
λ
2 )i1(
α
2 + 1 +
λ
2
)
i1
(2 + λ2 )i2(
3
2 +
γ
2 +
λ
2 )i2
ηi2
}
x2 (4.2.38c)
y3(x) = c0x
λ
{ ∞∑
i0=0
(i0 +
λ
2 )(i0 +
1
2(−β + γ + δ − 1 + λ))− q4
(i0 +
1
2 +
λ
2 )(i0 +
γ
2 +
λ
2 )
(
α
2 +
λ
2
)
i0
(1 + λ2 )i0(
1
2 +
γ
2 +
λ
2 )i0
×
∞∑
i1=i0
(i1 +
1
2 +
λ
2 )(i1 +
1
2(−β + γ + δ + λ))− q4
(i1 + 1 +
λ
2 )(i1 +
1
2 +
γ
2 +
λ
2 )
(
α
2 +
1
2 +
λ
2
)
i1
(32 +
λ
2 )i0(1 +
γ
2 +
λ
2 )i0(
α
2 +
1
2 +
λ
2
)
i0
(32 +
λ
2 )i1(1 +
γ
2 +
λ
2 )i1
×
∞∑
i2=i1
(i2 + 1 +
λ
2 )(i1 +
1
2(−β + γ + δ + 1 + λ))− q4
(i2 +
3
2 +
λ
2 )(i2 + 1 +
γ
2 +
λ
2 )
(
α
2 + 1 +
λ
2
)
i2
(2 + λ2 )i1(
3
2 +
γ
2 +
λ
2 )i1(
α
2 + 1 +
λ
2
)
i1
(2 + λ2 )i2(
3
2 +
γ
2 +
λ
2 )i2
×
∞∑
i3=i2
(
α
2 +
3
2 +
λ
2
)
i3
(52 +
λ
2 )i2(2 +
γ
2 +
λ
2 )i2(
α
2 +
3
2 +
λ
2
)
i2
(52 +
λ
2 )i3(2 +
γ
2 +
λ
2 )i3
ηi3
}
x3 (4.2.38d)
Put l = 1 in (4.2.36). Take the new (4.2.36) into (4.2.38b).
y1(x) =
∫ 1
0
dt1 t
1
2
(−1+λ)
1
∫ 1
0
du1 u
1
2
(−2+γ+λ)
1
1
2πi
∮
dv1
exp
(
− v1(1−v1)(1− t1)(1− u1)η
)
v
− 1
2
(α+1+λ)+1
1 (1− v1)
×
(
w
−λ
2
1,1
(
w1,1∂w1,1
)
w
1
2
(β−γ−δ+1)
1,1
(
w1,1∂w1,1
)
w
1
2
(−β+γ+δ−1+λ)
1,1 −
q
4
)
×
{
c0x
λ
∞∑
i0=0
(
α
2 +
λ
2
)
i0
(1 + λ2 )i0(
1
2 +
γ
2 +
λ
2 )i0
wi01,1
}
x (4.2.39)
where
w1,1 = η
1∏
l=1
tlulvl
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Put l = 2 in (4.2.36). Take the new (4.2.36) into (4.2.38c).
y2(x) = c0x
λ
∫ 1
0
dt2 t
λ
2
2
∫ 1
0
du2 u
1
2
(−1+γ+λ)
2
1
2πi
∮
dv2
exp
(
− v2(1−v2)(1− t2)(1− u2)η
)
v
− 1
2
(α+2+λ)+1
2 (1− v2)
×
(
w
− 1
2
(1+λ)
2,2
(
w2,2∂w2,2
)
w
1
2
(β−γ−δ+1)
2,2
(
w2,2∂w2,2
)
w
1
2
(−β+γ+δ+λ)
2,2 −
q
4
)
×
{ ∞∑
i0=0
(i0 +
λ
2 )(i0 +
1
2(−β + γ + δ − 1 + λ))− q4
(i0 +
1
2 +
λ
2 )(i0 +
γ
2 +
λ
2 )
(
α
2 +
λ
2
)
i0
(1 + λ2 )i0(
1
2 +
γ
2 +
λ
2 )i0
×
∞∑
i1=i0
(
α
2 +
1
2 +
λ
2
)
i1
(32 +
λ
2 )i0(1 +
γ
2 +
λ
2 )i0(
α
2 +
1
2 +
λ
2
)
i0
(32 +
λ
2 )i1(1 +
γ
2 +
λ
2 )i1
wi12,2
}
x2 (4.2.40)
where
w2,2 = η
2∏
l=2
tlulvl
Put l = 1 and η = w2,2 in (4.2.36). Take the new (4.2.36) into (4.2.40).
y2(x) =
∫ 1
0
dt2 t
λ
2
2
∫ 1
0
du2 u
1
2
(−1+γ+λ)
2
1
2πi
∮
dv2
exp
(
− v2(1−v2)(1− t2)(1− u2)η
)
v
− 1
2
(α+2+λ)+1
2 (1− v2)
×
(
w
− 1
2
(1+λ)
2,2
(
w2,2∂w2,2
)
w
1
2
(β−γ−δ+1)
2,2
(
w2,2∂w2,2
)
w
1
2
(−β+γ+δ+λ)
2,2 −
q
4
)
×
∫ 1
0
dt1 t
1
2
(−1+λ)
1
∫ 1
0
du1 u
1
2
(−2+γ+λ)
1
1
2πi
∮
dv1
exp
(
− v1(1−v1)(1− t1)(1− u1)w2,2
)
v
− 1
2
(α+1+λ)+1
1 (1− v1)
×
(
w
−λ
2
1,2
(
w1,2∂w1,2
)
w
1
2
(β−γ−δ+1)
1,2
(
w1,2∂w1,2
)
w
1
2
(−β+γ+δ−1+λ)
1,2 −
q
4
)
×
{
c0x
λ
∞∑
i0=0
(
α
2 +
λ
2
)
i0
(1 + λ2 )i0(
1
2 +
γ
2 +
λ
2 )i0
wi01,2
}
x2 (4.2.41)
where
w1,2 = η
2∏
l=1
tlulvl
By using similar process for the previous cases of integral forms of y1(x) and y2(x), the
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integral form of sub-power series expansion of y3(x) is
y3(x) =
∫ 1
0
dt3 t
1
2
(1+λ)
3
∫ 1
0
du3 u
1
2
(γ+λ)
3
1
2πi
∮
dv3
exp
(
− v3(1−v3)(1− t3)(1− u3)η
)
v
− 1
2
(α+3+λ)+1
3 (1− v3)
×
(
w
− 1
2
(2+λ)
3,3
(
w3,3∂w3,3
)
w
1
2
(β−γ−δ+1)
3,3
(
w3,3∂w3,3
)
w
1
2
(−β+γ+δ+1+λ)
3,3 −
q
4
)
×
∫ 1
0
dt2 t
λ
2
2
∫ 1
0
du2 u
1
2
(−1+γ+λ)
2
1
2πi
∮
dv2
exp
(
− v2(1−v2)(1− t2)(1− u2)w3,3
)
v
− 1
2
(α+2+λ)+1
2 (1− v2)
×
(
w
− 1
2
(1+λ)
2,3
(
w2,3∂w2,3
)
w
1
2
(β−γ−δ+1)
2,3
(
w2,3∂w2,3
)
w
1
2
(−β+γ+δ+λ)
2,3 −
q
4
)
×
∫ 1
0
dt1 t
1
2
(−1+λ)
1
∫ 1
0
du1 u
1
2
(−2+γ+λ)
1
1
2πi
∮
dv1
exp
(
− v1(1−v1)(1− t1)(1− u1)w2,3
)
v
− 1
2
(α+1+λ)+1
1 (1− v1)
×
(
w
−λ
2
1,3
(
w1,3∂w1,3
)
w
1
2
(β−γ−δ+1)
1,3
(
w1,3∂w1,3
)
w
1
2
(−β+γ+δ−1+λ)
1,3 −
q
4
)
×
{
c0x
λ
∞∑
i0=0
(
α
2 +
λ
2
)
i0
(1 + λ2 )i0(
1
2 +
γ
2 +
λ
2 )i0
wi01,3
}
x3 (4.2.42)
where
w3,3 = η
3∏
l=3
tlulvl w2,3 = η
3∏
l=2
tlulvl w1,3 = η
3∏
l=1
tlulvl
By repeating this process for all higher terms of integral forms of sub-summation ym(x)
terms where m ≥ 4, we obtain every integral forms of ym(x) terms. Since we substitute
(4.2.38a), (4.2.39), (4.2.41), (4.2.42) and including all integral forms of ym(x) terms where
m ≥ 4 into (4.2.17), we obtain (4.2.37).8
Put c0= 1 as λ = 0 for the first kind of independent solutions of the CHE and λ = 1− γ
in (4.2.37).
Remark 4.2.9 The integral representation of the CHE of the first kind for infinite series
8Or replace the finite summation with an interval [0, α0] by infinite summation with an interval [0,∞]
in (4.2.25). Replace α0 and αn−k by − 12 (α+ λ) and − 12 (α+ n− k + λ) into the new (4.2.25). Its solution
is also equivalent to (4.2.37)
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about x = 0 using 3TRF is
y(x) = H(a)c F
(
α, β, γ, δ, q; η =
1
2
βx2
)
= 1F1
(
α
2
;
1
2
+
γ
2
; η
)
+
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
1
2
(n−k−2)
n−k
∫ 1
0
dun−k u
1
2
(n−k−3+γ)
n−k
× 1
2πi
∮
dvn−k
exp
(
− vn−k(1−vn−k)wn−k+1,n(1− tn−k)(1− un−k)
)
v
− 1
2
(α+n−k−2)
n−k (1− vn−k)
×
(
w
− 1
2
(n−k−1)
n−k,n
(
wn−k,n∂wn−k,n
)
w
1
2
(β−γ−δ+1)
n−k,n
(
wn−k,n∂wn−k,n
)
w
1
2
(−β+γ+δ+n−k−2)
n−k,n −
q
4
)}
×1F1
(
α
2
;
1
2
+
γ
2
;w1,n
)}
xn (4.2.43)
Remark 4.2.10 The integral representation of the CHE of the second kind for infinite
series about x = 0 using 3TRF is
y(x) = H(a)c S
(
α, β, γ, δ, q; η =
1
2
βx2
)
= x1−γ
{
1F1
(
α
2
+
1
2
− γ
2
;
3
2
− γ
2
; η
)
+
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
1
2
(n−k−1−γ)
n−k
∫ 1
0
dun−k u
1
2
(n−k−2)
n−k
× 1
2πi
∮
dvn−k
exp
(
− vn−k(1−vn−k)wn−k+1,n(1− tn−k)(1− un−k)
)
v
− 1
2
(α+n−k−1−γ)
n−k (1− vn−k)
×
(
w
− 1
2
(n−k−γ)
n−k,n
(
wn−k,n∂wn−k,n
)
w
1
2
(β−γ−δ+1)
n−k,n
(
wn−k,n∂wn−k,n
)
w
1
2
(−β+δ+n−k−1)
n−k,n −
q
4
)}
×1F1
(
α
2
+
1
2
− γ
2
;
3
2
− γ
2
;w1,n
)}
xn
}
(4.2.44)
4.2.3 Generating function for the CHP of type 1
I consider the generating function for the CHP of type 1. Since the generating function
for the CHP is derived, we might be possible to construct orthogonal relations of the
172 CHAPTER 4. CONFLUENT HEUN FUNCTION USING 3TRF
CHP. In the physical point of view we might be possible to obtain the normalized
constant for the wave function in modern physics (especially black hole problems)
recursion relation and its expectation value of any physical quantities from the generating
function for the CHP.9 For the case of hydrogen-like atoms, the normalized wave function
is derived from the generating function for associated Laguerre polynomial. And the
expectation value of physical quantities such as position and momentum is constructed
by applying the recursive relation of associated Laguerre polynomial.
Let’s investigate the generating function for the first and second kinds of the CHP about
x = 0 as B′ns term terminated at certain eigenvalue.
Definition 4.2.11 I define that
sa,b =
{
sa · sa+1 · sa+2 · · · sb−2 · sb−1 · sb where a > b
sa only if a = b
w˜a,b = ηsa,∞
b∏
l=a
tlul
(4.2.45)
where
a, b ∈ N0
And we have
∞∑
αi=αj
sαii =
s
αj
i
(1− si) (4.2.46)
Acting the summation operator
∞∑
α0=0
sα00
α0!
Γ(α0 + γ
′)
Γ(γ′)
∞∏
n=1

∞∑
αn=αn−1
sαnn
 on (4.2.25) where
|si| < 1 as i = 0, 1, 2, · · · by using (4.2.45) and (4.2.46),
Theorem 4.2.12 The general expression of the generating function for the CHP of type
9In this chapter I consider the generating functions for type 1 CHP. In the next chapter and future
paper, I will construct the generating functions for type 2 and 3 CHP’s. For the type 1 polynomial, I treat
β, γ, δ and q as free variables and α as a fixed value. For the type 2 polynomial, I treat α, β, γ and δ as
free variables and q as a fixed value. For the type 3 polynomial, I treat β, γ and δ as free variables and α
and q as fixed values.
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1 about x = 0 is given by
∞∑
α0=0
sα00
α0!
Γ(α0 + γ
′)
Γ(γ′)
∞∏
n=1

∞∑
αn=αn−1
sαnn
 y(x)
=
∞∏
l=1
1
(1− sl,∞)Υ(γ
′, λ; s0,∞; η)
+
{ ∞∏
l=1
1
(1− sl,∞)
∫ 1
0
dt1 t
1
2
(−1+λ)
1
∫ 1
0
du1 u
1
2
(−2+γ+λ)
1 exp
(
− s1,∞
(1− s1,∞)η(1 − t1)(1− u1)
)
×
(
w˜
−λ
2
1,1
(
w˜1,1∂w˜1,1
)
w˜
1
2
(β−γ−δ+1)
1,1
(
w˜1,1∂w˜1,1
)
w˜
1
2
(−β+γ+δ−1+λ)
1,1 −
q
4
)
Υ(γ′, λ; s0; w˜1,1)
}
x
+
∞∑
n=2
{ ∞∏
l=n
1
(1− sl,∞)
∫ 1
0
dtn t
1
2
(n−2+λ)
n
∫ 1
0
dun u
1
2
(n−3+γ+λ)
n exp
(
− sn,∞
(1− sn,∞)η(1− tn)(1 − un)
)
×
(
w˜
− 1
2
(n−1+λ)
n,n
(
w˜n,n∂w˜n,n
)
w˜
1
2
(β−γ−δ+1)
n,n
(
w˜n,n∂w˜n,n
)
w˜
1
2
(−β+γ+δ+n−2+λ)
n,n − q
4
)
×
n−1∏
k=1
{∫ 1
0
dtn−k t
1
2
(n−k−2+λ)
n−k
∫ 1
0
dun−k u
1
2
(n−k−3+γ+λ)
n−k
×
exp
(
− sn−k(1−sn−k) w˜n−k+1,n(1− tn−k)(1− un−k)
)
(1− sn−k)
×
(
w˜
− 1
2
(n−k−1+λ)
n−k,n
(
w˜n−k,n∂w˜n−k,n
)
w˜
1
2
(β−γ−δ+1)
n−k,n
(
w˜n−k,n∂w˜n−k,n
)
w˜
1
2
(−β+γ+δ+n−k−2+λ)
n−k,n −
q
4
)}
×Υ(γ′, λ; s0; w˜1,n)
}
xn (4.2.47)
where

Υ(γ′, λ; s0,∞; η) =
∞∑
α0=0
sα00,∞
α0!
Γ(α0 + γ
′)
Γ(γ′)
(
c0x
λ
α0∑
i0=0
(−α0)i0
(1 + λ2 )i0(
1
2 +
γ
2 +
λ
2 )i0
ηi0
)
Υ(γ′, λ; s0; w˜1,1) =
∞∑
α0=0
sα00
α0!
Γ(α0 + γ
′)
Γ(γ′)
(
c0x
λ
α0∑
i0=0
(−α0)i0
(1 + λ2 )i0(
1
2 +
γ
2 +
λ
2 )i0
w˜i01,1
)
Υ(γ′, λ; s0; w˜1,n) =
∞∑
α0=0
sα00
α0!
Γ(α0 + γ
′)
Γ(γ′)
(
c0x
λ
α0∑
i0=0
(−α0)i0
(1 + λ2 )i0(
1
2 +
γ
2 +
λ
2 )i0
w˜i01,n
)
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Proof Acting the summation operator
∞∑
α0=0
sα00
α0!
Γ(α0 + γ
′)
Γ(γ′)
∞∏
n=1

∞∑
αn=αn−1
sαnn
 on the
form of integral of the CHP of type 1 y(x),
∞∑
α0=0
sα00
α0!
Γ(α0 + γ
′)
Γ(γ′)
∞∏
n=1

∞∑
αn=αn−1
sαnn
 y(x) (4.2.48)
=
∞∑
α0=0
sα00
α0!
Γ(α0 + γ
′)
Γ(γ′)
∞∏
n=1

∞∑
αn=αn−1
sαnn
{y0(x) + y1(x) + y2(x) + y3(x) + · · ·}
Acting the summation operator
∞∑
α0=0
sα00
α0!
Γ(α0 + γ
′)
Γ(γ′)
∞∏
n=1

∞∑
αn=αn−1
sαnn
 on (4.2.27a) by
applying (4.2.46),
∞∑
α0=0
sα00
α0!
Γ(α0 + γ
′)
Γ(γ′)
∞∏
n=1

∞∑
αn=αn−1
sαnn
 y0(x)
=
∞∏
l=1
1
(1− sl,∞)
∞∑
α0=0
sα00,∞
α0!
(
c0x
λΓ(α0 + γ
′)
Γ(γ′)
α0∑
i0=0
(−α0)i0
(1 + λ2 )i0(
1
2 +
γ
2 +
λ
2 )i0
ηi0
)
(4.2.49)
Acting the summation operator
∞∑
α0=0
sα00
α0!
Γ(α0 + γ
′)
Γ(γ′)
∞∏
n=1

∞∑
αn=αn−1
sαnn
 on (4.2.28),
∞∑
α0=0
sα00
α0!
Γ(α0 + γ
′)
Γ(γ′)
∞∏
n=1

∞∑
αn=αn−1
sαnn
 y1(x)
=
∞∏
l=2
1
(1− sl,∞)
∫ 1
0
dt1 t
1
2
(−1+λ)
1
∫ 1
0
du1 u
1
2
(−2+γ+λ)
1
1
2πi
∮
dv1
exp
(
− v1(1−v1)η(1− t1)(1 − u1)
)
v1(1− v1)
×
∞∑
α1=α0
(
s1,∞
v1
)α1 (
w
−λ
2
1,1
(
w1,1∂w1,1
)
w
1
2
(β−γ−δ+1)
1,1
(
w1,1∂w1,1
)
w
1
2
(−β+γ+δ−1+λ)
1,1 −
q
4
)
×
∞∑
α0=0
sα00
α0!
Γ(α0 + γ
′)
Γ(γ′)
(
c0x
λ
α0∑
i0=0
(−α0)i0
(1 + λ2 )i0(
1
2 +
γ
2 +
λ
2 )i0
wi01,1
)
x (4.2.50)
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Replace αi, αj and si by α1, α0 and
s1,∞
v1
in (4.2.46). Take the new (4.2.46) into (4.2.50).
∞∑
α0=0
sα00
α0!
Γ(α0 + γ
′)
Γ(γ′)
∞∏
n=1

∞∑
αn=αn−1
sαnn
 y1(x)
=
∞∏
l=2
1
(1− sl,∞)
∫ 1
0
dt1 t
1
2
(−1+λ)
1
∫ 1
0
du1 u
1
2
(−2+γ+λ)
1
1
2πi
∮
dv1
exp
(
− v1(1−v1)η(1− t1)(1 − u1)
)
(1− v1)(v1 − s1,∞)
×
(
w
−λ
2
1,1
(
w1,1∂w1,1
)
w
1
2
(β−γ−δ+1)
1,1
(
w1,1∂w1,1
)
w
1
2
(−β+γ+δ−1+λ)
1,1 −
q
4
)
×
∞∑
α0=0
1
α0!
(
s0,∞
v1
)α0 Γ(α0 + γ′)
Γ(γ′)
(
c0x
λ
α0∑
i0=0
(−α0)i0
(1 + λ2 )i0(
1
2 +
γ
2 +
λ
2 )i0
wi01,1
)
x (4.2.51)
By using Cauchy’s integral formula, the contour integrand has poles at v1 = 1 or s1,∞ and
s1,∞ is only inside the unit circle. As we compute the residue there in (4.2.51) we obtain
∞∑
α0=0
sα00
α0!
Γ(α0 + γ
′)
Γ(γ′)
∞∏
n=1

∞∑
αn=αn−1
sαnn
 y1(x)
=
∞∏
l=1
1
(1− sl,∞)
∫ 1
0
dt1 t
1
2
(−1+λ)
1
∫ 1
0
du1 u
1
2
(−2+γ+λ)
1 exp
(
− s1,∞
(1− s1,∞)η(1 − t1)(1− u1)
)
×
(
w˜
−λ
2
1,1
(
w˜1,1∂w˜1,1
)
w˜
1
2
(β−γ−δ+1)
1,1
(
w˜1,1∂w˜1,1
)
w˜
1
2
(−β+γ+δ−1+λ)
1,1 −
q
4
)
×
∞∑
α0=0
sα00
α0!
Γ(α0 + γ
′)
Γ(γ′)
(
c0x
λ
α0∑
i0=0
(−α0)i0
(1 + λ2 )i0(
1
2 +
γ
2 +
λ
2 )i0
w˜i01,1
)
x (4.2.52)
where w˜1,1 = ηs1,∞
1∏
l=1
tlul
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Acting the summation operator
∞∑
α0=0
sα00
α0!
Γ(α0 + γ
′)
Γ(γ′)
∞∏
n=1

∞∑
αn=αn−1
sαnn
 on (4.2.30),
∞∑
α0=0
sα00
α0!
Γ(α0 + γ
′)
Γ(γ′)
∞∏
n=1

∞∑
αn=αn−1
sαnn
 y2(x)
=
∞∏
l=3
1
(1− sl,∞)
∫ 1
0
dt2 t
λ
2
2
∫ 1
0
du2 u
1
2
(−1+γ+λ)
2
1
2πi
∮
dv2
exp
(
− v2(1−v2)η(1− t2)(1 − u2)
)
v2(1− v2)
×
∞∑
α2=α1
(
s2,∞
v2
)α2 (
w
− 1
2
(1+λ)
2,2
(
w2,2∂w2,2
)
w
1
2
(β−γ−δ+1)
2,2
(
w2,2∂w2,2
)
w
1
2
(−β+γ+δ+λ)
2,2 −
q
4
)
×
∫ 1
0
dt1 t
1
2
(−1+λ)
1
∫ 1
0
du1 u
1
2
(−2+γ+λ)
1
1
2πi
∮
dv1
exp
(
− v1(1−v1)w2,2(1− t1)(1− u1)
)
v1(1− v1)
×
∞∑
α1=α0
(
s1
v1
)α1 (
w
−λ
2
1,2
(
w1,2∂w1,2
)
w
1
2
(β−γ−δ+1)
1,2
(
w1,2∂w1,2
)
w
1
2
(−β+γ+δ−1+λ)
1,2 −
q
4
)
×
∞∑
α0=0
sα00
α0!
Γ(α0 + γ
′)
Γ(γ′)
(
c0x
λ
α0∑
i0=0
(−α0)i0
(1 + λ2 )i0(
1
2 +
γ
2 +
λ
2 )i0
wi01,2
)
x2 (4.2.53)
Replace αi, αj and si by α2, α1 and
s2,∞
v2
in (4.2.46). Take the new (4.2.46) into (4.2.53).
∞∑
α0=0
sα00
α0!
Γ(α0 + γ
′)
Γ(γ′)
∞∏
n=1

∞∑
αn=αn−1
sαnn
 y2(x)
=
∞∏
l=3
1
(1− sl,∞)
∫ 1
0
dt2 t
λ
2
2
∫ 1
0
du2 u
1
2
(−1+γ+λ)
2
1
2πi
∮
dv2
exp
(
− v2(1−v2)η(1− t2)(1 − u2)
)
(1− v2)(v2 − s2,∞)
×
(
w
− 1
2
(1+λ)
2,2
(
w2,2∂w2,2
)
w
1
2
(β−γ−δ+1)
2,2
(
w2,2∂w2,2
)
w
1
2
(−β+γ+δ+λ)
2,2 −
q
4
)
×
∫ 1
0
dt1 t
1
2
(−1+λ)
1
∫ 1
0
du1 u
1
2
(−2+γ+λ)
1
1
2πi
∮
dv1
exp
(
− v1(1−v1)w2,2(1− t1)(1− u1)
)
v1(1− v1)
×
∞∑
α1=α0
(
s1,∞
v1v2
)α1 (
w
−λ
2
1,2
(
w1,2∂w1,2
)
w
1
2
(β−γ−δ+1)
1,2
(
w1,2∂w1,2
)
w
1
2
(−β+γ+δ−1+λ)
1,2 −
q
4
)
×
∞∑
α0=0
sα00
α0!
Γ(α0 + γ
′)
Γ(γ′)
(
c0x
λ
α0∑
i0=0
(−α0)i0
(1 + λ2 )i0(
1
2 +
γ
2 +
λ
2 )i0
wi01,2
)
x2 (4.2.54)
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By using Cauchy’s integral formula, the contour integrand has poles at v2 = 1 or s2,∞ and
s2,∞ is only inside the unit circle. As we compute the residue there in (4.2.54) we obtain
∞∑
α0=0
sα00
α0!
Γ(α0 + γ
′)
Γ(γ′)
∞∏
n=1

∞∑
αn=αn−1
sαnn
 y2(x)
=
∞∏
l=2
1
(1− sl,∞)
∫ 1
0
dt2 t
λ
2
2
∫ 1
0
du2 u
1
2
(−1+γ+λ)
2 exp
(
− s2,∞
(1− s2,∞)η(1− t2)(1 − u2)
)
×
(
w˜
− 1
2
(1+λ)
2,2
(
w˜2,2∂w˜2,2
)
w˜
1
2
(β−γ−δ+1)
2,2
(
w˜2,2∂w˜2,2
)
w˜
1
2
(−β+γ+δ+λ)
2,2 −
q
4
)
×
∫ 1
0
dt1 t
1
2
(−1+λ)
1
∫ 1
0
du1 u
1
2
(−2+γ+λ)
1
1
2πi
∮
dv1
exp
(
− v1(1−v1) w˜2,2(1− t1)(1 − u1)
)
v1(1− v1)
×
∞∑
α1=α0
(
s1
v1
)α1 (
w¨
−λ
2
1,2
(
w¨1,2∂w¨1,2
)
w¨
1
2
(β−γ−δ+1)
1,2
(
w¨1,2∂w¨1,2
)
w¨
1
2
(−β+γ+δ−1+λ)
1,2 −
q
4
)
×
∞∑
α0=0
sα00
α0!
Γ(α0 + γ
′)
Γ(γ′)
(
c0x
λ
α0∑
i0=0
(−α0)i0
(1 + λ2 )i0(
1
2 +
γ
2 +
λ
2 )i0
w¨i01,2
)
x2 (4.2.55)
where w˜2,2 = ηs2,∞
2∏
l=2
tlul and w¨1,2 = ηv1s2,∞
2∏
l=1
tlul
Replace αi, αj and si by α1, α0 and
s1
v1
in (4.2.46). Take the new (4.2.46) into (4.2.55).
∞∑
α0=0
sα00
α0!
Γ(α0 + γ
′)
Γ(γ′)
∞∏
n=1

∞∑
αn=αn−1
sαnn
 y2(x)
=
∞∏
l=2
1
(1− sl,∞)
∫ 1
0
dt2 t
λ
2
2
∫ 1
0
du2 u
1
2
(−1+γ+λ)
2 exp
(
− s2,∞
(1− s2,∞)η(1− t2)(1 − u2)
)
×
(
w˜
− 1
2
(1+λ)
2,2
(
w˜2,2∂w˜2,2
)
w˜
1
2
(β−γ−δ+1)
2,2
(
w˜2,2∂w˜2,2
)
w˜
1
2
(−β+γ+δ+λ)
2,2 −
q
4
)
×
∫ 1
0
dt1 t
1
2
(−1+λ)
1
∫ 1
0
du1 u
1
2
(−2+γ+λ)
1
1
2πi
∮
dv1
exp
(
− v1(1−v1) w˜2,2(1− t1)(1 − u1)
)
(1− v1)(v1 − s1)
×
(
w¨
−λ
2
1,2
(
w¨1,2∂w¨1,2
)
w¨
1
2
(β−γ−δ+1)
1,2
(
w¨1,2∂w¨1,2
)
w¨
1
2
(−β+γ+δ−1+λ)
1,2 −
q
4
)
×
∞∑
α0=0
1
α0!
(
s0,1
v1
)α0 Γ(α0 + γ′)
Γ(γ′)
(
c0x
λ
α0∑
i0=0
(−α0)i0
(1 + λ2 )i0(
1
2 +
γ
2 +
λ
2 )i0
w¨i01,2
)
x2 (4.2.56)
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By using Cauchy’s integral formula, the contour integrand has poles at v1 = 1 or s1 and
s1 is only inside the unit circle. As we compute the residue there in (4.2.56) we obtain
∞∑
α0=0
sα00
α0!
Γ(α0 + γ
′)
Γ(γ′)
∞∏
n=1

∞∑
αn=αn−1
sαnn
 y2(x)
=
∞∏
l=2
1
(1− sl,∞)
∫ 1
0
dt2 t
λ
2
2
∫ 1
0
du2 u
1
2
(−1+γ+λ)
2 exp
(
− s2,∞
(1− s2,∞)η(1− t2)(1 − u2)
)
×
(
w˜
− 1
2
(1+λ)
2,2
(
w˜2,2∂w˜2,2
)
w˜
1
2
(β−γ−δ+1)
2,2
(
w˜2,2∂w˜2,2
)
w˜
1
2
(−β+γ+δ+λ)
2,2 −
q
4
)
×
∫ 1
0
dt1 t
1
2
(−1+λ)
1
∫ 1
0
du1 u
1
2
(−2+γ+λ)
1
exp
(
− s1(1−s1)w˜2,2(1− t1)(1− u1)
)
(1− s1)
×
(
w˜
−λ
2
1,2
(
w˜1,2∂w˜1,2
)
w˜
1
2
(β−γ−δ+1)
1,2
(
w˜1,2∂w˜1,2
)
w˜
1
2
(−β+γ+δ−1+λ)
1,2 −
q
4
)
×
∞∑
α0=0
sα00
α0!
Γ(α0 + γ
′)
Γ(γ′)
(
c0x
λ
α0∑
i0=0
(−α0)i0
(1 + λ2 )i0(
1
2 +
γ
2 +
λ
2 )i0
w˜i01,2
)
x2 (4.2.57)
where w˜1,2 = ηs1,∞
2∏
l=1
tlul
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Acting the summation operator
∞∑
α0=0
sα00
α0!
Γ(α0 + γ
′)
Γ(γ′)
∞∏
n=1

∞∑
αn=αn−1
sαnn
 on (4.2.31),
∞∑
α0=0
sα00
α0!
Γ(α0 + γ
′)
Γ(γ′)
∞∏
n=1

∞∑
αn=αn−1
sαnn
 y3(x)
=
∞∏
l=3
1
(1− sl,∞)
∫ 1
0
dt3 t
1
2
(1+λ)
3
∫ 1
0
du3 u
1
2
(γ+λ)
3 exp
(
− s3,∞
(1− s3,∞)η(1 − t3)(1− u3)
)
×
(
w˜
− 1
2
(2+λ)
3,3
(
w˜3,3∂w˜3,3
)
w˜
1
2
(β−γ−δ+1)
3,3
(
w˜3,3∂w˜3,3
)
w˜
1
2
(−β+γ+δ+1+λ)
3,3 −
q
4
)
×
∫ 1
0
dt2 t
λ
2
2
∫ 1
0
du2 u
1
2
(−1+γ+λ)
2
exp
(
− s2(1−s2) w˜3,3(1− t2)(1 − u2)
)
(1− s2)
×
(
w˜
− 1
2
(−1+λ)
2,3
(
w˜2,3∂w˜2,3
)
w˜
1
2
(β−γ−δ+1)
2,3
(
w˜2,3∂w˜2,3
)
w˜
1
2
(−β+γ+δ+λ)
2,3 −
q
4
)
×
∫ 1
0
dt1 t
1
2
(−1+λ)
1
∫ 1
0
du1 u
1
2
(−2+γ+λ)
1
exp
(
− s1(1−s1) w˜2,3(1− t1)(1− u1)
)
(1− s1)
×
(
w˜
−λ
2
1,3
(
w˜1,3∂w˜1,3
)
w˜
1
2
(β−γ−δ+1)
1,3
(
w˜1,3∂w˜1,3
)
w˜
1
2
(−β+γ+δ−1+λ)
1,3 −
q
4
)
×
∞∑
α0=0
sα00
α0!
Γ(α0 + γ
′)
Γ(γ′)
(
c0x
λ
α0∑
i0=0
(−α0)i0
(1 + λ2 )i0(
1
2 +
γ
2 +
λ
2 )i0
w˜i01,3
)
x3 (4.2.58)
where w˜3,3 = ηs3,∞
3∏
l=3
tlul, w˜2,3 = ηs2,∞
3∏
l=2
tlul and w˜1,3 = ηs1,∞
3∏
l=1
tlul
By repeating this process for all higher terms of integral forms of sub-summation ym(x)
terms where m > 3, I obtain every
∞∑
α0=0
sα00
α0!
Γ(α0 + γ
′)
Γ(γ′)
∞∏
n=1

∞∑
αn=αn−1
sαnn
ym(x) terms.
Substitute (4.2.49), (4.2.52), (4.2.57), (4.2.58) and including all
∞∑
q0=0
(γ′)q0
(q0)!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
ym(x) terms where m > 3 into (4.2.48).
Remark 4.2.13 The generating function for the CHP of type 1 of the first kind about
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x = 0 as α = −(2αj + j) where j, αj ∈ N0 is
∞∑
α0=0
sα00
α0!
Γ(α0 +
1
2 +
γ
2 )
Γ(12 +
γ
2 )
∞∏
n=1

∞∑
αn=αn−1
sαnn
H(a)c Fαj
(
α = −(2αj + j), β, γ, δ, q; η = 1
2
βx2
)
=
∞∏
l=1
1
(1− sl,∞)
A (s0,∞; η)
+
{ ∞∏
l=1
1
(1− sl,∞)
∫ 1
0
dt1 t
− 1
2
1
∫ 1
0
du1 u
1
2
(−2+γ)
1
←→
Γ 1 (s1,∞; t1, u1, η)
×
((
w˜1,1∂w˜1,1
)
w˜
1
2
(β−γ−δ+1)
1,1
(
w˜1,1∂w˜1,1
)
w˜
1
2
(−β+γ+δ−1)
1,1 −
q
4
)
A (s0; w˜1,1)
}
x
+
∞∑
n=2
{ ∞∏
l=n
1
(1− sl,∞)
∫ 1
0
dtn t
1
2
(n−2)
n
∫ 1
0
dun u
1
2
(n−3+γ)
n
←→
Γ n (sn,∞; tn, un, η)
×
(
w˜
− 1
2
(n−1)
n,n
(
w˜n,n∂w˜n,n
)
w˜
1
2
(β−γ−δ+1)
n,n
(
w˜n,n∂w˜n,n
)
w˜
1
2
(−β+γ+δ+n−2)
n,n − q
4
)
×
n−1∏
k=1
{∫ 1
0
dtn−k t
1
2
(n−k−2)
n−k
∫ 1
0
dun−k u
1
2
(n−k−3+γ)
n−k
←→
Γ n−k (sn−k; tn−k, un−k, w˜n−k+1,n)
×
(
w˜
− 1
2
(n−k−1)
n−k,n
(
w˜n−k,n∂w˜n−k,n
)
w˜
1
2
(β−γ−δ+1)
n−k,n
(
w˜n−k,n∂w˜n−k,n
)
w˜
1
2
(−β+γ+δ+n−k−2)
n−k,n −
q
4
)}
×A (s0; w˜1,n)
}
xn (4.2.59)
where
←→
Γ 1 (s1,∞; t1, u1, η) = exp
(
− s1,∞
(1− s1,∞)η(1− t1)(1 − u1)
)
←→
Γ n (sn,∞; tn, un, η) = exp
(
− sn,∞
(1− sn,∞)η(1− tn)(1− un)
)
←→
Γ n−k (sn−k; tn−k, un−k, w˜n−k+1,n) =
exp
(
− sn−k(1−sn−k)w˜n−k+1,n(1− tn−k)(1 − un−k)
)
(1− sn−k)
and 
A (s0,∞; η) = (1− s0,∞)−
1
2
(1+γ) exp
(
− ηs0,∞
(1− s0,∞)
)
A (s0; w˜1,1) = (1− s0)−
1
2
(1+γ) exp
(
− w˜1,1s0
(1− s0)
)
A (s0; w˜1,n) = (1− s0)−
1
2
(1+γ) exp
(
− w˜1,ns0
(1− s0)
)
4.2. CHF WITH A REGULAR SINGULAR POINT AT ZERO 181
Proof The generating function for Confluent hypergeometric (Kummer’s) polynomial of
the first kind is given by
∞∑
α0=0
tα0
α0!
Γ(α0 + γ
′)
Γ(γ′) 1
F1
(−α0; γ′; z) = exp
(
− zt(1−t)
)
(1− t)γ′ (4.2.60)
Replace t, γ′ and z by s0,∞,
1
2
+
γ
2
and η in (4.2.60).
∞∑
α0=0
sα00,∞
α0!
Γ(α0 +
1
2 +
γ
2 )
Γ(12 +
γ
2 )
1F1
(
−α0; 1
2
+
γ
2
; η
)
= (1− s0,∞)−
1
2
(1+γ) exp
(
− ηs0,∞
(1− s0,∞)
)
(4.2.61)
Replace t, γ′ and z by s0,
1
2
+
γ
2
and w˜1,1 in (4.2.60).
∞∑
α0=0
sα00
α0!
Γ(α0 +
1
2 +
γ
2 )
Γ(12 +
γ
2 )
1F1
(
−α0; 1
2
+
γ
2
; w˜1,1
)
= (1− s0)−
1
2
(1+γ) exp
(
− w˜1,1s0
(1− s0)
)
(4.2.62)
Replace t, γ′ and z by s0,
1
2
+
γ
2
and w˜1,n in (4.2.60).
∞∑
α0=0
sα00
α0!
Γ(α0 +
1
2 +
γ
2 )
Γ(12 +
γ
2 )
1F1
(
−α0; 1
2
+
γ
2
; w˜1,n
)
= (1− s0)−
1
2
(1+γ) exp
(
− w˜1,ns0
(1− s0)
)
(4.2.63)
Put c0= 1, λ=0 and γ
′ =
1
2
+
γ
2
in (4.2.47). Substitute (4.2.61), (4.2.62) and (4.2.63) into
the new (4.2.47).
Remark 4.2.14 The generating function for the CHP of type 1 of the second kind about
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x = 0 as α = −(2αj + j + 1− γ) where j, αj ∈ N0 is
∞∑
α0=0
sα00
α0!
Γ(α0 +
3
2 − γ2 )
Γ(32 − γ2 )
∞∏
n=1

∞∑
αn=αn−1
sαnn
H(a)c Sαj
(
α = −(2αj + j + 1− γ), β, γ, δ, q; η = 1
2
βx2
)
= x1−γ
{ ∞∏
l=1
1
(1− sl,∞)B (s0,∞; η)
+
{ ∞∏
l=1
1
(1− sl,∞)
∫ 1
0
dt1 t
− γ
2
1
∫ 1
0
du1 u
− 1
2
1
←→
Γ 1 (s1,∞; t1, u1, η)
×
(
w˜
− 1
2
(1−γ)
1,1
(
w˜1,1∂w˜1,1
)
w˜
1
2
(β−γ−δ+1)
1,1
(
w˜1,1∂w˜1,1
)
w˜
1
2
(−β+δ)
1,1 −
q
4
)
B (s0; w˜1,1)
}
x
+
∞∑
n=2
{ ∞∏
l=n
1
(1− sl,∞)
∫ 1
0
dtn t
1
2
(n−1−γ)
n
∫ 1
0
dun u
1
2
(n−2)
n
←→
Γ n (sn,∞; tn, un, η)
×
(
w˜
− 1
2
(n−γ)
n,n
(
w˜n,n∂w˜n,n
)
w˜
1
2
(β−γ−δ+1)
n,n
(
w˜n,n∂w˜n,n
)
w˜
1
2
(−β+δ+n−1)
n,n − q
4
)
×
n−1∏
k=1
{∫ 1
0
dtn−k t
1
2
(n−k−1−γ)
n−k
∫ 1
0
dun−k u
1
2
(n−k−2)
n−k
←→
Γ n−k (sn−k; tn−k, un−k, w˜n−k+1,n)
×
(
w˜
− 1
2
(n−k−γ)
n−k,n
(
w˜n−k,n∂w˜n−k,n
)
w˜
1
2
(β−γ−δ+1)
n−k,n
(
w˜n−k,n∂w˜n−k,n
)
w˜
1
2
(−β+δ+n−k−1)
n−k,n −
q
4
)}
×B (s0; w˜1,n)
}
xn
}
(4.2.64)
where
←→
Γ 1 (s1,∞; t1, u1, η) = exp
(
− s1,∞
(1− s1,∞)η(1− t1)(1 − u1)
)
←→
Γ n (sn,∞; tn, un, η) = exp
(
− sn,∞
(1− sn,∞)η(1− tn)(1− un)
)
←→
Γ n−k (sn−k; tn−k, un−k, w˜n−k+1,n) =
exp
(
− sn−k(1−sn−k)w˜n−k+1,n(1− tn−k)(1 − un−k)
)
(1− sn−k)
and 
B (s0,∞; η) = (1− s0,∞)−
1
2
(3−γ) exp
(
− ηs0,∞
(1− s0,∞)
)
B (s0; w˜1,1) = (1− s0)−
1
2
(3−γ) exp
(
− w˜1,1s0
(1− s0)
)
B (s0; w˜1,n) = (1− s0)−
1
2
(3−γ) exp
(
− w˜1,ns0
(1− s0)
)
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Proof Replace t, γ′ and z by s0,∞,
3
2
− γ
2
and η in (4.2.60).
∞∑
α0=0
sα00,∞
α0!
Γ(α0 +
3
2 − γ2 )
Γ(32 − γ2 )
1F1
(
−α0; 3
2
− γ
2
; η
)
= (1− s0,∞)−
1
2
(3−γ) exp
(
− ηs0,∞
(1− s0,∞)
)
(4.2.65)
Replace t, γ′ and z by s0,
3
2
− γ
2
and w˜1,1 in (4.2.60).
∞∑
α0=0
sα00
α0!
Γ(α0 +
3
2 − γ2 )
Γ(32 − γ2 )
1F1
(
−α0; 3
2
− γ
2
; w˜1,1
)
= (1− s0)−
1
2
(3−γ) exp
(
− w˜1,1s0
(1− s0)
)
(4.2.66)
Replace t, γ′ and z by s0,
3
2
− γ
2
and w˜1,n in (4.2.60).
∞∑
α0=0
sα00
α0!
Γ(α0 +
3
2 − γ2 )
Γ(32 − γ2 )
1F1
(
−α0; 3
2
− γ
2
; w˜1,n
)
= (1− s0)−
1
2
(3−γ) exp
(
− w˜1,ns0
(1− s0)
)
(4.2.67)
Put c0= 1, λ = 1− γ and γ′ = 3
2
− γ
2
in (4.2.47). Substitute (4.2.65), (4.2.66) and
(4.2.67) into the new (4.2.47).
4.3 Summary
In this chapter I apply the 3TRF to (1) the power series expansion in closed forms of the
CHE about regular singularity x = 0, (2) its integral representation for infinite series and
polynomial of type 1 and (3) generating functions of the CHP of type 1.
As we see the power series expansions of the CHE for infinite series and polynomial,
denominators and numerators in every Bn terms arise with Pochhammer symbol: the
meaning of this is that the analytic solutions of the CHF can be described as
hypergoemetric functions in a strict mathematical way. I show how to construct
representations in closed form integrals resulting in a precise since we have power series
expansions with Pochhammer symbols in numerators and denominators. We can
transform the CHF into all other well-known special functions with two recursive
coefficients because a 1F1 function recurs in each of sub-integral forms of the CHF.
I show how to analyze generating functions for the CHP of type 1 from the general
representation of an integral form of the CHP. We can derive orthogonal relations,
recursion relations and expectation values of physical quantities from the generating
functions for the CHP: the processes in order to obtain orthogonal and recursion relations
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of the CHP are similar to the case of a normalized wave function for the hydrogen-like
atoms.
The second independent solution of the CHF is only valid for non-integer values of 1− γ
in the domain |x| < 1. Its analytic solution is defined by its behavior at infinity in the
domain |x| > 1. The local solution of the CHF about regular singularity x = 0 is called
angular solution of the CHE, denoted as Hc(a)(α, β, γ, δ, q;x). And the local solution of
the CHE about the singular point at infinity is called radial solution of the CHE, denoted
as Hc(r)(α, β, γ, δ, q;x). [2] Various local solutions of the CHE can be constructed using
the combination of transformed independent parameters which resembles Kummer’s 24
local solutions of the hypergeometric equation. All possible local solutions of the CHE
(Regge-Wheeler and Teukolsky equations) were constructed by Fiziev.[11, 12] In general
the power series expansion for the CHE about the singular point at infinity is not
convergent by only asymptotic. [2, 13] Putting z = 1x into (4.1.2),
z2
d2y
dz2
+ z
(
(2− γ)− β
z
+
δ
z − 1
)
dy
dz
+
qz − αβ
z(z − 1)y = 0 (4.3.1)
Assume that its solution is
y(z) =
∞∑
n=0
cnz
n+λ where λ = indicial root (4.3.2)
Plug (4.3.2) into (4.3.1). We again obtain a three-term recurrence relation for the
coefficients cn:
cn+1 = An cn +Bn cn−1 ;n ≥ 1 (4.3.3)
where,
An =
(n+ λ)(n + λ+ β − γ − δ + 1)− q
β(n + 1− α+ λ) (4.3.4a)
Bn =
−(n+ λ− 1)(n + λ− γ)
β(n+ λ+ 1− α) (4.3.4b)
c1 = A0 c0 (4.3.4c)
We only have an indicial root which is λ = α. Let’s test for the asymptotic behavior of
the function y(z). As n≫ 1 (for sufficiently large),
A = lim
n≫1
An =
n
β
(4.3.5a)
B = lim
n≫1
Bn = −n
β
(4.3.5b)
As we see (4.3.5a) and (4.3.5b), the function y(z) for infinite series is divergent. Also, for
polynomial of type 1, (4.3.5b) is negligible for the minimum y(z) because Bn term will be
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terminated at the specific eigenvalues. (4.3.5a) is only survived. And its recurrence
relation is
cn+1 =
n
β
cn (4.3.6)
The local solution for (4.3.6) is divergent. By similar reason, polynomial of type 2 also
will be divergent. Therefore, the local solution of the CHE about the singular point at
infinity is only valid for the type 3 polynomial where An and Bn terms terminated at the
same time. Also we need a condition α > 0 in order to make a function y(z) convergent.
If it does not, the function y(z) will be divergent as x goes to infinity. For the black hole
problems, x is correspond to the radius.[11, 12, 13] In the quantum mechanical points of
views any physical quantities should be disappeared as the distance goes to the infinity as
we all know. In the next series I will construct the Frobenius solution in closed forms of
the CHE about the singular point at infinity, its integral representation and its
generating functions for the type 3 polynomial. I also derive the mathematical formula of
the spectral parameter q for this type polynomial.
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Chapter 5
Confluent Heun function using
reversible three-term recurrence
formula
In this chapter I apply reversible three term recurrence formula to (1) the power series
expansions in closed forms, (2) its integral forms of the Confluent Heun function (CHF)
for infinite series and polynomial of type 21 including all higher terms of Bn’s
2 and (3)
the generating function for Confluent Heun polynomial (CHP) of type 2.
5.1 Non-symmetrical canonical form of Confluent Heun
Equation
In general, there are three types of the Confluent Heun equation (CHE): (1)Generalized
spheroidal equation (GSE), (2) the generalized spheroidal wave equation (GSWE) in the
Leaver version, (3) Non-symmetrical canonical form of the CHE.
In 1928, A.H. Wilson worked on the wave equation for the ion of the hydrogen molecule
H+2 with considering the protons as at rest: he assume that the mass of the electron is
negligible compared with that of the protons. Neglecting the mass of electrons in his
wave equation, he obtained the second ordinary differential equation in elliptic
1polynomial of type 2 is a polynomial which makes An term terminated in three term recursion relation
of the power series in a linear differential equation.
2“ higher terms of Bn’s” means at least two terms of Bn’s.
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coordinates for the approximative wave equation. And he introduced on the solution of
the more general form of the Helmholtz equation in prolate spheroidal coordinates which
is written by[9, 10]
d
dξ
(
(1− ξ2)dX
dξ
)
+
(
λ2ξ2 − 2pλξ − n
2
3
1− ξ2 + µ
′
)
X = 0
When p = 0 this equation becomes the equation giving the solution of ∇2X − λ2X = 0 in
prolate spheroidal coordinates. Therefore, this equation is called the generalized
spheroidal equation (GSE). The GSE has three singular points: two regular singular
points which are ±1 and one irregular singular point which is ∞.
In 1986, E.W. Leaver introduced the different version of the GSE which is given by [6]
z(z−z0)d
2U
dz2
+(B1+B2z)
dU
dz
+
(
B3 − 2ηω(z − z0) + ω2z(z − z0)
)
U(z) = 0 where ω 6= 0
This equation has three singular points: two regular singular points which are 0 and z0
with exponents
{
0, 1 + B1z0
}
and
{
0, 1−B2 − B1z0
}
, and one irregular singular point which
is ∞. It arises in the scattering problem of non-relativistic electrons from polar molecule
and ions, in wave equation on the background geometry of the Schwarzschild black hole
(Teukolsky’s equation) and etc.
In Ref.[1, 2], Heun equation is a second-order linear ordinary differential equation of the
form
d2y
dx2
+
(
γ
x
+
δ
x− 1 +
ǫ
x− a
)
dy
dx
+
αβx− q
x(x− 1)(x− a)y = 0 (5.1.1)
It has four regular singular points which are 0, 1, a and ∞ with exponents {0, 1 − γ},
{0, 1 − δ}, {0, 1 − ǫ} and {α, β}.
Heun equation has the four kinds of confluent forms: (1) Confluent Heun (two regular
and one irregular singularities), (2) Doubly Confluent Heun (two irregular singularities),
(3) Biconfluent Heun (one regular and one irregular singularities),3 (4) Triconfluent Heun
equations (one irregular singularity). We can derive these four confluent forms from Heun
equation by combining two or more regular singularities to take form an irregular
singularity. Its process, converting Heun equation to other confluent forms, is similar to
deriving of confluent hypergeometric equation from the hypergeometric equation. For the
non-symmetrical canonical form of the Confluent Heun Equation (CHE).[2, 21, 8]
d2y
dx2
+
(
β +
γ
x
+
δ
x− 1
)
dy
dx
+
αβx− q
x(x− 1)y = 0 (5.1.2)
3Biconfluent Heun equation is derived from the grand confluent hypergeometric equation by changing
all coefficients µ = 1 and εω = −q.[36, 37]
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(5.1.2) has three singular points: two regular singular points which are 0 and 1 with
exponents {0, 1 − γ} and {0, 1 − δ}, and one irregular singular point which is ∞ with an
exponent α. Its solution is denoted as Hc(α, β, γ, δ, q;x).
4 We can convert the GSE and
its Leaver version to the non-symmetrical canonical form of the CHE by changing
coefficients, adding the new variables and combining regular singularities.
5.2 Confluent Heun function with a regular singular point
at 0
In chapter 4 I showed the analytic solutions of the CHE for infinite series and polynomial
of type 15 including all higher terms of An’s by applying 3TRF [1]; (1) the power series
expansion of the CHE, (2) the integral representation of the CHF, (3) its generating
function for the Confluent Heun polynomial (CHP) of type 1. Expressing the CHF in
integral forms resulting in a precise and simplified transformation of the CHF to a
confluent hypergeometric function. Also, the orthogonal relations of the CHF can be
obtained from the integral forms.
In this chapter, by applying R3TRF, I construct the power series expansion in closed
forms of non-symmetrical canonical form of the CHE (for infinite series and polynomial of
type 2 including all higher terms of Bn’s), its integral forms and the generating function
for the CHP of type 2 analytically.
Assume that its solution is
y(x) =
∞∑
n=0
cnx
n+λ where λ = indicial root (5.2.1)
Above λ is indicial root. Plug (5.2.1) into (5.1.2). Then we get a three-term recurrence
relation for the coefficients cn:
cn+1 = An cn +Bn cn−1 ;n ≥ 1 (5.2.2)
4Several authors denote as coefficients 4p and σ instead of β and q. And they define the solution of the
CHE as H
(a)
c (p, α, γ, δ, σ;x).
5polynomial of type 1 is a polynomial which makes Bn term terminated in three term recursion relation
of the power series in a linear differential equation.
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where,
An =
(n+ λ)(n+ λ− β + γ + δ − 1)− q
(n+ λ+ 1)(n + λ+ γ)
=
(
n− −(ϕ+2λ)−
√
ϕ2+4q
2
)(
n− −(ϕ+2λ)+
√
ϕ2+4q
2
)
(n+ λ+ 1)(n + λ+ γ)
(5.2.3a)
and
ϕ = −β + γ + δ − 1
Bn =
β(n+ λ+ α− 1)
(n+ λ+ 1)(n + λ+ γ)
(5.2.3b)
c1 = A0 c0 (5.2.3c)
We have two indicial roots which are λ1 = 0 and λ2 = 1− γ.
5.2.1 Power series
Polynomial of type 2
In the previous chapter, by applying 3TRF, I construct the power series expansion, its
integral forms and the generating function for the CHP of type 1: I treat β, γ, δ and q as
free variables and α as a fixed value In this chapter, by applying R3TRF, I will show how
to derive the power series expansion, the integral representation and the generating
function for the CHP of type 2: I treat α, β, γ and δ as free variables and q as a fixed
value.
In chapter 1 the general expression of power series of y(x) for polynomial of type 2 is
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defined by
y(x) =
∞∑
n=0
yn(x) = y0(x) + y1(x) + y2(x) + y3(x) + · · ·
= c0
{
α0∑
i0=0
(
i0−1∏
i1=0
Ai1
)
xi0+λ +
α0∑
i0=0
{
Bi0+1
i0−1∏
i1=0
Ai1
α1∑
i2=i0
(
i2−1∏
i3=i0
Ai3+2
)}
xi2+2+λ
+
∞∑
N=2
{
α0∑
i0=0
{
Bi0+1
i0−1∏
i1=0
Ai1
N−1∏
k=1
(
αk∑
i2k=i2(k−1)
Bi2k+2k+1
i2k−1∏
i2k+1=i2(k−1)
Ai2k+1+2k
)
×
αN∑
i2N=i2(N−1)
(
i2N−1∏
i2N+1=i2(N−1)
Ai2N+1+2N
)}}
xi2N+2N+λ
}
(5.2.4)
In the above, αi ≤ αj only if i ≤ j where i, j, αi, αj ∈ N0.
For a polynomial, we need a condition which is:
Aαi+2i = 0 where i, αi = 0, 1, 2, · · · (5.2.5)
In the above, αi is an eigenvalue that makes An term terminated at certain value of n.
(5.2.5) makes each yi(x) where i = 0, 1, 2, · · · as the polynomial in (5.2.4). Replace αi by
qi and put n = qi + 2i in (5.2.3a) with the condition Aqi+2i = 0. Then, we obtain
eigenvalues q such as
√
ϕ2 + 4q = ±{ϕ+ 2λ+ 2(qi + 2i)}.
The case of
√
ϕ2 + 4q = −{ϕ+ 2λ+ 2(qi + 2i)} In (5.2.3a) replace
√
ϕ2 + 4q by
−{ϕ+ 2λ+ 2(qi + 2i)}. In (5.2.4) replace index αi by qi. Take the new (5.2.3a) and
(5.2.3b) in new (5.2.4). After the replacement process, the general expression of power
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series of the CHE for polynomial of type 2 is given by
y(x) =
∞∑
n=0
yn(x) = y0(x) + y1(x) + y2(x) + y3(x) + · · ·
= c0x
λ
{
q0∑
i0=0
(−q0)i0 (q0 + ϕ+ 2λ)i0
(1 + λ)i0(γ + λ)i0
xi0
+
{
q0∑
i0=0
(i0 + α+ λ)
(i0 + 2 + λ)(i0 + 1 + γ + λ)
(−q0)i0 (q0 + ϕ+ 2λ)i0
(1 + λ)i0(γ + λ)i0
×
q1∑
i1=i0
(−q1)i1 (q1 + ϕ+ 4 + 2λ)i1 (3 + λ)i0(2 + γ + λ)i0
(−q1)i0 (q1 + ϕ+ 4 + 2λ)i0 (3 + λ)i1(2 + γ + λ)i1
xi1
}
z
+
∞∑
n=2
{
q0∑
i0=0
(i0 + α+ λ)
(i0 + 2 + λ)(i0 + 1 + γ + λ)
(−q0)i0 (q0 + ϕ+ 2λ)i0
(1 + λ)i0(γ + λ)i0
×
n−1∏
k=1

qk∑
ik=ik−1
(ik + 2k + α+ λ)
(ik + 2(k + 1) + λ)(ik + 2k + 1 + γ + λ)
(5.2.6)
× (−qk)ik (qk + 4k + ϕ+ 2λ)ik (2k + 1 + λ)ik−1(2k + γ + λ)ik−1
(−qk)ik−1 (qk + 4k + ϕ+ 2λ)ik−1 (2k + 1 + λ)ik(2k + γ + λ)ik
}
×
qn∑
in=in−1
(−qn)in (qn + 4n + ϕ+ 2λ)in (2n+ 1 + λ)in−1(2n + γ + λ)in−1
(−qn)in−1 (qn + 4n+ ϕ+ 2λ)in−1 (2n + 1 + λ)in(2n+ γ + λ)in
xin
 zn

where 
z = βx2
ϕ = −β + γ + δ − 1
q = (qj + 2j + λ)(qj + 2j + λ+ ϕ) as j, qj ∈ N0
qi ≤ qj only if i ≤ j where i, j ∈ N0
The case of
√
ϕ2 + 4q = ϕ+ 2λ+ 2(qi + 2i) In (5.2.3a) replace
√
ϕ2 + 4q by
ϕ+ 2λ+ 2(qi + 2i). In (5.2.4) replace index αi by qi. Take the new (5.2.3a) and (5.2.3b)
in new (5.2.4). After the replacement process, its solution is equivalent to (5.2.6).
Put c0= 1 as λ = 0 for the first kind of independent solutions of the CHE and λ =
1
2 for
the second one in (5.2.6).
Remark 5.2.1 The power series expansion of the CHE of the first kind for polynomial of
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type 2 about x = 0 as q = (qj + 2j)(qj + 2j − β + γ + δ − 1) where j, qj ∈ N0 is
y(x) = H(a)c F
R
qj
(
α, β, γ, δ, q = (qj + 2j)(qj + 2j + ϕ);ϕ = −β + γ + δ − 1; z = βx2
)
=
q0∑
i0=0
(−q0)i0 (q0 + ϕ)i0
(1)i0(γ)i0
xi0
+
{
q0∑
i0=0
(i0 + α)
(i0 + 2)(i0 + 1 + γ)
(−q0)i0 (q0 + ϕ)i0
(1)i0(γ)i0
×
q1∑
i1=i0
(−q1)i1 (q1 + ϕ+ 4)i1 (3)i0(2 + γ)i0
(−q1)i0 (q1 + ϕ+ 4)i0 (3 + λ)i1(2 + γ)i1
xi1
}
z
+
∞∑
n=2
{
q0∑
i0=0
(i0 + α)
(i0 + 2)(i0 + 1 + γ)
(−q0)i0 (q0 + ϕ)i0
(1)i0(γ)i0
×
n−1∏
k=1

qk∑
ik=ik−1
(ik + 2k + α)
(ik + 2(k + 1))(ik + 2k + 1 + γ)
× (−qk)ik (qk + 4k + ϕ)ik (2k + 1)ik−1(2k + γ)ik−1
(−qk)ik−1 (qk + 4k + ϕ)ik−1 (2k + 1)ik(2k + γ)ik
}
×
qn∑
in=in−1
(−qn)in (qn + 4n+ ϕ)in (2n + 1)in−1(2n + γ)in−1
(−qn)in−1 (qn + 4n+ ϕ)in−1 (2n+ 1)in(2n+ γ)in
xin
 zn (5.2.7)
For the minimum value of the CHE of the first kind for polynomial of type 2 about x = 0,
put q0 = q1 = q2 = · · · = 0 in (5.2.7).
y(x) = H(a)c F
R
0
(
α, β, γ, δ, q = 2j(2j + ϕ);ϕ = −β + γ + δ − 1; z = βx2)
= 1F1
(
α
2
,
γ
2
+
1
2
,
1
2
βx2
)
where −∞ < x <∞
On the above, 1F1(a, b, x) =
∑∞
n=0
(a)n
(b)n
xn
n! .
Remark 5.2.2 The power series expansion of the CHE of the first kind for polynomial of
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type 2 about x = 0 as q = (qj + 2j + 1− γ)(qj + 2j − β + δ) where j, qj ∈ N0 is
y(x) = H(a)c S
R
αj
(
α, β, γ, δ, q = (qj + 2j + 1− γ)(qj + 2j + 1− γ + ϕ);ϕ = −β + γ + δ − 1; z = βx2
)
= x1−γ
{
q0∑
i0=0
(−q0)i0 (q0 + ϕ+ 2(1− γ))i0
(2− γ)i0(1)i0
xi0
+
{
q0∑
i0=0
(i0 + α+ 1− γ)
(i0 + 3− γ)(i0 + 2)
(−q0)i0 (q0 + ϕ+ 2(1− γ))i0
(2− γ)i0(1)i0
×
q1∑
i1=i0
(−q1)i1 (q1 + ϕ+ 2(3− γ))i1 (4− γ)i0(3)i0
(−q1)i0 (q1 + ϕ+ 2(3− γ))i0 (4− γ)i1(3)i1
xi1
}
z
+
∞∑
n=2
{
q0∑
i0=0
(i0 + α+ 1− γ)
(i0 + 3− γ)(i0 + 2)
(−q0)i0 (q0 + ϕ+ 2(1− γ))i0
(2− γ)i0(1)i0
×
n−1∏
k=1

qk∑
ik=ik−1
(ik + 2k + α+ 1− γ)
(ik + 2k + 3− γ)(ik + 2k + 2)
× (−qk)ik (qk + ϕ+ 2(2k + 1− γ))ik (2k + 2− γ)ik−1(2k + 1)ik−1
(−qk)ik−1 (qk + ϕ+ 2(2k + 1− γ))ik−1 (2k + 2− γ)ik(2k + 1)ik
}
×
qn∑
in=in−1
(−qn)in (qn + ϕ+ 2(2n + 1− γ))in (2n + 2− γ)in−1(2n+ 1)in−1
(−qn)in−1 (qn + ϕ+ 2(2n + 1− γ))in−1 (2n+ 2− γ)in(2n + 1)in
xin
 zn
 (5.2.8)
For the minimum value of the CHE of the second kind for polynomial of type 2 about
x = 0, put q0 = q1 = q2 = · · · = 0 in (5.2.8).
y(x) = H(a)c S
R
0
(
α, β, γ, δ, q = (2j + 1− γ)(2j + 1− γ + ϕ);ϕ = −β + γ + δ − 1; z = βx2)
= x1−γ 1F1
(
α
2
− γ
2
+
1
2
,−γ
2
+
3
2
,
1
2
βx2
)
where −∞ < x <∞
In chapter 4 I treat α as a fixed value and β, γ, δ, q as free variables to construct the
CHP of type 1: (1) if α = −(2αj + j) where j, αj ∈ N0, an analytic solution of the CHE
turns to be the first kind of independent solution of the CHP of type 1. (2) if
α = −(2αj + j + 1− γ), an analytic solution of the CHE turns to be the second kind of
independent solution of the CHP of type 1.
In this chapter I treat q as a fixed value and α, β, γ, δ as free variables to construct the
CHP of type 2: (1) if q = (qj + 2j)(qj + 2j − β + γ + δ − 1) where j, qj ∈ N0, an analytic
solution of the CHE turns to be the first kind of independent solution of the CHP of type
2. (2) if q = (qj + 2j + 1− γ)(qj + 2j − β + δ), an analytic solution of the CHE turns to
be the second kind of independent solution of the CHP of type 2.
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Infinite series
In chapter 1 the general expression of power series of y(x) for infinite series is defined by
y(x) =
∞∑
n=0
yn(x) = y0(x) + y1(x) + y2(x) + y3(x) + · · ·
= c0
{ ∞∑
i0=0
(
i0−1∏
i1=0
Ai1
)
xi0+λ +
∞∑
i0=0
{
Bi0+1
i0−1∏
i1=0
Ai1
∞∑
i2=i0
(
i2−1∏
i3=i0
Ai3+2
)}
xi2+2+λ
+
∞∑
N=2
{ ∞∑
i0=0
{
Bi0+1
i0−1∏
i1=0
Ai1
N−1∏
k=1
( ∞∑
i2k=i2(k−1)
Bi2k+2k+1
i2k−1∏
i2k+1=i2(k−1)
Ai2k+1+2k
)
×
∞∑
i2N=i2(N−1)
(
i2N−1∏
i2N+1=i2(N−1)
Ai2N+1+2N
)}}
xi2N+2N+λ
}
(5.2.9)
Substitute (5.2.3a)–(5.2.3c) into (5.2.9). The general expression of power series of the
CHE for infinite series about x = 0 is given by
y(x) =
∞∑
n=0
yn(x) = y0(x) + y1(x) + y2(x) + y3(x) + · · ·
= c0x
λ
{ ∞∑
i0=0
(
∆−0
)
i0
(
∆+0
)
i0
(1 + λ)i0(γ + λ)i0
xi0
+
{ ∞∑
i0=0
(i0 + λ+ α)
(i0 + λ+ 2)(i0 + λ+ 1 + γ)
(
∆−0
)
i0
(
∆+0
)
i0
(1 + λ)i0(γ + λ)i0
×
∞∑
i1=i0
(
∆−1
)
i1
(
∆+1
)
i1
(3 + λ)i0(2 + γ + λ)i0(
∆−1
)
i0
(
∆+1
)
i0
(3 + λ)i1(2 + γ + λ)i1
xi1
}
z
+
∞∑
n=2
{ ∞∑
i0=0
(i0 + λ+ α)
(i0 + λ+ 2)(i0 + λ+ 1 + γ)
(
∆−0
)
i0
(
∆+0
)
i0
(1 + λ)i0(γ + λ)i0
×
n−1∏
k=1

∞∑
ik=ik−1
(ik + 2k + λ+ α)
(ik + 2(k + 1) + λ)(ik + 2k + 1 + γ + λ)
×
(
∆−k
)
ik
(
∆+k
)
ik
(2k + 1 + λ)ik−1(2k + γ + λ)ik−1(
∆−k
)
ik−1
(
∆+k
)
ik−1
(2k + 1 + λ)ik(2k + γ + λ)ik
}
×
∞∑
in=in−1
(∆−n )in (∆
+
n )in (2n + 1 + λ)in−1(2n+ γ + λ)in−1(
∆−n
)
in−1
(
∆+n
)
in−1
(2n+ 1 + λ)in(2n+ γ + λ)in
xin
 zn
 (5.2.10)
198 CHAPTER 5. CONFLUENT HEUN FUNCTION USING R3TRF
where 
∆±0 =
ϕ+2λ±
√
ϕ2+4q
2
∆±1 =
ϕ+4+2λ±
√
ϕ2+4q
2
∆±k =
ϕ+2λ+4k±
√
ϕ2+4q
2
∆±n =
ϕ+2λ+4n±
√
ϕ2+4q
2
Put c0= 1 as λ = 0 for the first kind of independent solutions of the CHE and λ = 1− γ
for the second one in (5.2.10).
Remark 5.2.3 The power series expansion of the CHE of the first kind for infinite
series about x = 0 using R3TRF is
y(x) = H(a)c F
R
(
α, β, γ, δ, q;ϕ = −β + γ + δ − 1; z = βx2)
=
{ ∞∑
i0=0
(
∆−0
)
i0
(
∆+0
)
i0
(1)i0(γ)i0
xi0
+
{ ∞∑
i0=0
(i0 + α)
(i0 + 2)(i0 + 1 + γ)
(
∆−0
)
i0
(
∆+0
)
i0
(1)i0(γ)i0
∞∑
i1=i0
(
∆−1
)
i1
(
∆+1
)
i1
(3)i0(2 + γ)i0(
∆−1
)
i0
(
∆+1
)
i0
(3)i1(2 + γ)i1
xi1
}
z
+
∞∑
n=2
{ ∞∑
i0=0
(i0 + α)
(i0 + 2)(i0 + 1 + γ)
(
∆−0
)
i0
(
∆+0
)
i0
(1)i0(γ)i0
×
n−1∏
k=1

∞∑
ik=ik−1
(ik + 2k + α)
(ik + 2(k + 1))(ik + 2k + 1 + γ)
(
∆−k
)
ik
(
∆+k
)
ik
(2k + 1)ik−1(2k + γ)ik−1(
∆−k
)
ik−1
(
∆+k
)
ik−1
(2k + 1)ik(2k + γ)ik

×
∞∑
in=in−1
(∆−n )in (∆
+
n )in (2n + 1)in−1(2n + γ)in−1(
∆−n
)
in−1
(
∆+n
)
in−1
(2n + 1)in(2n + γ)in
xin
 zn (5.2.11)
where 
∆±0 =
ϕ±
√
ϕ2+4q
2
∆±1 =
ϕ+4±
√
ϕ2+4q
2
∆±k =
ϕ+4k±
√
ϕ2+4q
2
∆±n =
ϕ+4n±
√
ϕ2+4q
2
Remark 5.2.4 The power series expansion of the CHE of the second kind for infinite
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series about x = 0 using R3TRF is
y(x) = H(a)c S
R
(
α, β, γ, δ, q;ϕ = −β + γ + δ − 1; z = βx2)
= x1−γ
{ ∞∑
i0=0
(
∆−0
)
i0
(
∆+0
)
i0
(2− γ)i0(1)i0
xi0
+
{ ∞∑
i0=0
(i0 + 1− γ + α)
(i0 + 3− γ)(i0 + 2)
(
∆−0
)
i0
(
∆+0
)
i0
(2− γ)i0(1)i0
∞∑
i1=i0
(
∆−1
)
i1
(
∆+1
)
i1
(4− γ)i0(3)i0(
∆−1
)
i0
(
∆+1
)
i0
(4− γ)i1(3)i1
xi1
}
z
+
∞∑
n=2
{ ∞∑
i0=0
(i0 + 1− γ + α)
(i0 + 3− γ)(i0 + 2)
(
∆−0
)
i0
(
∆+0
)
i0
(2− γ)i0(1)i0
×
n−1∏
k=1

∞∑
ik=ik−1
(ik + 2k + 1− γ + α)
(ik + 2k + 3− γ)(ik + 2k + 2)
(
∆−k
)
ik
(
∆+k
)
ik
(2k + 2− γ)ik−1(2k + 1)ik−1(
∆−k
)
ik−1
(
∆+k
)
ik−1
(2k + 2− γ)ik(2k + 1)ik

×
∞∑
in=in−1
(∆−n )in (∆
+
n )in (2n+ 2− γ)in−1(2n + 1)in−1(
∆−n
)
in−1
(
∆+n
)
in−1
(2n + 2− γ)in(2n+ 1)in
xin
 zn
 (5.2.12)
where 
∆±0 =
ϕ+2(1−γ)±
√
ϕ2+4q
2
∆±1 =
ϕ+2(3−γ)±
√
ϕ2+4q
2
∆±k =
ϕ+2(2k+1−γ)±
√
ϕ2+4q
2
∆±n =
ϕ+2(2n+1−γ)±
√
ϕ2+4q
2
It is required that γ 6= 0,−1,−2, · · · for the first kind of independent solution of the CHE
for all cases. Because if it does not, its solution will be divergent. And it is required that
γ 6= 2, 3, 4, · · · for the second kind of independent solution of the CHE for all cases.
The infinite series in this chapter are equivalent to the infinite series in chapter 4. In this
chapter Bn is the leading term in sequence cn of the analytic function y(x). In chapter 4
An is the leading term in sequence cn of the analytic function y(x).
For the special case, as |β| ≪ 1 in (5.2.11) and (5.2.12), we have
lim
|β|≪1
H(a)c F
R
(
α, β, γ, δ, q;ϕ = −β + γ + δ − 1; z = βx2)
≈ 2F1
(
γ + δ − 1−
√
(γ + δ − 1)2 + 4q
2
,
γ + δ − 1 +
√
(γ + δ − 1)2 + 4q
2
; γ;x
)
(5.2.13a)
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And,
lim
|β|≪1
H(a)c S
R
(
α, β, γ, δ, q;ϕ = −β + γ + δ − 1; z = βx2) (5.2.13b)
≈ x1−γ 2F1
(
−γ + δ + 1−
√
(γ + δ − 1)2 + 4q
2
,
−γ + δ + 1 +
√
(γ + δ − 1)2 + 4q
2
; 2− γ;x
)
(5.2.13a) and (5.2.13b) are Gauss Hypergeometric function.
5.2.2 Integral formalism
In earlier literature the integral relations of the CHE were constructed by using Fredholm
integral equations; such integral relationships express one analytic solution in terms of
another analytic solution such as a confluent hypergeometric function with a branch
point at zero. [2] There are many other forms of integral relations in the CHE.
[14, 15, 16, 17, 18, 19]
In chapter 4 I derive the combined definite and contour integral forms of the CHF by
applying 3TRF: a 1F1 function recurs in each of sub-integral forms of the CHF. Now I
consider the combined definite and contour integral representations of the CHF by using
R3TRF.
Polynomial of type 2
There is a generalized hypergeometric function which is given by
Il =
ql∑
il=il−1
(−ql)il (ql + 4l + ϕ+ 2λ)il (2l + 1 + λ)il−1(2l + γ + λ)il−1
(−ql)il−1 (ql + 4l + ϕ+ 2λ)il−1 (2l + 1 + λ)il(2l + γ + λ)il
xil
= xil−1
∞∑
j=0
B(il−1 + 2l + λ, j + 1)B(il−1 + 2l − 1 + γ + λ, j + 1)
(il−1 + 2l + λ)−1(il−1 + 2l − 1 + γ + λ)−1
×(il−1 − ql)j (il−1 + ql + 4l + ϕ+ 2λ)j
(1)j j!
xj (5.2.14)
By using integral form of beta function,
B (il−1 + 2l + λ, j + 1) =
∫ 1
0
dtl t
il−1+2l−1+λ
l (1− tl)j (5.2.15a)
B (il−1 + 2l − 1 + γ + λ, j + 1) =
∫ 1
0
dul u
il−1+2(l−1)+γ+λ
l (1− ul)j (5.2.15b)
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Substitute (5.2.15a) and (5.2.15b) into (5.2.14). And divide
(il−1 + 2l + λ)(il−1 + 2l − 1 + γ + λ) into Il.
Kl =
1
(il−1 + 2l + λ)(il−1 + 2l − 1 + γ + λ)
×
ql∑
il=il−1
(−ql)il (ql + 4l + ϕ+ 2λ)il (2l + 1 + λ)il−1(2l + γ + λ)il−1
(−ql)il−1 (ql + 4l + ϕ+ 2λ)il−1 (2l + 1 + λ)il(2l + γ + λ)il
xil
=
∫ 1
0
dtl t
2l−1+λ
l
∫ 1
0
dul u
2(l−1)+γ+λ
l (xtlul)
il−1
×
∞∑
j=0
(il−1 − ql)j (il−1 + ql + 4l + ϕ+ 2λ)j
(1)j j!
[x(1− tl)(1− ul)]j
The integral form of Gauss hypergeometric function is defined by
2F1 (α, β; γ; z) =
∞∑
j=0
(α)j(β)j
(γ)j(j!)
zj
= − 1
2πi
Γ(1− α)Γ(γ)
Γ(γ − α)
∮
dvl (−vl)α−1(1− vl)γ−α−1(1− zvl)−β (5.2.16)
where Re(γ − α) > 0
replaced α, β, γ and z by il−1 − ql, il−1 + ql + 4l + ϕ+ 2λ, 1 and x(1− tl)(1 − ul) in
(5.2.16)
∞∑
j=0
(il−1 − ql)j(il−1 + ql + 4l + ϕ+ 2λ)j
(1)j j!
[x(1− tl)(1 − ul)]j
=
1
2πi
∮
dvl
1
vl
(
vl − 1
vl
1
1− x(1− tl)(1− ul)vl
)ql
(1− x(1− tl)(1− ul)vl)−(4l+ϕ+2λ)
×
(
vl
vl − 1
1
1− x(1− tl)(1− ul)vl
)il−1
(5.2.17)
Substitute (5.2.17) into Kl.
Kl =
1
(il−1 + 2l + λ)(il−1 + 2l − 1 + γ + λ)
×
ql∑
il=il−1
(−ql)il (ql + 4l + ϕ+ 2λ)il (2l + 1 + λ)il−1(2l + γ + λ)il−1
(−ql)il−1 (ql + 4l + ϕ+ 2λ)il−1 (2l + 1 + λ)il(2l + γ + λ)il
xil
=
∫ 1
0
dtl t
2l−1+λ
l
∫ 1
0
dul u
2(l−1)+γ+λ
l
1
2πi
∮
dvl
1
vl
(
vl − 1
vl
1
1− x(1− tl)(1 − ul)vl
)ql
×(1− x(1− tl)(1 − ul)vl)−(4l+ϕ+2λ)
(
vl
vl − 1
xtlul
1− x(1− tl)(1 − ul)vl
)il−1
(5.2.18)
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Substitute (5.2.18) into (5.2.6) where l = 1, 2, 3, · · · ; apply K1 into the second summation
of sub-power series y1(x), apply K2 into the third summation and K1 into the second
summation of sub-power series y2(x), apply K3 into the forth summation, K2 into the
third summation and K1 into the second summation of sub-power series y3(x), etc.
6
Theorem 5.2.5 The general representation in the form of integral of the CHP of type 2
is given by
y(x) =
∞∑
n=0
yn(x) = y0(x) + y1(x) + y2(x) + y3(x) + · · ·
= c0x
λ
{
q0∑
i0=0
(−q0)i0 (q0 + ϕ+ 2λ)i0
(1 + λ)i0(γ + λ)i0
xi0
+
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)−1+λ
n−k
∫ 1
0
dun−k u
2(n−k−1)+γ+λ
n−k
× 1
2πi
∮
dvn−k
1
vn−k
(
vn−k − 1
vn−k
1
1−←→w n−k+1,n(1− tn−k)(1− un−k)vn−k
)qn−k
× (1−←→w n−k+1,n(1− tn−k)(1− un−k)vn−k)−(4(n−k)+ϕ+2λ)
×←→w −(2(n−k−1)+α+λ)n−k,n
(←→w n−k,n∂←→w n−k,n)←→w 2(n−k−1)+α+λn−k,n
}
×
q0∑
i0=0
(−q0)i0 (q0 + ϕ+ 2λ)i0
(1 + λ)i0(γ + λ)i0
←→w i01,n
}
zn
}
(5.2.19)
where
←→w i,j =

vi
(vi − 1)
←→w i+1,jtiui
1−←→w i+1,jvi(1− ti)(1 − ui) where i ≤ j
x only if i > j
In the above, the first sub-integral form contains one term of B′ns, the second one
contains two terms of Bn’s, the third one contains three terms of Bn’s, etc.
Proof According to (5.2.6),
y(x) =
∞∑
n=0
yn(x) = y0(x) + y1(x) + y2(x) + y3(x) + · · · (5.2.20)
6y1(x) means the sub-power series in (5.2.6) contains one term of B
′
ns, y2(x) means the sub-power series
in (5.2.6) contains two terms of B′ns, y3(x) means the sub-power series in (5.2.6) contains three terms of
B′ns, etc.
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In the above, the power series expansion of sub-summation y0(x), y1(x), y2(x) and y3(x)
of the type 2 CHP using R3TRF about x = 0 are
y0(x) = c0x
λ
q0∑
i0=0
(−q0)i0 (q0 + ϕ+ 2λ)i0
(1 + λ)i0(γ + λ)i0
xi0 (5.2.21a)
y1(x) = c0x
λ
{
q0∑
i0=0
(i0 + λ+ α)
(i0 + λ+ 2)(i0 + λ+ 1 + γ)
(−q0)i0 (q0 + ϕ+ 2λ)i0
(1 + λ)i0(γ + λ)i0
×
q1∑
i1=i0
(−q1)i1 (q1 + 4 + ϕ+ 2λ)i1 (3 + λ)i0(2 + γ + λ)i0
(−q1)i0 (q1 + 4 + ϕ+ 2λ)i0 (3 + λ)i1(2 + γ + λ)i1
xi1
}
z (5.2.21b)
y2(x) = c0x
λ
{
q0∑
i0=0
(i0 + λ+ α)
(i0 + λ+ 2)(i0 + λ+ 1 + γ)
(−q0)i0 (q0 + ϕ+ 2λ)i0
(1 + λ)i0(γ + λ)i0
×
q1∑
i1=i0
(i1 + 2 + λ+ α)
(i1 + λ+ 4)(i1 + λ+ 3 + γ)
(−q1)i1 (q1 + 4 + ϕ+ 2λ)i1 (3 + λ)i0(2 + γ + λ)i0
(−q1)i0 (q1 + 4 + ϕ+ 2λ)i0 (3 + λ)i1(2 + γ + λ)i1
×
q2∑
i2=i1
(−q2)i2 (q2 + 8 + ϕ+ 2λ)i2 (5 + λ)i1(4 + γ + λ)i1
(−q2)i1 (q2 + 8 + ϕ+ 2λ)i1 (5 + λ)i2(4 + γ + λ)i2
xi2
}
z2 (5.2.21c)
y3(x) = c0x
λ
{
q0∑
i0=0
(i0 + λ+ α)
(i0 + λ+ 2)(i0 + λ+ 1 + γ)
(−q0)i0 (q0 + ϕ+ 2λ)i0
(1 + λ)i0(γ + λ)i0
×
q1∑
i1=i0
(i1 + 2 + λ+ α)
(i1 + λ+ 4)(i1 + λ+ 3 + γ)
(−q1)i1 (q1 + 4 + ϕ+ 2λ)i1 (3 + λ)i0(2 + γ + λ)i0
(−q1)i0 (q1 + 4 + ϕ+ 2λ)i0 (3 + λ)i1(2 + γ + λ)i1
×
q2∑
i2=i1
(i2 + 4 + λ+ α)
(i2 + λ+ 6)(i2 + λ+ 5 + γ)
(−q2)i2 (q2 + 8 + ϕ+ 2λ)i2 (5 + λ)i1(4 + γ + λ)i1
(−q2)i1 (q2 + 8 + ϕ+ 2λ)i1 (5 + λ)i2(4 + γ + λ)i2
×
q3∑
i3=i2
(−q3)i3 (q2 + 12 + ϕ+ 2λ)i3 (7 + λ)i2(6 + γ + λ)i2
(−q3)i2 (q2 + 12 + ϕ+ 2λ)i2 (7 + λ)i3(6 + γ + λ)i3
xi3
}
z3 (5.2.21d)
Put l = 1 in (5.2.18). Take the new (5.2.18) into (5.2.21b).
y1(x) =
∫ 1
0
dt1 t
1+λ
1
∫ 1
0
du1 u
γ+λ
1
1
2πi
∮
dv1
1
v1
(
v1 − 1
v1
1
1− x(1− t1)(1 − u1)v1
)q1
×(1− x(1− t1)(1− u1)v1)−(4+ϕ+2λ)←→w −(α+λ)1,1
(←→w 1,1∂←→w 1,1)←→w α+λ1,1
×
{
c0x
λ
q0∑
i0=0
(−q0)i0 (q0 + ϕ+ 2λ)i0
(1 + λ)i0(γ + λ)i0
←→w i01,1
}
z (5.2.22)
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where
←→w 1,1 = v1
v1 − 1
xt1u1
1− x(1− t1)(1− u1)v1
Put l = 2 in (5.2.18). Take the new (5.2.18) into (5.2.21c).
y2(x) = c0x
λ
∫ 1
0
dt2 t
3+λ
2
∫ 1
0
du2 u
2+γ+λ
2
1
2πi
∮
dv2
1
v2
(
v2 − 1
v2
1
1− x(1− t2)(1− u2)v2
)q2
×(1− x(1− t2)(1 − u2)v2)−(8+ϕ+2λ)←→w −(2+α+λ)2,2
(←→w 2,2∂←→w 2,2)←→w 2+α+λ2,2
×
{
q0∑
i0=0
(i0 + λ+ α)
(i0 + λ+ 2)(i0 + λ+ 1 + γ)
(−q0)i0 (q0 + ϕ+ 2λ)i0
(1 + λ)i0(γ + λ)i0
×
q1∑
i1=i0
(−q1)i1 (q1 + 4 + ϕ+ 2λ)i1 (3 + λ)i0(2 + γ + λ)i0
(−q1)i0 (q1 + 4 + ϕ+ 2λ)i0 (3 + λ)i1(2 + γ + λ)i1
←→w i12,2
}
z2 (5.2.23)
where
←→w 2,2 = v2
v2 − 1
xt2u2
1− x(1− t2)(1− u2)v2
Put l = 1 and η =←→w 2,2 in (5.2.18). Take the new (5.2.18) into (5.2.23).
y2(x) =
∫ 1
0
dt2 t
3+λ
2
∫ 1
0
du2 u
2+γ+λ
2
1
2πi
∮
dv2
1
v2
(
v2 − 1
v2
1
1− x(1− t2)(1− u2)v2
)q2
×(1− x(1− t2)(1 − u2)v2)−(8+ϕ+2λ)←→w −(2+α+λ)2,2
(←→w 2,2∂←→w 2,2)←→w 2+α+λ2,2
×
∫ 1
0
dt1 t
1+λ
1
∫ 1
0
du1 u
γ+λ
1
1
2πi
∮
dv1
1
v1
(
v1 − 1
v1
1
1−←→w 2,2(1− t1)(1− u1)v1
)q1
×(1−←→w 2,2(1 − t1)(1− u1)v1)−(4+ϕ+2λ)←→w −(α+λ)1,2
(←→w 1,2∂←→w 1,2)←→w α+λ1,2
×
{
c0x
λ
q0∑
i0=0
(−q0)i0 (q0 + ϕ+ 2λ)i0
(1 + λ)i0(γ + λ)i0
←→w i01,2
}
z2 (5.2.24)
where
←→w 1,2 = v1
v1 − 1
←→w 2,2t1u1
1−←→w 2,2(1− t1)(1− u1)v1
By using similar process for the previous cases of integral forms of y1(x) and y2(x), the
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integral form of sub-power series expansion of y3(x) is
y3(x) =
∫ 1
0
dt3 t
5+λ
3
∫ 1
0
du3 u
4+γ+λ
3
1
2πi
∮
dv3
1
v3
(
v3 − 1
v3
1
1− x(1− t3)(1− u3)v3
)q3
×(1− x(1− t3)(1 − u3)v3)−(12+ϕ+2λ)←→w −(4+α+λ)3,3
(←→w 3,3∂←→w 3,3)←→w 4+α+λ3,3
×
∫ 1
0
dt2 t
3+λ
2
∫ 1
0
du2 u
2+γ+λ
2
1
2πi
∮
dv2
1
v2
(
v2 − 1
v2
1
1−←→w 3,3(1− t2)(1− u2)v2
)q2
×(1−←→w 3,3(1 − t2)(1− u2)v2)−(8+ϕ+2λ)←→w −(2+α+λ)2,3
(←→w 2,3∂←→w 2,3)←→w 2+α+λ2,3
×
∫ 1
0
dt1 t
1+λ
1
∫ 1
0
du1 u
γ+λ
1
1
2πi
∮
dv1
1
v1
(
v1 − 1
v1
1
1−←→w 2,3(1− t1)(1− u1)v1
)q1
×(1−←→w 2,3(1 − t1)(1− u1)v1)−(4+ϕ+2λ)←→w −(α+λ)1,3
(←→w 1,3∂←→w 1,3)←→w α+λ1,3
×
{
c0x
λ
q0∑
i0=0
(−q0)i0 (q0 + ϕ+ 2λ)i0
(1 + λ)i0(γ + λ)i0
←→w i01,3
}
z3 (5.2.25)
where

←→w 3,3 = v3v3−1
xt3u3
1−x(1−t3)(1−u3)v3←→w 2,3 = v2v2−1
←→w 3,3t2u2
1−←→w 3,3(1−t2)(1−u2)v2←→w 1,3 = v1v1−1
←→w 2,3t1u1
1−←→w 2,3(1−t1)(1−u1)v1
By repeating this process for all higher terms of integral forms of sub-summation ym(x)
terms where m ≥ 4, we obtain every integral forms of ym(x) terms. Substitute (5.2.21a),
(5.2.22), (5.2.24), (5.2.25) and including all integral forms of ym(x) terms where m ≥ 4
into (5.2.20).
Put c0= 1 as λ = 0 for the first kind of independent solutions of the CHE and λ = 1− γ
for the second one in (5.2.19).
Remark 5.2.6 The integral representation of the CHE of the first kind for polynomial of
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type 2 about x = 0 as q = (qj + 2j)(−β + γ + δ + qj + 2j − 1) where j, qj ∈ N0 is
y(x) = H(a)c F
R
qj
(
α, β, γ, δ, q = (qj + 2j)(qj + 2j + ϕ);ϕ = −β + γ + δ − 1; z = βx2
)
= 2F1 (−q0, q0 + ϕ; γ;x)
+
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)−1
n−k
∫ 1
0
dun−k u
2(n−k−1)+γ
n−k
× 1
2πi
∮
dvn−k
1
vn−k
(
vn−k − 1
vn−k
1
1−←→w n−k+1,n(1− tn−k)(1− un−k)vn−k
)qn−k
× (1−←→w n−k+1,n(1− tn−k)(1− un−k)vn−k)−(4(n−k)+ϕ)
×←→w −(2(n−k−1)+α)n−k,n
(←→w n−k,n∂←→w n−k,n)←→w 2(n−k−1)+αn−k,n
}
× 2F1 (−q0, q0 + ϕ; γ;←→w 1,n)
}
zn (5.2.26)
Remark 5.2.7 The integral representation of the CHE of the first kind for polynomial of
type 2 about x = 0 as q = (qj + 2j + 1− γ)(−β + δ + qj + 2j) where j, qj ∈ N0 is
y(x) = H(a)c S
R
αj
(
α, β, γ, δ, q = (qj + 2j + 1− γ)(qj + 2j + 1− γ + ϕ);ϕ = −β + γ + δ − 1; z = βx2
)
= x1−γ
{
2F1 (−q0, q0 + ϕ+ 2(1− γ); 2 − γ;x)
+
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)−γ
n−k
∫ 1
0
dun−k u
2(n−k)−1
n−k
× 1
2πi
∮
dvn−k
1
vn−k
(
vn−k − 1
vn−k
1
1−←→w n−k+1,n(1− tn−k)(1− un−k)vn−k
)qn−k
× (1−←→w n−k+1,n(1− tn−k)(1 − un−k)vn−k)−(4(n−k)+ϕ+2(1−γ))
×←→w −(2(n−k)−1+α−γ)n−k,n
(←→w n−k,n∂←→w n−k,n)←→w 2(n−k)−1+α−γn−k,n
}
× 2F1 (−q0, q0 + ϕ+ 2(1− γ); 2 − γ;←→w 1,n)
}
zn
}
(5.2.27)
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Infinite series
Let’s consider the integral representation of the CHE about x = 0 for infinite series by
applying R3TRF. There is a generalized hypergeometric function which is written by
Ml =
∞∑
il=il−1
(
∆−l
)
il
(
∆+l
)
il
(2l + 1 + λ)il−1(2l + γ + λ)il−1(
∆−l
)
il−1
(
∆+l
)
il−1
(2l + 1 + λ)il(2l + γ + λ)il
xil (5.2.28)
= xil−1
∞∑
j=0
B(il−1 + 2l + λ, j + 1)B(il−1 + 2l − 1 + γ + λ, j + 1)
(
∆−l + il−1
)
j
(
∆+l + il−1
)
j
(il−1 + 2l + λ)−1(il−1 + 2l − 1 + γ + λ)−1(1)j j! x
j
where
∆±l =
ϕ+ 2λ+ 4l ±
√
ϕ2 + 4q
2
Substitute (5.2.15a) and (5.2.15b) into (5.2.28). And divide
(il−1 + 2l + λ)(il−1 + 2l − 1 + γ + λ) into the new (5.2.28).
Vl =
1
(il−1 + 2l + λ)(il−1 + 2l − 1 + γ + λ)
∞∑
il=il−1
(
∆−l
)
il
(
∆+l
)
il
(2l + 1 + λ)il−1(2l + γ + λ)il−1(
∆−l
)
il−1
(
∆+l
)
il−1
(2l + 1 + λ)il(2l + γ + λ)il
xil
=
∫ 1
0
dtl t
2l−1+λ
l
∫ 1
0
dul u
2(l−1)+γ+λ
l (xtlul)
il−1
∞∑
j=0
(
∆−l + il−1
)
j
(
∆+l + il−1
)
j
(1)j j!
(x(1 − tl)(1 − ul))j
The hypergeometric function is defined by
2F1 (α, β; γ; z) =
∞∑
n=0
(α)n(β)n
(γ)n(n!)
zn
=
1
2πi
Γ(1 + α− γ)
Γ(α)
∫ (1+)
0
dvl (−1)γ(−vl)α−1(1− vl)γ−α−1(1− zvl)−β (5.2.29)
where γ − α 6= 1, 2, 3, · · · , Re(α) > 0
Replace α, β, γ and z by ∆−l + il−1, ∆
+
l + il−1, 1 and x(1− tl)(1− ul) in (5.2.29). Take
the new (5.2.29) into Vl.
Vl =
1
(il−1 + 2l + λ)(il−1 + 2l − 1 + γ + λ)
∞∑
il=il−1
(
∆−l
)
il
(
∆+l
)
il
(2l + 1 + λ)il−1(2l + γ + λ)il−1(
∆−l
)
il−1
(
∆+l
)
il−1
(2l + 1 + λ)il(2l + γ + λ)il
xil
=
∫ 1
0
dtl t
2l−1+λ
l
∫ 1
0
dul u
2(l−1)+γ+λ
l
1
2πi
∮
dvl
1
vl
(
vl − 1
vl
)−∆−l
×(1− x(1− tl)(1− ul)vl)−∆
+
l
(
vl
vl − 1
xtlul
1− x(1− tl)(1− ul)vl
)il−1
(5.2.30)
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Substitute (5.2.30) into (5.2.10) where l = 1, 2, 3, · · · ; apply V1 into the second summation
of sub-power series y1(x), apply V2 into the third summation and V1 into the second
summation of sub-power series y2(x), apply V3 into the forth summation, V2 into the
third summation and V1 into the second summation of sub-power series y3(x), etc.
7
Theorem 5.2.8 The general representation in the form of integral of the CHE for
infinite series about x = 0 using R3TRF is given by
y(x) =
∞∑
n=0
yn(x) = y0(x) + y1(x) + y2(x) + y3(x) + · · ·
= c0x
λ
{ ∞∑
i0=0
(
∆−0
)
i0
(
∆+0
)
i0
(1 + λ)i0(γ + λ)i0
xi0
+
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)−1+λ
n−k
∫ 1
0
dun−k u
2(n−k−1)+γ+λ
n−k
× 1
2πi
∮
dvn−k
1
vn−k
(
vn−k − 1
vn−k
)−∆−n−k
(1−←→w n−k+1,n(1− tn−k)(1− un−k)vn−k)−∆
+
n−k
× ←→w −(2(n−k−1)+α+λ)n−k,n
(←→w n−k,n∂←→w n−k,n)←→w 2(n−k−1)+α+λn−k,n
}
×
∞∑
i0=0
(
∆−0
)
i0
(
∆+0
)
i0
(1 + λ)i0(γ + λ)i0
←→w i01,n
}
zn
}
(5.2.31)
where ∆±0 =
ϕ+2λ±
√
ϕ2+4q
2
∆±n−k =
ϕ+2λ+4(n−k)±
√
ϕ2+4q
2
In the above, the first sub-integral form contains one term of B′ns, the second one
contains two terms of Bn’s, the third one contains three terms of Bn’s, etc.
Proof In (5.2.10) sub-power series y0(x), y1(x), y2(x) and y3(x) of the CHE for infinite
series about x = 0 using R3TRF are given by
y0(x) = c0x
λ
∞∑
i0=0
(
∆−0
)
i0
(
∆+0
)
i0
(1 + λ)i0(γ + λ)i0
xi0 (5.2.32a)
7y1(x) means the sub-power series in (5.2.10) contains one term of B
′
ns, y2(x) means the sub-power
series in (5.2.10) contains two terms of B′ns, y3(x) means the sub-power series in (5.2.10) contains three
terms of B′ns, etc.
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y1(x) = c0x
λ
{ ∞∑
i0=0
(i0 + λ+ α)
(i0 + λ+ 2)(i0 + λ+ 1 + γ)
(
∆−0
)
i0
(
∆+0
)
i0
(1 + λ)i0(γ + λ)i0
×
∞∑
i1=i0
(
∆−1
)
i1
(
∆+1
)
i1
(3 + λ)i0(2 + γ + λ)i0(
∆−1
)
i0
(
∆+1
)
i0
(3 + λ)i1(2 + γ + λ)i1
xi1
}
z (5.2.32b)
y2(x) = c0x
λ
{ ∞∑
i0=0
(i0 + λ+ α)
(i0 + λ+ 2)(i0 + λ+ 1 + γ)
(
∆−0
)
i0
(
∆+0
)
i0
(1 + λ)i0(γ + λ)i0
×
∞∑
i1=i0
(i1 + 2 + λ+ α)
(i1 + λ+ 4)(i1 + λ+ 3 + γ)
(
∆−1
)
i1
(
∆+1
)
i1
(3 + λ)i0(2 + γ + λ)i0(
∆−1
)
i0
(
∆+1
)
i0
(3 + λ)i1(2 + γ + λ)i1
×
∞∑
i2=i1
(
∆−2
)
i2
(
∆+2
)
i2
(5 + λ)i1(4 + γ + λ)i1(
∆−2
)
i1
(
∆+2
)
i1
(5 + λ)i2(4 + γ + λ)i2
xi2
}
z2 (5.2.32c)
y3(x) = c0x
λ
{ ∞∑
i0=0
(i0 + λ+ α)
(i0 + λ+ 2)(i0 + λ+ 1 + γ)
(
∆−0
)
i0
(
∆+0
)
i0
(1 + λ)i0(γ + λ)i0
×
∞∑
i1=i0
(i1 + 2 + λ+ α)
(i1 + λ+ 4)(i1 + λ+ 3 + γ)
(
∆−1
)
i1
(
∆+1
)
i1
(3 + λ)i0(2 + γ + λ)i0(
∆−1
)
i0
(
∆+1
)
i0
(3 + λ)i1(2 + γ + λ)i1
×
∞∑
i2=i1
(i2 + 4 + λ+ α)
(i2 + λ+ 6)(i2 + λ+ 5 + γ)
(
∆−2
)
i2
(
∆+2
)
i2
(5 + λ)i1(4 + γ + λ)i1(
∆−2
)
i1
(
∆+2
)
i1
(5 + λ)i2(4 + γ + λ)i2
×
∞∑
i3=i2
(
∆−3
)
i3
(
∆+3
)
i3
(7 + λ)i2(6 + γ + λ)i2(
∆−3
)
i2
(
∆+3
)
i2
(7 + λ)i3(6 + γ + λ)i3
xi3
}
z3 (5.2.32d)
where 
∆±0 =
ϕ+2λ±
√
ϕ2+4q
2
∆±1 =
ϕ+2λ+4±
√
ϕ2+4q
2
∆±2 =
ϕ+2λ+8±
√
ϕ2+4q
2
∆±3 =
ϕ+2λ+12±
√
ϕ2+4q
2
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Put l = 1 in (5.2.30). Take the new (5.2.30) into (5.2.32b).
y1(x) =
∫ 1
0
dt1 t
1+λ
1
∫ 1
0
du1 u
γ+λ
1
1
2πi
∮
dv1
1
v1
(
v1 − 1
v1
)−∆−1
×(1− x(1− t1)(1 − u1)v1)−∆
+
1←→w −(α+λ)1,1
(←→w 1,1∂←→w 1,1)←→w α+λ1,1
×
{
c0x
λ
∞∑
i0=0
(
∆−0
)
i0
(
∆+0
)
i0
(1 + λ)i0(γ + λ)i0
←→w i01,1
}
z (5.2.33)
where
←→w 1,1 = v1
v1 − 1
xt1u1
1− x(1− t1)(1− u1)v1
Put l = 2 in (5.2.30). Take the new (5.2.30) into (5.2.32c).
y2(x) = c0x
λ
∫ 1
0
dt2 t
3+λ
2
∫ 1
0
du2 u
2+γ+λ
2
1
2πi
∮
dv2
1
v2
(
v2 − 1
v2
)−∆−2
×(1− x(1− t2)(1 − u2)v2)−∆
+
2←→w −(2+α+λ)2,2
(←→w 2,2∂←→w 2,2)←→w 2+α+λ2,2
×
{ ∞∑
i0=0
(i0 + λ+ α)
(i0 + λ+ 2)(i0 + λ+ 1 + γ)
(
∆−0
)
i0
(
∆+0
)
i0
(1 + λ)i0(γ + λ)i0
×
∞∑
i1=i0
(
∆−1
)
i1
(
∆+1
)
i1
(3 + λ)i0(2 + γ + λ)i0(
∆−1
)
i0
(
∆+1
)
i0
(3 + λ)i1(2 + γ + λ)i1
←→w i12,2
}
z2 (5.2.34)
where
←→w 2,2 = v2
v2 − 1
xt2u2
1− x(1− t2)(1− u2)v2
Put l = 1 and η =←→w 2,2 in (5.2.30). Take the new (5.2.30) into (5.2.34).
y2(x) =
∫ 1
0
dt2 t
3+λ
2
∫ 1
0
du2 u
2+γ+λ
2
1
2πi
∮
dv2
1
v2
(
v2 − 1
v2
)−∆−2
×(1− x(1− t2)(1 − u2)v2)−∆
+
2←→w −(2+α+λ)2,2
(←→w 2,2∂←→w 2,2)←→w 2+α+λ2,2
×
∫ 1
0
dt1 t
1+λ
1
∫ 1
0
du1 u
γ+λ
1
1
2πi
∮
dv1
1
v1
(
v1 − 1
v1
)−∆−1
×(1−←→w 2,2(1− t1)(1− u1)v1)−∆
+
1←→w −(α+λ)1,2
(←→w 1,2∂←→w 1,2)←→w α+λ1,2
×
{ ∞∑
i0=0
(
∆−0
)
i0
(
∆+0
)
i0
(1 + λ)i0(γ + λ)i0
←→w i01,2
}
z2 (5.2.35)
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where
←→w 1,2 = v1
v1 − 1
←→w 2,2t1u1
1−←→w 2,2(1− t1)(1− u1)v1
By using similar process for the previous cases of integral forms of y1(x) and y2(x), the
integral form of sub-power series expansion of y3(x) is
y3(x) =
∫ 1
0
dt3 t
5+λ
3
∫ 1
0
du3 u
4+γ+λ
3
1
2πi
∮
dv3
1
v3
(
v3 − 1
v3
)−∆−3
×(1− x(1− t3)(1 − u3)v3)−∆
+
3←→w −(4+α+λ)3,3
(←→w 3,3∂←→w 3,3)←→w 4+α+λ3,3
×
∫ 1
0
dt2 t
3+λ
2
∫ 1
0
du2 u
2+γ+λ
2
1
2πi
∮
dv2
1
v2
(
v2 − 1
v2
)−∆−2
×(1−←→w 3,3(1− t2)(1− u2)v2)−∆
+
2←→w −(2+α+λ)2,3
(←→w 2,3∂←→w 2,3)←→w 2+α+λ2,3
×
∫ 1
0
dt1 t
1+λ
1
∫ 1
0
du1 u
γ+λ
1
1
2πi
∮
dv1
1
v1
(
v1 − 1
v1
)−∆−1
×(1−←→w 2,3(1− t1)(1− u1)v1)−∆
+
1←→w −(α+λ)1,3
(←→w 1,3∂←→w 1,3)←→w α+λ1,3
×
{
c0x
λ
∞∑
i0=0
(
∆−0
)
i0
(
∆+0
)
i0
(1 + λ)i0(γ + λ)i0
←→w i01,3
}
z3 (5.2.36)
where 
←→w 3,3 = v3v3−1 xt3u31−x(1−t3)(1−u3)v3←→w 2,3 = v2v2−1
←→w 3,3t2u2
1−←→w 3,3(1−t2)(1−u2)v2←→w 1,3 = v1v1−1
←→w 2,3t1u1
1−←→w 2,3(1−t1)(1−u1)v1
By repeating this process for all higher terms of integral forms of sub-summation ym(x)
terms where m ≥ 4, we obtain every integral forms of ym(x) terms. Since we substitute
(5.2.32a), (5.2.33), (5.2.35), (5.2.36) and including all integral forms of ym(x) terms where
m ≥ 4 into (5.2.10), we obtain (5.2.31). 8
Put c0= 1 as λ = 0 for the first kind of independent solutions of the CHE and λ = 1− γ
for the second one in (5.2.31).
8Or replace the finite summation with an interval [0, q0] by infinite summation with an interval [0,∞]
in (5.2.19). Replace q0 and qn−k by
−(ϕ+2λ)+
√
ϕ2+4q
2
and
−(ϕ+2(λ+2(n−k)))+
√
ϕ2+4q
2
into the new (5.2.19).
Its solution is also equivalent to (5.2.31)
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Remark 5.2.9 The integral representation of the CHE of the first kind for infinite series
about x = 0 using R3TRF is
y(x) = H(a)c F
R
(
α, β, γ, δ, q;ϕ = −β + γ + δ − 1; z = βx2)
= 2F1
(
∆−0 ,∆
+
0 ; γ;x
)
+
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)−1
n−k
∫ 1
0
dun−k u
2(n−k−1)+γ
n−k
× 1
2πi
∮
dvn−k
1
vn−k
(
vn−k − 1
vn−k
)−∆−n−k
(1−←→w n−k+1,n(1− tn−k)(1− un−k)vn−k)−∆
+
n−k
× ←→w −(2(n−k−1)+α)n−k,n
(←→w n−k,n∂←→w n−k,n)←→w 2(n−k−1)+αn−k,n
}
2F1
(
∆−0 ,∆
+
0 ; γ;
←→w 1,n
)}
zn (5.2.37)
where ∆±0 =
ϕ±
√
ϕ2+4q
2
∆±n−k =
ϕ+4(n−k)±
√
ϕ2+4q
2
Remark 5.2.10 The integral representation of the CHE of the first kind for infinite
series about x = 0 using R3TRF is
y(x) = H(a)c S
R
(
α, β, γ, δ, q;ϕ = −β + γ + δ − 1; z = βx2)
= x1−γ
{
2F1
(
∆−0 ,∆
+
0 ; 2− γ;x
)
+
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)−γ
n−k
∫ 1
0
dun−k u
2(n−k)−1
n−k
× 1
2πi
∮
dvn−k
1
vn−k
(
vn−k − 1
vn−k
)−∆−n−k
(1−←→w n−k+1,n(1− tn−k)(1− un−k)vn−k)−∆
+
n−k
× ←→w −(2(n−k)−1+α−γ)n−k,n
(←→w n−k,n∂←→w n−k,n)←→w 2(n−k)−1+α−γn−k,n
}
× 2F1
(
∆−0 ,∆
+
0 ; 2− γ;←→w 1,n
)}
zn
}
(5.2.38)
where ∆±0 =
ϕ+2(1−γ)±
√
ϕ2+4q
2
∆±n−k =
ϕ+2(1−γ)+4(n−k)±
√
ϕ2+4q
2
5.2.3 Generating function for the CHP of type 2
In chapter 4 I construct the generating function for the CHP of type 1 by applying
3TRF. Now I consider the generating function for the CHP of type 2. Since the
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generating function for the CHP is derived, we might be possible to construct orthogonal
relations of the CHP.9
Lemma 5.2.11 The generating function for Jacobi polynomial using hypergeometric
functions is given by
∞∑
q0=0
(γ)q0
q0!
wq0 2F1(−q0, q0 +A; γ;x) (5.2.39)
= 2A−1
(
1− w +
√
w2 − 2(1− 2x)w + 1
)1−γ (
1 + w +
√
w2 − 2(1− 2x)w + 1
)γ−A
√
w2 − 2(1− 2x)w + 1
where |w| < 1
Proof The proof of this lemma is given in Lemma 3.2.1
Definition 5.2.12 I define that
sa,b =
{
sa · sa+1 · sa+2 · · · sb−2 · sb−1 · sb if a > b
sa if a = b
w˜i,j =

w˜i+1,j tiui {1 + (si + 2w˜i+1,j(1− ti)(1 − ui))si}
2(1 − w˜i+1,j(1− ti)(1− ui))2si
−
w˜i+1,j tiui(1 + si)
√
s2i − 2(1− 2w˜i+1,j(1− ti)(1− ui))si + 1
2(1 − w˜i+1,j(1− ti)(1− ui))2si where i < j
xtiui {1 + (si,∞ + 2x(1− ti)(1 − ui))si,∞}
2(1 − x(1− ti)(1 − ui))2si,∞
−
xtiui(1 + si,∞)
√
s2i,∞ − 2(1 − 2x(1− ti)(1− ui))si,∞ + 1
2(1 − x(1− ti)(1− ui))2si,∞ where i = j
(5.2.40)
where
a, b, i, j ∈ N0
9Polynomial of type 3 is a polynomial which makes An and Bn terms terminated at the same time in
three term recursion relation of the power series in a linear differential equation. For the type 1 polynomial,
I treat β, γ, δ and q as free variables and α as a fixed value. For the type 2 polynomial, I treat α, β, γ and
δ as free variables and q as a fixed value. For the type 3 polynomial, I treat β, γ and δ as free variables and
α and q as fixed values. In the next series, I will construct the generating functions for the CHP of type 3.
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And we have
∞∑
qi=qj
rqii =
r
qj
i
(1− ri) (5.2.41)
Acting the summation operator
∞∑
q0=0
(γ′)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
 on (5.2.19) where
|si| < 1 as i = 0, 1, 2, · · · by using (5.2.40) and (5.2.41),
Theorem 5.2.13 The general expression of the generating function for the CHP of type
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2 is given by
∞∑
q0=0
(γ′)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
 y(x)
=
∞∏
l=1
1
(1− sl,∞)Υ(λ; s0,∞;x)
+
{ ∞∏
l=2
1
(1− sl,∞)
∫ 1
0
dt1 t
1+λ
1
∫ 1
0
du1 u
γ+λ
1
(
s21,∞ − 2(1− 2x(1− t1)(1− u1))s1,∞ + 1
)− 1
2
×
1 + s1,∞ +
√
s21,∞ − 2(1− 2x(1− t1)(1− u1))s1,∞ + 1
2
−(3+ϕ+2λ)
×w˜−(α+λ)1,1
(
w˜1,1∂w˜1,1
)
w˜α+λ1,1 Υ(λ; s0; w˜1,1)
}
z
+
∞∑
n=2
{ ∞∏
l=n+1
1
(1− sl,∞)
∫ 1
0
dtn t
2n−1+λ
n
∫ 1
0
dun u
2(n−1)+γ+λ
n
× (s2n,∞ − 2(1 − 2x(1− tn)(1− un))sn,∞ + 1)− 12
×
1 + sn,∞ +
√
s2n,∞ − 2(1− 2x(1− tn)(1− un))sn,∞ + 1
2
−(4n−1+ϕ+2λ)
×w˜−(2(n−1)+α+λ)n,n
(
w˜n,n∂w˜n,n
)
w˜2(n−1)+α+λn,n
×
n−1∏
k=1
{∫ 1
0
dtn−k t
2(n−k)−1+λ
n−k
∫ 1
0
dun−k u
2(n−k−1)+γ+λ
n−k
× (s2n−k − 2(1− 2w˜n+1−k,n(1− tn−k)(1− un−k))sn−k + 1)− 12
×
1 + sn−k +
√
s2n−k − 2(1 − 2w˜n+1−k,n(1− tn−k)(1− un−k))sn−k + 1
2
−(4(n−k)−1+ϕ+2λ)
× w˜−(2(n−k−1)+α+λ)n−k,n
(
w˜n−k,n∂w˜n−k,n
)
w˜
2(n−k−1)+α+λ
n−k,n
}
Υ(λ; s0; w˜1,n)
}
zn (5.2.42)
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where

Υ(λ; s0,∞;x) =
∞∑
q0=0
(γ′)q0
q0!
sq00,∞
(
c0x
λ
q0∑
i0=0
(−q0)i0 (q0 + ϕ+ 2λ)i0
(1 + λ)i0(γ + λ)i0
xi0
)
Υ(λ; s0; w˜1,1) =
∞∑
q0=0
(γ′)q0
q0!
sq00
(
c0x
λ
q0∑
i0=0
(−q0)i0 (q0 + ϕ+ 2λ)i0
(1 + λ)i0(γ + λ)i0
w˜i01,1
)
Υ(λ; s0; w˜1,n) =
∞∑
q0=0
(γ′)q0
q0!
sq00
(
c0x
λ
q0∑
i0=0
(−q0)i0 (q0 + ϕ+ 2λ)i0
(1 + λ)i0(γ + λ)i0
w˜i01,n
)
Proof Acting the summation operator
∞∑
q0=0
(γ′)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
 on the form of
integral of the type 2 CHP y(x),
∞∑
α0=0
(γ′)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
 y(x) (5.2.43)
=
∞∑
q0=0
(γ′)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
{y0(x) + y1(x) + y2(x) + y3(x) + · · ·}
Acting the summation operator
∞∑
q0=0
(γ′)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
 on (5.2.21a),
∞∑
q0=0
(γ′)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
 y0(x)
=
∞∏
l=1
1
(1− sl,∞)
∞∑
q0=0
(γ′)q0
q0!
sq00,∞
(
c0x
λ
q0∑
i0=0
(−q0)i0 (q0 + ϕ+ 2λ)i0
(1 + λ)i0(γ + λ)i0
xi0
)
(5.2.44)
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Acting the summation operator
∞∑
q0=0
(γ′)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
 on (5.2.22),
∞∑
q0=0
(γ′)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
 y1(x)
=
∞∏
l=2
1
(1− sl,∞)
∫ 1
0
dt1 t
1+λ
1
∫ 1
0
du1 u
γ+λ
1
1
2πi
∮
dv1
1
v1
(1− x(1− t1)(1− u1)v1)−(4+ϕ+2λ)
×
∞∑
q1=q0
(
v1 − 1
v1
s1,∞
1− x(1− t1)(1− u1)v1
)q1←→w −(α+λ)1,1 (←→w 1,1∂←→w 1,1)←→w α+λ1,1
×
∞∑
q0=0
(γ′)q0
q0!
sq00
(
c0x
λ
q0∑
i0=0
(−q0)i0 (q0 + ϕ+ 2λ)i0
(1 + λ)i0(γ + λ)i0
←→w i01,1
)
z (5.2.45)
Replace qi, qj and ri by q1, q0 and
v1 − 1
v1
s1,∞
1− x(1− t1)(1 − u1)v1 in (5.2.41). Take the
new (5.2.41) into (5.2.45).
∞∑
q0=0
(γ′)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
 y1(x)
=
∞∏
l=2
1
(1− sl,∞)
∫ 1
0
dt1 t
1+λ
1
∫ 1
0
du1 u
γ+λ
1
1
2πi
∮
dv1
(1− x(1− t1)(1− u1)v1)−(3+ϕ+2λ)
−x(1− t1)(1 − u1)v21 + (1− s1,∞)v1 + s1,∞
×←→w −(α+λ)1,1
(←→w 1,1∂←→w 1,1)←→w α+λ1,1 ∞∑
q0=0
(γ′)q0
q0!
(
v1 − 1
v1
s0,∞
1− x(1− t1)(1 − u1)v1
)q0
(5.2.46)
×
(
c0x
λ
q0∑
i0=0
(−q0)i0 (q0 + ϕ+ 2λ)i0
(1 + λ)i0(γ + λ)i0
←→w i01,1
)
z
By using Cauchy’s integral formula, the contour integrand has poles at
v1 =
1− s1,∞ −
√
(1− s1,∞)2 + 4x(1− t1)(1− u1)s1,∞
2x(1 − t1)(1− u1)
or
1− s1,∞ +
√
(1− s1,∞)2 + 4x(1 − t1)(1− u1)s1,∞
2x(1− t1)(1 − u1) and
1− s1,∞ −
√
(1− s1,∞)2 + 4x(1− t1)(1 − u1)s1,∞
2x(1− t1)(1− u1) is only inside the unit circle. As we
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compute the residue there in (5.2.46) we obtain
∞∑
q0=0
(γ′)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
 y1(x)
=
∞∏
l=2
1
(1− sl,∞)
∫ 1
0
dt1 t
1+λ
1
∫ 1
0
du1 u
γ+λ
1
(
s21,∞ − 2(1 − 2x(1− t1)(1 − u1))s1,∞ + 1
)− 1
2
×
1 + s1,∞ +
√
s21,∞ − 2(1− 2x(1− t1)(1− u1))s1,∞ + 1
2
−(3+ϕ+2λ) (5.2.47)
×w˜−(α+λ)1,1
(
w˜1,1∂w˜1,1
)
w˜α+λ1,1
∞∑
q0=0
(γ′)q0
q0!
sq00
(
c0x
λ
q0∑
i0=0
(−q0)i0 (q0 + ϕ+ 2λ)i0
(1 + λ)i0(γ + λ)i0
w˜i01,1
)
z
where
w˜1,1 =
v1
(v1 − 1)
xt1u1
1− xv1(1− t1)(1− u1)
∣∣∣∣∣
v1=
1−s1,∞−
√
(1−s1,∞)
2+4x(1−t1)(1−u1)s1,∞
2x(1−t1)(1−u1)
=
xt1u1 {1 + (s1,∞ + 2x(1 − t1)(1− u1))s1,∞}
2(1− x(1− t1)(1 − u1))2s1,∞
−
xt1u1(1 + s1,∞)
√
s21,∞ − 2(1 − 2x(1 − t1)(1− u1))s1,∞ + 1
2(1− x(1− t1)(1 − u1))2s1,∞
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Acting the summation operator
∞∑
q0=0
(γ′)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
 on (5.2.24),
∞∑
q0=0
(γ′)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
 y2(x)
=
∞∏
l=3
1
(1− sl,∞)
∫ 1
0
dt2 t
3+λ
2
∫ 1
0
du2 u
2+γ+λ
2
1
2πi
∮
dv2
1
v2
(1− x(1− t2)(1− u2)v2)−(8+ϕ+2λ)
×
∞∑
q2=q1
(
v2 − 1
v2
s2,∞
1− x(1− t2)(1− u2)v2
)q2←→w −(2+α+λ)2,2 (←→w 2,2∂←→w 2,2)←→w 2+α+λ2,2
×
∫ 1
0
dt1 t
1+λ
1
∫ 1
0
du1 u
γ+λ
1
1
2πi
∮
dv1
1
v1
(1−←→w 2,2(1− t1)(1− u1)v1)−(4+ϕ+2λ)
×
∞∑
q1=q0
(
v1 − 1
v1
s1
1−←→w 2,2(1− t1)(1 − u1)v1
)q1←→w −(α+λ)1,2 (←→w 1,2∂←→w 1,2)←→w α+λ1,2
×
∞∑
q0=0
(γ′)q0
q0!
sq00
(
c0x
λ
q0∑
i0=0
(−q0)i0 (q0 + ϕ+ 2λ)i0
(1 + λ)i0(γ + λ)i0
←→w i01,2
)
z2 (5.2.48)
Replace qi, qj and ri by q2, q1 and
v2 − 1
v2
s2,∞
1− x(1− t2)(1 − u2)v2 in (5.2.41). Take the
new (5.2.41) into (5.2.48).
∞∑
q0=0
(γ′)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
 y2(x)
=
∞∏
l=3
1
(1− sl,∞)
∫ 1
0
dt2 t
3+λ
2
∫ 1
0
du2 u
2+γ+λ
2
1
2πi
∮
dv2
(1− x(1− t2)(1− u2)v2)−(7+ϕ+2λ)
−x(1− t2)(1 − u2)v22 + (1− s2,∞)v2 + s2,∞
×←→w −(2+α+λ)2,2
(←→w 2,2∂←→w 2,2)←→w 2+α+λ2,2
×
∫ 1
0
dt1 t
1+λ
1
∫ 1
0
du1 u
γ+λ
1
1
2πi
∮
dv1
1
v1
(1−←→w 2,2(1− t1)(1− u1)v1)−(4+ϕ+2λ)
×
∞∑
q1=q0
(
v2 − 1
v2
s1,∞
1− x(1− t2)(1− u2)v2
v1 − 1
v1
1
1−←→w 2,2(1− t1)(1 − u1)v1
)q1
×←→w −(α+λ)1,2
(←→w 1,2∂←→w 1,2)←→w α+λ1,2
×
∞∑
q0=0
(γ′)q0
q0!
sq00
(
c0x
λ
q0∑
i0=0
(−q0)i0 (q0 + ϕ+ 2λ)i0
(1 + λ)i0(γ + λ)i0
←→w i01,2
)
z2 (5.2.49)
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By using Cauchy’s integral formula, the contour integrand has poles at
v2 =
1− s2,∞ −
√
(1 − s2,∞)2 + 4x(1− t2)(1− u2)s2,∞
2x(1 − t2)(1− u2)
or
1− s2,∞ +
√
(1− s2,∞)2 + 4x(1− t2)(1 − u2)s2,∞
2x(1− t2)(1 − u2) and
1− s2,∞ −
√
(1− s2,∞)2 + 4x(1− t2)(1 − u2)s2,∞
2x(1− t2)(1− u2) is only inside the unit circle. As we
compute the residue there in (5.2.49) we obtain
∞∑
q0=0
(γ′)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
 y2(x)
=
∞∏
l=3
1
(1− sl,∞)
∫ 1
0
dt2 t
3+λ
2
∫ 1
0
du2 u
2+γ+λ
2
(
s22,∞ − 2(1− 2x(1− t2)(1− u2))s2,∞ + 1
)− 1
2
×
1 + s2,∞ +
√
s22,∞ − 2(1− 2x(1− t2)(1− u2))s2,∞ + 1
2
−(7+ϕ+2λ)
×w˜−(2+α+λ)2,2
(
w˜2,2∂w˜2,2
)
w˜2+α+λ2,2
×
∫ 1
0
dt1 t
1+λ
1
∫ 1
0
du1 u
γ+λ
1
1
2πi
∮
dv1
1
v1
(1− w˜2,2(1− t1)(1− u1)v1)−(4+ϕ+2λ)
×
∞∑
q1=q0
(
v1 − 1
v1
s1
1− w˜2,2(1− t1)(1 − u1)v1
)q1
w¨
−(α+λ)
1,2
(
w¨1,2∂w¨1,2
)
w¨α+λ1,2
×
∞∑
q0=0
(γ′)q0
q0!
sq00
(
c0x
λ
q0∑
i0=0
(−q0)i0 (q0 + ϕ+ 2λ)i0
(1 + λ)i0(γ + λ)i0
w¨i01,2
)
z2 (5.2.50)
where
w˜2,2 =
v2
(v2 − 1)
xt2u2
1− xv2(1− t2)(1− u2)
∣∣∣∣∣
v2=
1−s2,∞−
√
(1−s2,∞)
2+4x(1−t2)(1−u2)s2,∞
2x(1−t2)(1−u2)
=
xt2u2 {1 + (s2,∞ + 2x(1 − t2)(1− u2))s2,∞}
2(1− x(1− t2)(1 − u2))2s2,∞
−
xt2u2(1 + s2,∞)
√
s22,∞ − 2(1 − 2x(1 − t2)(1− u2))s2,∞ + 1
2(1− x(1− t2)(1 − u2))2s2,∞
and
w¨1,2 =
v1
(v1 − 1)
w˜2,2t1u1
1− w˜2,2v1(1− t1)(1− u1)
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Replace qi, qj and ri by q1, q0 and
v1 − 1
v1
s1
1− w˜2,2(1− t1)(1− u1)v1 in (5.2.41). Take the
new (5.2.41) into (5.2.50).
∞∑
q0=0
(γ′)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
 y2(x)
=
∞∏
l=3
1
(1− sl,∞)
∫ 1
0
dt2 t
3+λ
2
∫ 1
0
du2 u
2+γ+λ
2
(
s22,∞ − 2(1− 2x(1− t2)(1− u2))s2,∞ + 1
)− 1
2
×
1 + s2,∞ +
√
s22,∞ − 2(1− 2x(1− t2)(1− u2))s2,∞ + 1
2
−(7+ϕ+2λ)
×w˜−(2+α+λ)2,2
(
w˜2,2∂w˜2,2
)
w˜2+α+λ2,2
×
∫ 1
0
dt1 t
1+λ
1
∫ 1
0
du1 u
γ+λ
1
1
2πi
∮
dv1
(1− w˜2,2(1− t1)(1 − u1)v1)−(3+ϕ+2λ)
−w˜2,2(1− t1)(1− u1)v21 + (1− s1)v1 + s1
×w¨−(α+λ)1,2
(
w¨1,2∂w¨1,2
)
w¨α+λ1,2
∞∑
q0=0
(γ′)q0
q0!
(
v1 − 1
v1
s0,1
1− w˜2,2(1− t1)(1− u1)v1
)q0
×
(
c0x
λ
q0∑
i0=0
(−q0)i0 (q0 + ϕ+ 2λ)i0
(1 + λ)i0(γ + λ)i0
w¨i01,2
)
z2 (5.2.51)
By using Cauchy’s integral formula, the contour integrand has poles at
v1 =
1− s1 −
√
(1− s1)2 + 4w˜2,2(1− t1)(1 − u1)s1
2w˜2,2(1− t1)(1− u1)
or
1− s1 +
√
(1− s1)2 + 4w˜2,2(1− t1)(1− u1)s1
2w˜2,2(1− t1)(1− u1) and
1− s1 −
√
(1− s1)2 + 4w˜2,2(1− t1)(1− u1)s1
2w˜2,2(1− t1)(1 − u1) is only inside the unit circle. As we
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compute the residue there in (5.2.51) we obtain
∞∑
q0=0
(γ′)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
 y2(x)
=
∞∏
l=3
1
(1− sl,∞)
∫ 1
0
dt2 t
3+λ
2
∫ 1
0
du2 u
2+γ+λ
2
(
s22,∞ − 2(1− 2x(1− t2)(1− u2))s2,∞ + 1
)− 1
2
×
1 + s2,∞ +
√
s22,∞ − 2(1− 2x(1− t2)(1− u2))s2,∞ + 1
2
−(7+ϕ+2λ)
×w˜−(2+α+λ)2,2
(
w˜2,2∂w˜2,2
)
w˜2+α+λ2,2
×
∫ 1
0
dt1 t
1+λ
1
∫ 1
0
du1 u
γ+λ
1
(
s21 − 2(1− 2w˜2,2(1− t1)(1 − u1))s1 + 1
)− 1
2
×
(
1 + s1 +
√
s21 − 2(1− 2w˜2,2(1− t1)(1− u1))s1 + 1
2
)−(3+ϕ+2λ)
×w˜−(α+λ)1,2
(
w˜1,2∂w˜1,2
)
w˜α+λ1,2
×
∞∑
q0=0
(γ′)q0
q0!
sq00
(
c0x
λ
q0∑
i0=0
(−q0)i0 (q0 + ϕ+ 2λ)i0
(1 + λ)i0(γ + λ)i0
w˜i01,2
)
z2 (5.2.52)
where
w˜1,2 =
v1
(v1 − 1)
w˜2,2t1u1
1− w˜2,2v1(1− t1)(1− u1)
∣∣∣∣∣
v1=
1−s1−
√
(1−s1)
2+4w˜2,2(1−t1)(1−u1)s1
2w˜2,2(1−t1)(1−u1)
=
w˜2,2t1u1 {1 + (s1 + 2w˜2,2(1− t1)(1− u1))s1}
2(1− w˜2,2(1− t1)(1 − u1))2s1
− w˜2,2t1u1(1 + s1)
√
s21 − 2(1 − 2w˜2,2(1− t1)(1− u1))s1 + 1
2(1 − w˜2,2(1− t1)(1 − u1))2s1
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Acting the summation operator
∞∑
q0=0
(γ′)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
 on (5.2.25),
∞∑
q0=0
(γ′)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
 y3(x)
=
∞∏
l=4
1
(1− sl,∞)
∫ 1
0
dt3 t
5+λ
3
∫ 1
0
du3 u
4+γ+λ
3
(
s23,∞ − 2(1− 2x(1− t3)(1− u3))s3,∞ + 1
)− 1
2
×
1 + s3,∞ +
√
s23,∞ − 2(1− 2x(1− t3)(1− u3))s3,∞ + 1
2
−(11+ϕ+2λ)
×w˜−(4+α+λ)3,3
(
w˜3,3∂w˜3,3
)
w˜4+α+λ3,3
×
∫ 1
0
dt2 t
3+λ
2
∫ 1
0
du2 u
2+γ+λ
2
(
s22 − 2(1− 2w˜3,3(1− t2)(1 − u2))s2 + 1
)− 1
2
×
(
1 + s2 +
√
s22 − 2(1− 2w˜3,3(1− t2)(1− u2))s2 + 1
2
)−(7+ϕ+2λ)
w˜
−(2+α+λ)
2,3
(
w˜2,3∂w˜2,3
)
w˜2+α+λ2,3
×
∫ 1
0
dt1 t
1+λ
1
∫ 1
0
du1 u
γ+λ
1
(
s21 − 2(1− 2w˜2,3(1− t1)(1 − u1))s1 + 1
)− 1
2
×
(
1 + s1 +
√
s21 − 2(1− 2w˜2,3(1− t1)(1− u1))s1 + 1
2
)−(3+ϕ+2λ)
w˜
−(α+λ)
1,3
(
w˜1,3∂w˜1,3
)
w˜α+λ1,3
×
∞∑
q0=0
(γ′)q0
q0!
sq00
(
c0x
λ
q0∑
i0=0
(−q0)i0 (q0 + ϕ+ 2λ)i0
(1 + λ)i0(γ + λ)i0
w˜i01,3
)
z3 (5.2.53)
where
w˜3,3 =
v3
(v3 − 1)
xt3u3
1− x(1− t3)(1− u3)v3
∣∣∣∣∣
v3=
1−s3,∞−
√
(1−s3,∞)
2+4x(1−t3)(1−u3)s3,∞
2x(1−t3)(1−u3)
=
xt3u3 {1 + (s3,∞ + 2x(1 − t3)(1− u3))s3,∞}
2(1− x(1− t3)(1 − u3))2s3,∞
−
xt3u3(1 + s3,∞)
√
s23,∞ − 2(1 − 2x(1 − t3)(1− u3))s3,∞ + 1
2(1− x(1− t3)(1 − u3))2s3,∞
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w˜2,3 =
v2
(v2 − 1)
w˜3,3t2u2
1− w˜3,3(1− t2)(1 − u2)v2
∣∣∣∣∣
v2=
1−s2−
√
(1−s2)
2+4w˜3,3(1−t2)(1−u2)s2
2w˜3,3(1−t2)(1−u2)
=
w˜3,3t2u2 {1 + (s2 + 2w˜3,3(1− t2)(1− u2))s2}
2(1− w˜3,3(1− t2)(1 − u2))2s2
− w˜3,3t2u2(1 + s2)
√
s22 − 2(1 − 2w˜3,3(1− t2)(1− u2))s2 + 1
2(1 − w˜3,3(1− t2)(1 − u2))2s2
w˜1,3 =
v1
(v1 − 1)
w˜2,3t1u1
1− w˜2,3(1− t1)(1 − u1)v1
∣∣∣∣∣
v1=
1−s1−
√
(1−s1)
2+4w˜2,3(1−t1)(1−u1)s1
2w˜2,3(1−t1)(1−u1)
=
w˜2,3t1u1 {1 + (s1 + 2w˜2,3(1− t1)(1− u1))s1}
2(1− w˜2,3(1− t1)(1 − u1))2s1
− w˜2,3t1u1(1 + s1)
√
s21 − 2(1 − 2w˜2,3(1− t1)(1− u1))s1 + 1
2(1 − w˜2,3(1− t1)(1 − u1))2s1
By repeating this process for all higher terms of integral forms of sub-summation ym(x)
terms where m ≥ 4, I obtain every
∞∑
q0=0
(γ′)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
ym(x) terms.
Substitute (5.2.44), (5.2.47), (5.2.52), (5.2.53) and including all
∞∑
q0=0
(γ′)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
ym(x) terms where m > 3 into (5.2.43).
Remark 5.2.14 The generating function for the CHP of type 2 of the first kind about
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x = 0 as q = (qj + 2j)(−β + γ + δ − 1 + qj + 2j) where j, qj ∈ N0 is
∞∑
q0=0
(γ)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
H(a)c FRqj (α, β, γ, δ, q = (qj + 2j)(qj + 2j + ϕ)
; ϕ = −β + γ + δ − 1; z = βx2)
= 2ϕ−1
{ ∞∏
l=1
1
(1− sl,∞)A (s0,∞;x) +
{ ∞∏
l=2
1
(1− sl,∞)
∫ 1
0
dt1 t1
∫ 1
0
du1 u
γ
1
←→
Γ 1 (s1,∞; t1, u1, x)
×w˜−α1,1
(
w˜1,1∂w˜1,1
)
w˜α1,1A (s0; w˜1,1)
}
z
+
∞∑
n=2
{ ∞∏
l=n+1
1
(1− sl,∞)
∫ 1
0
dtn t
2n−1
n
∫ 1
0
dun u
2(n−1)+γ
n
←→
Γ n (sn,∞; tn, un, x)
×w˜−(2(n−1)+α)n,n
(
w˜n,n∂w˜n,n
)
w˜2(n−1)+αn,n
×
n−1∏
k=1
{∫ 1
0
dtn−k t
2(n−k)−1
n−k
∫ 1
0
dun−k u
2(n−k−1)+γ
n−k
←→
Γ n−k (sn−k; tn−k, un−k, w˜n−k+1,n)
×w˜−(2(n−k−1)+α)n−k,n
(
w˜n−k,n∂w˜n−k,n
)
w˜
2(n−k−1)+α
n−k,n
}
A (s0; w˜1,n)
}
zn
}
(5.2.54)
where

←→
Γ 1 (s1,∞; t1, u1, x) =
(
1+s1,∞+
√
s21,∞−2(1−2x(1−t1)(1−u1))s1,∞+1
2
)−(3+ϕ)
√
s21,∞ − 2(1− 2x(1− t1)(1− u1))s1,∞ + 1
←→
Γ n (sn,∞; tn, un, x) =
(
1+sn,∞+
√
s2n,∞−2(1−2x(1−tn)(1−un))sn,∞+1
2
)−(4n−1+ϕ)
√
s2n,∞ − 2(1− 2x(1 − tn)(1 − un))sn,∞ + 1←→
Γ n−k (sn−k; tn−k, un−k, w˜n−k+1,n)
=
(
1+sn−k+
√
s2n−k−2(1−2w˜n−k+1,n(1−tn−k)(1−un−k))sn−k+1
2
)−(4(n−k)−1+ϕ)
√
s2n−k − 2(1 − 2w˜n−k+1,n(1− tn−k)(1− un−k))sn−k + 1
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and
A (s0,∞;x) =
(
1 + s0,∞ +
√
s20,∞ − 2(1− 2x)s0,∞ + 1
)γ−ϕ
(
1− s0,∞ +
√
s20,∞ − 2(1 − 2x)s0,∞ + 1
)γ−1√
s20,∞ − 2(1 − 2x)s0,∞ + 1
A (s0; w˜1,1) =
(
1 + s0 +
√
s20 − 2(1 − 2w˜1,1)s0 + 1
)γ−ϕ
(
1− s0 +
√
s20 − 2(1− 2w˜1,1)s0 + 1
)γ−1√
s20 − 2(1 − 2w˜1,1)s0 + 1
A (s0; w˜1,n) =
(
1 + s0 +
√
s20 − 2(1− 2w˜1,n)s0 + 1
)γ−ϕ
(
1− s0 +
√
s20 − 2(1− 2w˜1,n)s0 + 1
)γ−1√
s20 − 2(1 − 2w˜1,n)s0 + 1
Proof Replace A and w by ϕ and s0,∞ in (5.2.39).
∞∑
q0=0
(γ)q0
q0!
sq00,∞ 2F1 (−q0, q0 + ϕ; γ;x) (5.2.55)
= 2ϕ−1
(
1 + s0,∞ +
√
s20,∞ − 2(1− 2x)s0,∞ + 1
)γ−ϕ
(
1− s0,∞ +
√
s20,∞ − 2(1 − 2x)s0,∞ + 1
)γ−1√
s20,∞ − 2(1 − 2x)s0,∞ + 1
Replace A, w and x by ϕ, s0 and w˜1,1 in (5.2.39).
∞∑
q0=0
(γ)q0
q0!
sq00 2F1 (−q0, q0 + ϕ; γ; w˜1,1) (5.2.56)
= 2ϕ−1
(
1 + s0 +
√
s20 − 2(1− 2w˜1,1)s0 + 1
)γ−ϕ
(
1− s0 +
√
s20 − 2(1− 2w˜1,1)s0 + 1
)γ−1√
s20 − 2(1− 2w˜1,1)s0 + 1
Replace A, w and x by ϕ, s0 and w˜1,n in (5.2.39).
∞∑
q0=0
(γ)q0
q0!
sq00 2F1 (−q0, q0 + ϕ; γ; w˜1,n) (5.2.57)
= 2ϕ−1
(
1 + s0 +
√
s20 − 2(1 − 2w˜1,n)s0 + 1
)γ−ϕ
(
1− s0 +
√
s20 − 2(1 − 2w˜1,n)s0 + 1
)γ−1√
s20 − 2(1− 2w˜1,n)s0 + 1
Put c0= 1, λ=0 and γ
′ = γ in (5.2.42). Substitute (5.2.55), (5.2.56) and (5.2.57) into the
new (5.2.42).
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Remark 5.2.15 The generating function for the CHP of type 2 of the second kind about
x = 0 as q = (qj + 2j + 1− γ)(−β + δ + qj + 2j) where j, qj ∈ N0 is
∞∑
q0=0
(2− γ)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
H(a)c SRαj (α, β, γ, δ
, q = (qj + 2j + 1− γ)(qj + 2j + 1− γ + ϕ); ϕ = −β + γ + δ − 1; z = βx2
)
=
2ϕ+1−2γ
xγ−1
{ ∞∏
l=1
1
(1− sl,∞)B (s0,∞;x)
+
{ ∞∏
l=2
1
(1− sl,∞)
∫ 1
0
dt1 t
2−γ
1
∫ 1
0
du1 u1
←→
Ψ 1 (s1,∞; t1, u1, x)
×w˜−(α−γ+1)1,1
(
w˜1,1∂w˜1,1
)
w˜α−γ+11,1 B (s0; w˜1,1)
}
z
+
∞∑
n=2
{ ∞∏
l=n+1
1
(1− sl,∞)
∫ 1
0
dtn t
2n−γ
n
∫ 1
0
dun u
2n−1
n
←→
Ψ n (sn,∞; tn, un, x)
×w˜−(2n−1+α−γ)n,n
(
w˜n,n∂w˜n,n
)
w˜2n−1+α−γn,n
×
n−1∏
k=1
{∫ 1
0
dtn−k t
2(n−k)−γ
n−k
∫ 1
0
dun−k u
2(n−k)−1
n−k
←→
Ψ n−k (sn−k; tn−k, un−k, w˜n−k+1,n)
×w˜−(2(n−k)−1+α−γ)n−k,n
(
w˜n−k,n∂w˜n−k,n
)
w˜
2(n−k)−1+α−γ
n−k,n
}
B (s0; w˜1,n)
}
zn
}
(5.2.58)
where
←→
Ψ 1 (s1,∞; t1, u1, x) =
(
1+s1,∞+
√
s21,∞−2(1−2x(1−t1)(1−u1))s1,∞+1
2
)−(5−2γ+ϕ)
√
s21,∞ − 2(1− 2x(1− t1)(1− u1))s1,∞ + 1
←→
Ψ n (sn,∞; tn, un, x) =
(
1+sn,∞+
√
s2n,∞−2(1−2x(1−tn)(1−un))sn,∞+1
2
)−(4n+1−2γ+ϕ)
√
s2n,∞ − 2(1− 2x(1 − tn)(1 − un))sn,∞ + 1←→
Ψ n−k (sn−k; tn−k, un−k, w˜n−k+1,n)
=
(
1+sn−k+
√
s2n−k−2(1−2w˜n−k+1,n(1−tn−k)(1−un−k))sn−k+1
2
)−(4(n−k)+1−2γ+ϕ)
√
s2n−k − 2(1 − 2w˜n−k+1,n(1− tn−k)(1− un−k))sn−k + 1
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and
B (s0,∞;x) =
(
1 + s0,∞ +
√
s20,∞ − 2(1− 2x)s0,∞ + 1
)−2+3γ−ϕ
(
1− s0,∞ +
√
s20,∞ − 2(1 − 2x)s0,∞ + 1
)1−γ√
s20,∞ − 2(1− 2x)s0,∞ + 1
B (s0; w˜1,1) =
(
1 + s0 +
√
s20 − 2(1− 2w˜1,1)s0 + 1
)−2+3γ−ϕ
(
1− s0 +
√
s20 − 2(1 − 2w˜1,1)s0 + 1
)1−γ√
s20 − 2(1− 2w˜1,1)s0 + 1
B (s0; w˜1,n) =
(
1 + s0 +
√
s20 − 2(1− 2w˜1,n)s0 + 1
)−2+3γ−ϕ
(
1− s0 +
√
s20 − 2(1− 2w˜1,n)s0 + 1
)1−γ√
s20 − 2(1− 2w˜1,n)s0 + 1
Proof Replace γ, A and w by 2− γ, ϕ+ 2(1− γ) and s0,∞ in (5.2.39).
∞∑
q0=0
(2− γ)q0
q0!
sq00,∞ 2F1 (−q0, q0 + ϕ+ 2(1− γ); 2 − γ;x) (5.2.59)
= 2ϕ+1−2γ
(
1 + s0,∞ +
√
s20,∞ − 2(1− 2x)s0,∞ + 1
)−2+3γ−ϕ
(
1− s0,∞ +
√
s20,∞ − 2(1 − 2x)s0,∞ + 1
)1−γ√
s20,∞ − 2(1 − 2x)s0,∞ + 1
Replace γ, A, w and x by 2− γ, ϕ+ 2(1− γ), s0 and w˜1,1 in (5.2.39).
∞∑
q0=0
(2− γ)q0
q0!
sq00 2F1 (−q0, q0 + ϕ+ 2(1 − γ); 2− γ; w˜1,1) (5.2.60)
= 2ϕ+1−2γ
(
1 + s0 +
√
s20 − 2(1 − 2w˜1,1)s0 + 1
)−2+3γ−ϕ
(
1− s0 +
√
s20 − 2(1− 2w˜1,1)s0 + 1
)1−γ√
s20 − 2(1 − 2w˜1,1)s0 + 1
Replace γ, A, w and x by 2− γ, ϕ+ 2(1− γ), s0 and w˜1,n in (5.2.39).
∞∑
q0=0
(2− γ)q0
q0!
sq00 2F1 (−q0, q0 + ϕ+ 2(1− γ); 2 − γ; w˜1,n) (5.2.61)
= 2ϕ+1−2γ
(
1 + s0 +
√
s20 − 2(1 − 2w˜1,n)s0 + 1
)−2+3γ−ϕ
(
1− s0 +
√
s20 − 2(1 − 2w˜1,n)s0 + 1
)1−γ√
s20 − 2(1 − 2w˜1,n)s0 + 1
Put c0 = 1, λ = 1− γ and γ′ = 2− γ in (5.2.42). Substitute (5.2.59), (5.2.60) and (5.2.61)
into the new (5.2.42).
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5.3 Summary
The second independent solutions of the CHF by using 3TRF and R3TRF are only
available for non-integer value of γ in the domain |x| < 1. If γ is an integer, one of two
solutions will be dependent. Its analytic solution is defined by its behavior at infinity in
the domain |x| > 1. All possible local solutions of the CHE (Regge-Wheeler and
Teukolsky equations) were constructed by Fiziev.[11, 12] The power series representation
of the CHE about the singular point at infinity is not convergent by only asymptotic
[2, 13]: Its solution will be constructed in the future paper for (1) the power series
expansion in closed forms of the CHF about regular singularity x =∞, (2) its integral
representation and (3) the generating functions for type 3 CHP.
In chapter 4 I show how to obtain the power series expansion in closed forms and its
integral forms of the CHE for infinite series and polynomial of type 1 including all higher
terms of An’s by applying 3TRF. This was done by letting An in sequence cn is the
leading term in the analytic function y(x): the sequence cn consists of combinations An
and Bn. For polynomial of type 1, I treat β, γ, δ and q as free variables and a fixed value
of α.
In this chapter I show how to construct the power series expansion in closed forms and its
integral forms of the CHE for infinite series and polynomial of type 2 including all higher
terms of Bn’s by applying R3TRF. This is done by letting Bn in sequence cn is the
leading term in the analytic function y(x). For polynomial of type 2, I treat α, β, γ and δ
as free variables and a fixed value of q.
The power series expansion and integral forms of the CHE for infinite series about x = 0
in this chapter are equivalent to infinite series of the CHE in chapter 4. In this chapter
Bn is the leading term in sequence cn in the analytic function y(x). In chapter 4 An is
the leading term in sequence cn in the analytic function y(x).
In chapter 4 as we see the power series expansions of the CHE about x = 0 for infinite
series and polynomial of type 1, the denominators and numerators in all Bn terms of y(x)
arise with Pochhammer symbol. Again in this chapter the denominators and numerators
in all An terms of the CHF about x = 0 arise with Pochhammer symbol. Since we
construct the power series expansion with Pochhammer symbols in numerators and
denominators, we are able to describe integral forms of the CHF in the mathematical
rigor. As we observe representations in closed form integrals of the CHF by applying
3TRF, a 1F1 function recurs in each of sub-integral forms of the CHF. Also 2F1 function
recurs in each of sub-integral forms of the CHF as we observe integral form of the CHF
by applying R3TRF.
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We can transform the CHF into any special functions having two recursive coefficients
because of 1F1 and 2F1 functions in each of sub-integral forms of the CHF. After we
replace 1F1 and 2F1 functions in integral forms of the CHF to other special functions, we
are able to rebuild the power series expansion of the CHF in a backward.
In chapter 4 I show how to analyze the generating function for the CHP of type 1 from
its general integral representation. And in this chapter I construct the generating
function for the CHP of type 2 from its integral form. We are able to derive orthogonal
relations, recursion relations and expectation values of physical quantities from these two
generating functions compared with the case of a normalized wave function for the
hydrogen-like atoms.10
Mathematical structure of the generating function for the CHP of type 2 closely
resembles the generating function for the Heun polynomial of type 2 in chapter 3. If
a→ 0, η → x, α = β, z = − 1ax2 → βx2, ϕ = α+ β − δ + a(δ + γ − 1)→ −β + γ + δ − 1,
q = −(qj + 2j + λ){ϕ+ (1 + a)(qj + 2j + λ)} → (qj + 2j + λ)(ϕ+ qj + 2j + λ),(
w˜1,1∂w˜1,1
)2 → w˜1,1∂w˜1,1 , (w˜n,n∂w˜n,n)2 → w˜n,n∂w˜n,n and(
w˜n−k,n∂w˜n−k,n
)2
→ w˜n−k,n∂w˜n−k,n in the general expression of the generating function
for the Heun polynomial of type 2, its solution is equivalent to the generating function for
the CHP of type 2; compare theorem 3.2.4 in chapter 3 with theorem 5.2.12 in this
chapter. Because I derive the both generating functions for the CHP and Heun
polynomial of type 2 by applying the generating function for the Jacobi polynomial using
2F1 functions into integral forms of the CHP and Heun polynomial: 2F1 function recurs
in each of sub-integral forms of them. By similar reason, mathematical structure of the
generating function for the CHP of type 1 closely resembles the generating function for
the GCH polynomial of type 1 [37]. The generating function for confluent hypergeometric
polynomial is applied into the integral representations of the CHP and GCH polynomial:
1F1 function recurs in each of sub-integral forms of them.
10The normalized constant for this wave function is obtained by applying the generating function for
associated Laguerre polynomials into the Helmholtz equation in the spherical coordinates. It only has one
eigenvalue. And the CHP of either type 1 or 2 has infinite eigenvalues because of a 3-term recursive relation
between successive coefficients in its power series.
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Chapter 6
Grand Confluent Hypergeometric
function using reversible
three-term recurrence formula
Biconfluent Heun (BCH) equation, a confluent form of Heun equation[1, 2], is the special
case of Grand Confluent Hypergeometric (GCH) equation1: this has a regular singularity
at x = 0, and an irregular singularity at ∞ of rank 2.
In this chapter I will apply reversible three term recurrence formula (R3TRF) in chapter
1 to (1) the power series expansion in closed forms, (2) its integral forms of the GCH
equation for infinite series and polynomial which makes An term terminated including all
higher terms of Bn’s
2 and (3) the generating function for the GCH polynomial which
makes An term terminated.
6.1 Introduction
x
d2y
dx2
+
(
µx2 + εx+ ν
) dy
dx
+ (Ωx+ εω) y = 0 (6.1.1)
(6.1.1) is Grand Confluent Hypergeometric (GCH) differential equation where µ, ε, ν, Ω
and ω are real or complex parameters [34, 36]. GCH ordinary differential equation is of
1For the canonical form of the BCH equation[2], replace µ, ε, ν, Ω and ω by −2, −β, 1 + α, γ − α− 2
and 1/2(δ/β + 1 + α) in (6.1.1). For DLFM version [19] or in Ref.[20], replace µ and ω by 1 and −q/ε in
(6.1.1).
2“ higher terms of Bn’s” means at least two terms of Bn’s.
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Fuchsian types with two singular points: one regular singular point which is zero with
exponents {0, 1 − ν}, and one irregular singular point which is infinity with an exponent
Ω
µ . In contrast, Heun equation of Fuchsian types has the four regular singularities. Heun
equation has the four kind of confluent forms: (1) Confluent Heun (two regular and one
irregular singularities), (2) Doubly confluent Heun (two irregular singularities), (3)
Biconfluent Heun (one regular and one irregular singularities), (4) Triconfluent Heun
equations (one irregular singularity).
BCH equation is derived from the GCH equation by changing all coefficients.[2] The
GCH (or BCH) equation is applicable into the modern physics. [3, 4, 5, 6, 7] The BCH
equation appears in the radial Schro¨dinger equation with those potentials such as the
rotating harmonic oscillator [8], the doubly anharmonic oscillator [9, 10, 11], a
three-dimensional anharmonic oscillator [12, 13, 11], Coulomb potential with a linear
confining potential [11, 14] and other kinds of potentials [15, 16].
The fundamental solution of the BCH equation for infinite series and the BCH spectral
polynomial about x = 0 in the canonical form was obtained by applying the power series
expansion.[21, 22, 23, 24] For the case of the irregular singular point x =∞, the three
term recurrence of the power series in the BCH equation was derived.[17, 25] And they
left the analytic solution of the BCH equation as solutions of recurrences because of a
3-term recursive relation between successive coefficients in its power series expansion of
the BCH equation.3 In comparison with the two term recursion relation of the power
series in the linear differential equation, the analytic solution in closed forms on the three
term recurrence relation of the power series is unknown currently because of its complex
mathematical calculation.
As I know, there are no examples for the analytic solution of the BCH equation about
x = 0 and x =∞ in the form of a definite or contour integral containing the well-known
special functions which consists of two term recursion relation in its power series of the
linear differential equation such as a 2F1 or 1F1 function. In place of describing the
integral representation of the BCH equation involving only simple functions, especially
for confluent hypergeometric functions, the BCH equation is obtained by Fredholm-type
integral equations; such integral relationships express one analytic solution in terms of
another analytic solution.[27, 28, 29, 30, 31, 32, 33]
In Ref.[36, 37] I construct analytic solutions of GCH equation about the regular singular
point at x = 0 by applying three term recurrence formula (3TRF). [35]; (1) the power
series expansion in closed forms, (2) its integral forms of the GCH equation (for infinite
series and polynomial which makes Bn term terminated including all higher terms of
3For the special case, the explicit solutions of the BCH equation in the canonical form was constructed
when one of coefficients β = 0.[26]
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An’s
4) and (3) the generating function for GCH polynomial which makes Bn term
terminated. And I show four examples of the analytic wave functions and its eigenvalues
in the radial Schro¨dinger equation with certain potentials: (1) Schro¨dinger equation with
the rotating harmonic oscillator and a class of confinement potentials, (2) The spin free
Hamiltonian involving only scalar potential for the q − q¯ system, (3) The radial
Schro¨dinger equation with Confinement potentials, (4) Two interacting electrons in a
uniform magnetic field and a parabolic potential. The Frobenius solutions in closed forms
and its combined definite and contour integrals of these four quantum mechanical wave
functions are derived analytically.
In this chapter, by applying R3TRF in chapter 1, I construct the power series expansion
in closed forms of GCH equation about the regular singular point at x = 0 for infinite
series and polynomial which makes An term terminated. The integral forms of GCH
equation and its generating function for the GCH polynomial which makes An term
terminated are derived analytically. Also the Frobenius solution of GCH equation about
irregular singular point at x =∞ by applying 3TRF [35] is constructed analytically
including its integral representation and the generating function for the GCH polynomial
polynomial which makes Bn term terminated.
6.2 GCH equation about regular singular point at zero
Assume that its solution is
y(x) =
∞∑
n=0
cnx
n+λ (6.2.1)
where λ is an indicial root. Plug (6.2.1) into (6.1.1). We obtain a three-term recurrence
relation for the coefficients cn:
cn+1 = An cn +Bn cn−1 ;n ≥ 1 (6.2.2)
where,
An =
−ε(n + ω + λ)
(n+ 1 + λ)(n + ν + λ)
Bn = − Ω+ µ(n− 1 + λ)
(n+ 1 + λ)(n+ ν + λ)
(6.2.3a)
c1 = A0 c0 (6.2.3b)
We have two indicial roots which are λ = 0 and 1− ν.
4“ higher terms of An’s” means at least two terms of An’s.
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6.2.1 Power series
Polynomial of type 2
There are two types of power series expansion using the two term recurrence relation in a
linear ordinary differential equation which are a polynomial and an infinite series. In
contrast there are three types of polynomials and an infinite series in three term
recurrence relation of linear ordinary differential equation: (1) polynomial which makes
Bn term terminated: An term is not terminated, (2) polynomial which makes An term
terminated: Bn term is not terminated, (3) polynomial which makes An and Bn terms
terminated at the same time.5 In general the GCH polynomial is defined as type 3
polynomial where An and Bn terms terminated. For the type 3 GCH polynomial about
x = 0, it has a fixed integer value of Ω, just as it has a fixed value of ω. In three term
recurrence relation, polynomial of type 3 I categorize as complete polynomial. In the
previous paper [36, 37] I construct the type 1 GCH polynomial about x = 0. In future
papers I will derive type 3 polynomial about x = 0. In this chapter I construct the power
series expansion, its integral forms and the generating function for the GCH polynomial
of type 2 about x = 0: I treat µ, ε, ν and Ω as free variables and ω as a fixed value.
In chapter 1 the general expression of power series of y(x) for polynomial of type 2 is
defined by
y(x) =
∞∑
n=0
yn(x) = y0(x) + y1(x) + y2(x) + y3(x) + · · ·
= c0
{
α0∑
i0=0
(
i0−1∏
i1=0
Ai1
)
xi0+λ +
α0∑
i0=0
{
Bi0+1
i0−1∏
i1=0
Ai1
α1∑
i2=i0
(
i2−1∏
i3=i0
Ai3+2
)}
xi2+2+λ
+
∞∑
N=2
{
α0∑
i0=0
{
Bi0+1
i0−1∏
i1=0
Ai1
N−1∏
k=1
(
αk∑
i2k=i2(k−1)
Bi2k+2k+1
i2k−1∏
i2k+1=i2(k−1)
Ai2k+1+2k
)
×
αN∑
i2N=i2(N−1)
(
i2N−1∏
i2N+1=i2(N−1)
Ai2N+1+2N
)}}
xi2N+2N+λ
}
(6.2.4)
In the above, αi ≤ αj only if i ≤ j where i, j, αi, αj ∈ N0.
For a polynomial, we need a condition which is:
Aαi+2i = 0 where i, αi = 0, 1, 2, · · · (6.2.5)
5If An and Bn terms are not terminated, it turns to be infinite series.
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In the above, αi is an eigenvalue that makes An term terminated at certain value of index
n. (6.2.5) makes each yi(x) where i = 0, 1, 2, · · · as the polynomial in (6.2.4). In
(6.2.3a)-(6.2.3b) replace ω by −(ωi + 2i+ λ). In (6.2.5) replace index αi by ωi. Take the
new (6.2.3a)-(6.2.3b), (6.2.5) and put them in (6.2.4). After the replacement process, the
general expression of power series of the GCH equation for polynomial of type 2 is given
by
y(x) =
∞∑
n=0
yn(x) = y0(x) + y1(x) + y2(x) + y3(x) + · · ·
= c0x
λ
{
ω0∑
i0=0
(−ω0)i0
(1 + λ)i0(ν + λ)i0
ηi0
+
{
ω0∑
i0=0
(i0 +Ω/µ+ λ)
(i0 + 2 + λ)(i0 + 1 + ν + λ)
(−ω0)i0
(1 + λ)i0(ν + λ)i0
ω1∑
i1=i0
(−ω1)i1(3 + λ)i0(2 + ν + λ)i0
(−ω1)i0(3 + λ)i1(2 + ν + λ)i1
ηi1
}
ρ
+
∞∑
n=2
{
ω0∑
i0=0
(i0 +Ω/µ+ λ)
(i0 + 2 + λ)(i0 + 1 + ν + λ)
(−ω0)i0
(1 + λ)i0(ν + λ)i0
×
n−1∏
k=1

ωk∑
ik=ik−1
(ik + 2k +Ω/µ+ λ)
(ik + 2k + 2 + λ)(ik + 2k + 1 + ν + λ)
(−ωk)ik(2k + 1 + λ)ik−1(2k + ν + λ)ik−1
(−ωk)ik−1(2k + 1 + λ)ik(2k + ν + λ)ik
}
×
ωn∑
in=in−1
(−ωn)in(2n + 1 + λ)in−1(2n+ ν + λ)in−1
(−ωn)in−1(2n+ 1 + λ)in(2n+ ν + λ)in
ηin
 ρn
 (6.2.6)
where 
η = −εx
ρ = −µx2
ω = −(ωj + 2j + λ) as j, ωj ∈ N0
ωi ≤ ωj only if i ≤ j where i, j ∈ N0
Put c0= 1 as λ = 0 for the first kind of independent solutions of the GCH equation and
λ = 1− ν for the second one in (6.2.6).
Remark 6.2.1 The power series expansion of the GCH equation of the first kind for
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polynomial of type 2 about x = 0 as ω = −(ωj + 2j) where j, ωj ∈ N0 is
y(x) = QWRωj
(
µ, ε, ν,Ω, ω = −(ωj + 2j); ρ = −µx2; η = −εx
)
=
ω0∑
i0=0
(−ω0)i0
(1)i0(ν)i0
ηi0 +
{
ω0∑
i0=0
(i0 +Ω/µ)
(i0 + 2)(i0 + 1 + ν)
(−ω0)i0
(1)i0(ν)i0
ω1∑
i1=i0
(−ω1)i1(3)i0(2 + ν)i0
(−ω1)i0(3)i1(2 + ν)i1
ηi1
}
ρ
+
∞∑
n=2
{
ω0∑
i0=0
(i0 +Ω/µ)
(i0 + 2)(i0 + 1 + ν)
(−ω0)i0
(1)i0(ν)i0
×
n−1∏
k=1

ωk∑
ik=ik−1
(ik + 2k +Ω/µ)
(ik + 2k + 2)(ik + 2k + 1 + ν)
(−ωk)ik(2k + 1)ik−1(2k + ν)ik−1
(−ωk)ik−1(2k + 1)ik(2k + ν)ik
}
×
ωn∑
in=in−1
(−ωn)in(2n + 1)in−1(2n+ ν)in−1
(−ωn)in−1(2n+ 1)in(2n+ ν)in
ηin
 ρn (6.2.7)
For the minimum value of the GCH equation of the first kind for polynomial of type 2
about x = 0, put ω0 = ω1 = ω2 = · · · = 0 in (6.2.7).
y(x) = QWR0
(
µ, ε, ν,Ω, ω = −2j; ρ = −µx2; η = −εx)
= 1F1
(
Ω
2µ
,
ν
2
+
1
2
,−1
2
µx2
)
where −∞ < x <∞
On the above, 1F1(a, b, x) =
∑∞
n=0
(a)n
(b)n
xn
n! .
Remark 6.2.2 The power series expansion of the GCH equation of the second kind for
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polynomial of type 2 about x = 0 as ω = −(ωj + 2j + 1− ν) where j, ωj ∈ N0 is
y(x) = RWRωj
(
µ, ε, ν,Ω, ω = −(ωj + 2j + 1− ν); ρ = −µx2; η = −εx
)
= x1−ν
{
ω0∑
i0=0
(−ω0)i0
(2− ν)i0(1)i0
ηi0
+
{
ω0∑
i0=0
(i0 + 1 + Ω/µ− ν)
(i0 + 3− ν)(i0 + 2)
(−ω0)i0
(2− ν)i0(1)i0
ω1∑
i1=i0
(−ω1)i1(4− ν)i0(3)i0
(−ω1)i0(4− ν)i1(3)i1
ηi1
}
ρ
+
∞∑
n=2
{
ω0∑
i0=0
(i0 + 1 + Ω/µ− ν)
(i0 + 3− ν)(i0 + 2)
(−ω0)i0
(2− ν)i0(1)i0
×
n−1∏
k=1

ωk∑
ik=ik−1
(ik + 2k + 1 + Ω/µ− ν)
(ik + 2k + 3− ν)(ik + 2k + 2)
(−ωk)ik(2k + 2− ν)ik−1(2k + 1)ik−1
(−ωk)ik−1(2k + 2− ν)ik(2k + 1)ik
}
×
ωn∑
in=in−1
(−ωn)in(2n + 2− ν)in−1(2n + 1)in−1
(−ωn)in−1(2n+ 2− ν)in(2n+ 1)in
ηin
 ρn
 (6.2.8)
For the minimum value of the GCH equation of the second kind for polynomial of type 2
about x = 0, put ω0 = ω1 = ω2 = · · · = 0 in (6.2.8).
y(x) = RWR0
(
µ, ε, ν,Ω, ω = −(2j + 1− ν); ρ = −µx2; η = −εx)
= x1−ν 1F1
(
Ω
2µ
− ν
2
+
1
2
,−ν
2
+
3
2
,−1
2
µx2
)
where −∞ < x <∞
In Ref.[36, 37] I treat Ω as a fixed value and µ, ε, ν, ω as free variables to construct the
GCH polynomial of type 1: (1) if Ω = −µ(2βj + j) where j, βj ∈ N0, an analytic solution
of the GCH equation turns to be the first kind of independent solution of the GCH
polynomial of type 1. (2) if Ω = −µ(2ψj + j + 1− ν) where j, ψj ∈ N0, an analytic
solution of the GCH equation turns to be the second kind of independent solution of the
GCH polynomial of type 1.
In this chapter I treat ω as a fixed value and µ, ε, ν, Ω as free variables to construct the
GCH polynomial of type 2: (1) if ω = −(ωj +2j) where j, ωj ∈ N0, an analytic solution of
the GCH equation turns to be the first kind of independent solution of the GCH
polynomial of type 2. (2) if ω = −(ωj + 2j + 1− ν), an analytic solution of the GCH
equation turns to be the second kind of independent solution of the GCH polynomial of
type 2.
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Infinite series
In chapter 1 the general expression of power series of y(x) for infinite series is defined by
y(x) =
∞∑
n=0
yn(x) = y0(x) + y1(x) + y2(x) + y3(x) + · · ·
= c0
{ ∞∑
i0=0
(
i0−1∏
i1=0
Ai1
)
xi0+λ +
∞∑
i0=0
{
Bi0+1
i0−1∏
i1=0
Ai1
∞∑
i2=i0
(
i2−1∏
i3=i0
Ai3+2
)}
xi2+2+λ
+
∞∑
N=2
{ ∞∑
i0=0
{
Bi0+1
i0−1∏
i1=0
Ai1
N−1∏
k=1
( ∞∑
i2k=i2(k−1)
Bi2k+2k+1
i2k−1∏
i2k+1=i2(k−1)
Ai2k+1+2k
)
×
∞∑
i2N=i2(N−1)
(
i2N−1∏
i2N+1=i2(N−1)
Ai2N+1+2N
)}}
xi2N+2N+λ
}
(6.2.9)
Substitute (6.2.3a)–(6.2.3b) into (6.2.9). The general expression of power series of the
GCH equation for infinite series about x = 0 is given by
y(x) =
∞∑
n=0
yn(x) = y0(x) + y1(x) + y2(x) + y3(x) + · · ·
= c0x
λ
{ ∞∑
i0=0
(ω + λ)i0
(1 + λ)i0(ν + λ)i0
ηi0
+
{ ∞∑
i0=0
(i0 +Ω/µ+ λ)
(i0 + 2 + λ)(i0 + 1 + ν + λ)
(ω + λ)i0
(1 + λ)i0(ν + λ)i0
×
∞∑
i1=i0
(ω + 2 + λ)i1(3 + λ)i0(2 + ν + λ)i0
(ω + 2 + λ)i0(3 + λ)i1(2 + ν + λ)i1
ηi1
}
ρ
+
∞∑
n=2
{ ∞∑
i0=0
(i0 +Ω/µ+ λ)
(i0 + 2 + λ)(i0 + 1 + ν + λ)
(ω + λ)i0
(1 + λ)i0(ν + λ)i0
×
n−1∏
k=1

∞∑
ik=ik−1
(ik + 2k +Ω/µ+ λ)
(ik + 2k + 2 + λ)(ik + 2k + 1 + ν + λ)
× (ω + 2k + λ)ik(2k + 1 + λ)ik−1(2k + ν + λ)ik−1
(ω + 2k + λ)ik−1(2k + 1 + λ)ik−1(2k + ν + λ)ik
}
×
∞∑
in=in−1
(ω + 2n+ λ)in(2n + 1 + λ)in−1(2n+ ν + λ)in−1
(ω + 2n+ λ)in−1(2n+ 1 + λ)in−1(2n + ν + λ)in
ηin
 ρn
 (6.2.10)
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Put c0= 1 as λ = 0 for the first kind of independent solutions of the GCH equation and
λ = 1− ν for the second one in (6.2.10).
Remark 6.2.3 The power series expansion of the GCH equation of the first kind for
infinite series about x = 0 using R3TRF is
y(x) = QWR
(
µ, ε, ν,Ω, ω; ρ = −µx2; η = −εx)
=
∞∑
i0=0
(ω)i0
(1)i0(ν)i0
ηi0 +
{ ∞∑
i0=0
(i0 +Ω/µ)
(i0 + 2)(i0 + 1 + ν)
(ω)i0
(1)i0(ν)i0
∞∑
i1=i0
(ω + 2)i1(3)i0(2 + ν)i0
(ω + 2)i0(3)i1(2 + ν)i1
ηi1
}
ρ
+
∞∑
n=2
{ ∞∑
i0=0
(i0 +Ω/µ)
(i0 + 2)(i0 + 1 + ν)
(ω)i0
(1)i0(ν)i0
×
n−1∏
k=1

∞∑
ik=ik−1
(ik + 2k +Ω/µ)
(ik + 2k + 2)(ik + 2k + 1 + ν)
(ω + 2k)ik(2k + 1)ik−1(2k + ν)ik−1
(ω + 2k)ik−1(2k + 1)ik−1(2k + ν)ik

×
∞∑
in=in−1
(ω + 2n)in(2n + 1)in−1(2n + ν)in−1
(ω + 2n)in−1(2n + 1)in−1(2n+ ν)in
ηin
 ρn (6.2.11)
Remark 6.2.4 The power series expansion of the GCH equation of the second kind for
infinite series about x = 0 using R3TRF is
y(x) = RWR
(
µ, ε, ν,Ω, ω; ρ = −µx2; η = −εx)
= x1−ν
{ ∞∑
i0=0
(ω + 1− ν)i0
(2− ν)i0(1)i0
ηi0
+
{ ∞∑
i0=0
(i0 + 1 + Ω/µ− ν)
(i0 + 3− ν)(i0 + 2)
(ω + 1− ν)i0
(2− ν)i0(1)i0
∞∑
i1=i0
(ω + 3− ν)i1(4− ν)i0(3)i0
(ω + 3− ν)i0(4− ν)i1(3)i1
ηi1
}
ρ
+
∞∑
n=2
{ ∞∑
i0=0
(i0 + 1 + Ω/µ− ν)
(i0 + 3− ν)(i0 + 2)
(ω + 1− ν)i0
(2− ν)i0(1)i0
×
n−1∏
k=1

∞∑
ik=ik−1
(ik + 2k + 1 + Ω/µ− ν)
(ik + 2k + 3− ν)(ik + 2k + 2)
(ω + 2k + 1− ν)ik(2k + 2− ν)ik−1(2k + 1)ik−1
(ω + 2k + 1− ν)ik−1(2k + 2− ν)ik−1(2k + 1)ik

×
∞∑
in=in−1
(ω + 2n+ 1− ν)in(2n + 2− ν)in−1(2n+ 1)in−1
(ω + 2n+ 1− ν)in−1(2n+ 2− ν)in−1(2n + 1)in
ηin
 ρn
 (6.2.12)
It is required that ν 6= 0,−1,−2, · · · for the first kind of independent solutions of the
GCH equation for all cases. Because if it does not, its solution will be divergent. And it
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is required that ν 6= 2, 3, 4, · · · for the second kind of independent solutions of the GCH
equation for all cases.
The infinite series in this chapter are equivalent to the infinite series in Ref.[36, 37]. In
this chapter Bn is the leading term in sequence cn of the analytic function y(x). In
Ref.[36, 37] An is the leading term in sequence cn of the analytic function y(x).
6
6.2.2 Integral formalism
Polynomial of type 2
There is a generalized hypergeometric function which is
Il =
ωl∑
il=il−1
(−ωl)il(2l + 1 + λ)il−1(2l + ν + λ)il−1
(−ωl)il−1(2l + 1 + λ)il(2l + ν + λ)il
ηil
= ηil−1
∞∑
j=0
B(il−1 + 2l + λ, j + 1)B(il−1 + 2l − 1 + ν + λ, j + 1)(il−1 − ωl)j
(il−1 + 2l + λ)−1(il−1 + 2l − 1 + ν + λ)−1(1)j j! η
j (6.2.13)
By using integral form of beta function,
B (il−1 + 2l + λ, j + 1) =
∫ 1
0
dtl t
il−1+2l−1+λ
l (1− tl)j (6.2.14a)
B (il−1 + 2l − 1 + ν + λ, j + 1) =
∫ 1
0
dul u
il−1+2l−2+ν+λ
l (1− ul)j (6.2.14b)
Substitute (6.2.14a) and (6.2.14b) into (6.2.13), and divide
(il−1 + 2l + λ)(il−1 + 2l − 1 + ν + λ) into Il.
1
(il−1 + 2l + λ)(il−1 + 2l − 1 + ν + λ)
ωl∑
il=il−1
(−ωl)il(2l + 1 + λ)il−1(2l + ν + λ)il−1
(−ωl)il−1(2l + 1 + λ)il(2l + ν + λ)il
ηil
=
∫ 1
0
dtl t
2l−1+λ
l
∫ 1
0
dul u
2l−2+ν+λ
l (ηtlul)
il−1
∞∑
j=0
(il−1 − ωl)j
(1)j j!
[η(1 − tl)(1− ul)]j (6.2.15)
6As
Γ(1/2 + ν/2−Ω/(2µ))
Γ(1/2 + ν/2)
is multiplied on (6.2.11), the new (6.2.11) is equivalent to the first kind
solution of the GCH equation for the infinite series using 3TRF.[36] Again, As (−µ/2)1/2(1−ν) Γ(1− Ω/(2µ))
Γ(3/2− ν/2)
is multiplied on (6.2.12), the new (6.2.12) corresponds to the second kind solution of the GCH equation for
the infinite series using 3TRF.[36]
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The integral form of confluent hypergeometric function of the first kind is given by
∞∑
j=0
(−α0)j
(γ)jj!
zj =
Γ(α0 + 1)Γ(γ)
2πi Γ(α0 + γ)
∮
dvl
exp
(
− zvl(1−vl)
)
vα0+1l (1− vl)γ
(6.2.16)
replace α0, γ and z by ωl − il−1, 1 and η(1− tl)(1− ul) in (6.2.16).
∞∑
j=0
(il−1 − ωl)j
(1)j j!
[η(1 − tl)(1 − ul)]j = 1
2πi
∮
dvl
exp
(
− vl(1−vl)η(1− tl)(1− ul)
)
v
ωl+1−il−1
l (1− vl)
(6.2.17)
Substitute (6.2.17) into (6.2.15).
Kl =
1
(il−1 + 2l + λ)(il−1 + 2l − 1 + ν + λ)
ωl∑
il=il−1
(−ωl)il(2l + 1 + λ)il−1(2l + ν + λ)il−1
(−ωl)il−1(2l + 1 + λ)il(2l + ν + λ)il
ηil
=
∫ 1
0
dtl t
2l−1+λ
l
∫ 1
0
dul u
2l−2+ν+λ
l
1
2πi
∮
dvl
exp
(
− vl(1−vl)η(1− tl)(1− ul)
)
vωl+1l (1− vl)
(ηtlulvl)
il−1 (6.2.18)
Substitute (6.2.18) into (6.2.6) where l = 1, 2, 3, · · · ; apply K1 into the second summation
of sub-power series y1(x), apply K2 into the third summation and K1 into the second
summation of sub-power series y2(x), apply K3 into the forth summation, K2 into the
third summation and K1 into the second summation of sub-power series y3(x), etc.
7
Theorem 6.2.5 The general representation in the form of integral of the GCH
7y1(x) means the sub-power series in (6.2.6) contains one term of B
′
ns, y2(x) means the sub-power series
in (6.2.6) contains two terms of B′ns, y3(x) means the sub-power series in (6.2.6) contains three terms of
B′ns, etc.
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polynomial of type 2 is given by
y(x) =
∞∑
n=0
yn(x) = y0(x) + y1(x) + y2(x) + y3(x) + · · ·
= c0x
λ
{
ω0∑
i0=0
(−ω0)i0
(1 + λ)i0(ν + λ)i0
ηi0
+
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)−1+λ
n−k
∫ 1
0
dun−k u
2(n−k−1)+ν+λ
n−k
× 1
2πi
∮
dvn−k
exp
(
− vn−k(1−vn−k)wn−k+1,n(1− tn−k)(1− un−k)
)
v
ωn−k+1
n−k (1− vn−k)
×w−(Ω/µ+2(n−k−1)+λ)n−k,n
(
wn−k,n∂wn−k,n
)
w
Ω/µ+2(n−k−1)+λ
n−k,n
}
×
ω0∑
i0=0
(−ω0)i0
(1 + λ)i0(ν + λ)i0
wi01,n
}
ρn
}
(6.2.19)
where
wa,b =

η
b∏
l=a
tlulvl where a ≤ b
η only if a > b
In the above, the first sub-integral form contains one term of B′ns, the second one
contains two terms of Bn’s, the third one contains three terms of Bn’s, etc.
Proof In (6.2.6) the power series expansions of sub-summation y0(x), y1(x), y2(x) and
y3(x) of the GCH polynomial of type 2 are
y(x) =
∞∑
n=0
yn(x) = y0(x) + y1(x) + y2(x) + y3(x) + · · · (6.2.20)
where
y0(x) = c0x
λ
ω0∑
i0=0
(−ω0)i0
(1 + λ)i0(ν + λ)i0
ηi0 (6.2.21a)
y1(x) = c0x
λ
{
ω0∑
i0=0
(i0 +Ω/µ+ λ)
(i0 + 2 + λ)(i0 + 1 + ν + λ)
(−ω0)i0
(1 + λ)i0(ν + λ)i0
×
ω1∑
i1=i0
(−ω1)i1(3 + λ)i0(2 + ν + λ)i0
(−ω1)i0(3 + λ)i1(2 + ν + λ)i1
ηi1
}
ρ (6.2.21b)
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y2(x) = c0x
λ
{
ω0∑
i0=0
(i0 +Ω/µ+ λ)
(i0 + 2 + λ)(i0 + 1 + ν + λ)
(−ω0)i0
(1 + λ)i0(ν + λ)i0
×
ω1∑
i1=i0
(i1 + 2 +Ω/µ + λ)
(i1 + 4 + λ)(i1 + 3 + ν + λ)
(−ω1)i1(3 + λ)i0(2 + ν + λ)i0
(−ω1)i0(3 + λ)i1(2 + ν + λ)i1
×
ω2∑
i2=i1
(−ω2)i2(5 + λ)i1(4 + ν + λ)i1
(−ω2)i1(5 + λ)i2(4 + ν + λ)i2
ηi2
}
ρ2 (6.2.21c)
y3(x) = c0x
λ
{
ω0∑
i0=0
(i0 +Ω/µ+ λ)
(i0 + 2 + λ)(i0 + 1 + ν + λ)
(−ω0)i0
(1 + λ)i0(ν + λ)i0
×
ω1∑
i1=i0
(i1 + 2 +Ω/µ + λ)
(i1 + 4 + λ)(i1 + 3 + ν + λ)
(−ω1)i1(3 + λ)i0(2 + ν + λ)i0
(−ω1)i0(3 + λ)i1(2 + ν + λ)i1
×
ω2∑
i2=i1
(i2 + 4 +Ω/µ + λ)
(i2 + 6 + λ)(i2 + 5 + ν + λ)
(−ω2)i2(5 + λ)i1(4 + ν + λ)i1
(−ω2)i1(5 + λ)i2(4 + ν + λ)i2
×
ω3∑
i3=i2
(−ω3)i3(7 + λ)i2(6 + ν + λ)i2
(−ω3)i2(7 + λ)i3(6 + ν + λ)i3
ηi3
}
ρ3 (6.2.21d)
Put l = 1 in (6.2.18). Take the new (6.2.18) into (6.2.21b).
y1(x) = c0x
λ
∫ 1
0
dt1 t
1+λ
1
∫ 1
0
du1 u
ν+λ
1
1
2πi
∮
dv1
exp
(
− v1(1−v1)η(1− t1)(1− u1)
)
vω1+11 (1− v1)
×
{
ω0∑
i0=0
(i0 +Ω/µ+ λ)
(−ω0)i0
(1 + λ)i0(ν + λ)i0
(ηt1u1v1)
i0
}
ρ
= c0x
λ
∫ 1
0
dt1 t
1+λ
1
∫ 1
0
du1 u
ν+λ
1
1
2πi
∮
dv1
exp
(
− v1(1−v1)η(1− t1)(1− u1)
)
vω1+11 (1− v1)
×w−(Ω/µ+λ)1,1
(
w1,1∂w1,1
)
w
Ω/µ+λ
1,1
{
ω0∑
i0=0
(−ω0)i0
(1 + λ)i0(ν + λ)i0
wi01,1
}
ρ (6.2.22)
where w1,1 = η
1∏
l=1
tlulvl
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Put l = 2 in (6.2.18). Take the new (6.2.18) into (6.2.21c).
y2(x) = c0x
λ
∫ 1
0
dt2 t
3+λ
2
∫ 1
0
du2 u
2+ν+λ
2
1
2πi
∮
dv2
exp
(
− v2(1−v2)η(1− t2)(1 − u2)
)
vω2+12 (1− v2)
×w−(Ω/µ+2+λ)2,2
(
w2,2∂w2,2
)
w
Ω/µ+2+λ
2,2
×
{
ω0∑
i0=0
(i0 +Ω/µ+ λ)
(i0 + 2 + λ)(i0 + 1 + ν + λ)
(−ω0)i0
(1 + λ)i0(ν + λ)i0
×
ω1∑
i1=i0
(−ω1)i1(3 + λ)i0(2 + ν + λ)i0
(−ω1)i0(3 + λ)i1(2 + ν + λ)i1
wi12,2
}
ρ2 (6.2.23)
where w2,2 = η
2∏
l=2
tlulvl
Put l = 1 and η = w2,2 in (6.2.18). Take the new (6.2.18) into (6.2.23).
y2(x) = c0x
λ
∫ 1
0
dt2 t
3+λ
2
∫ 1
0
du2 u
2+ν+λ
2
1
2πi
∮
dv2
exp
(
− v2(1−v2)η(1− t2)(1 − u2)
)
vω2+12 (1− v2)
×w−(Ω/µ+2+λ)2,2
(
w2,2∂w2,2
)
w
Ω/µ+2+λ
2,2
×
∫ 1
0
dt1 t
1+λ
1
∫ 1
0
du1 u
ν+λ
1
1
2πi
∮
dv1
exp
(
− v1(1−v1)w2,2(1− t1)(1− u1)
)
vω1+11 (1− v1)
×w−(Ω/µ+λ)1,2
(
w1,2∂w1,2
)
w
Ω/µ+λ
2,2
{
ω0∑
i0=0
(−ω0)i0
(1 + λ)i0(ν + λ)i0
wi01,2
}
ρ2 (6.2.24)
where w1,2 = η
2∏
l=1
tlulvl
By using similar process for the previous cases of integral forms of y1(x) and y2(x), the
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integral form of sub-power series expansion of y3(x) is
y3(x) = c0x
λ
∫ 1
0
dt3 t
5+λ
3
∫ 1
0
du3 u
4+ν+λ
3
1
2πi
∮
dv3
exp
(
− v3(1−v3)η(1− t3)(1 − u3)
)
vω3+13 (1− v3)
×w−(Ω/µ+4+λ)3,3
(
w3,3∂w3,3
)
w
Ω/µ+4+λ
3,3
×
∫ 1
0
dt2 t
3+λ
2
∫ 1
0
du2 u
2+ν+λ
2
1
2πi
∮
dv2
exp
(
− v2(1−v2)w3,3(1− t2)(1− u2)
)
vω2+12 (1− v2)
×w−(Ω/µ+2+λ)2,3
(
w2,3∂w2,3
)
w
Ω/µ+2+λ
2,3
×
∫ 1
0
dt1 t
1+λ
1
∫ 1
0
du1 u
ν+λ
1
1
2πi
∮
dv1
exp
(
− v1(1−v1)w2,3(1− t1)(1− u1)
)
vω1+11 (1− v1)
×w−(Ω/µ+λ)1,3
(
w1,3∂w1,3
)
w
Ω/µ+λ
1,3
{
ω0∑
i0=0
(−ω0)i0
(1 + λ)i0(ν + λ)i0
wi01,3
}
ρ3 (6.2.25)
where 
w3,3 = η
3∏
l=3
tlulvl
w2,3 = η
3∏
l=2
tlulvl
w1,3 = η
3∏
l=1
tlulvl
By repeating this process for all higher terms of integral forms of sub-summation ym(x)
terms where m ≥ 4, we obtain every integral forms of ym(x) terms. Since we substitute
(6.2.21a), (6.2.22), (6.2.24), (6.2.25) and including all integral forms of ym(x) terms where
m ≥ 4 into (6.2.20), we obtain (6.2.19).
Put c0= 1 as λ = 0 for the first kind of independent solutions of the GCH equation and
λ = 1− ν for the second one in (6.2.19).
Remark 6.2.6 The integral representation of the GCH equation of the first kind for
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polynomial of type 2 about x = 0 as ω = −(ωj + 2j) where j, ωj = 0, 1, 2, · · · is
y(x) = QWRωj
(
µ, ε, ν,Ω, ω = −(ωj + 2j); ρ = −µx2; η = −εx
)
= 1F1 (−ω0; ν; η) +
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)−1
n−k
∫ 1
0
dun−k u
2(n−k−1)+ν
n−k
× 1
2πi
∮
dvn−k
exp
(
− vn−k(1−vn−k)wn−k+1,n(1− tn−k)(1− un−k)
)
v
ωn−k+1
n−k (1− vn−k)
×w−(Ω/µ+2(n−k−1))n−k,n
(
wn−k,n∂wn−k,n
)
w
Ω/µ+2(n−k−1)
n−k,n
}
1F1 (−ω0; ν;w1,n)
}
ρn (6.2.26)
Remark 6.2.7 The integral representation of the GCH equation of the second kind for
polynomial of type 2 about x = 0 as ω = −(ωj + 2j + 1− ν) where j, ωj = 0, 1, 2, · · · is
y(x) = RWRωj
(
µ, ε, ν,Ω, ω = −(ωj + 2j + 1− ν); ρ = −µx2; η = −εx
)
= x1−ν
{
1F1 (−ω0; 2− ν; η) +
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)−ν
n−k
∫ 1
0
dun−k u
2(n−k)−1
n−k
× 1
2πi
∮
dvn−k
exp
(
− vn−k(1−vn−k)wn−k+1,n(1− tn−k)(1 − un−k)
)
v
ωn−k+1
n−k (1− vn−k)
×w−(Ω/µ+2(n−k)−1−ν)n−k,n
(
wn−k,n∂wn−k,n
)
w
Ω/µ+2(n−k)−1−ν
n−k,n
}
× 1F1 (−ω0; 2− ν;w1,n)
}
ρn
}
(6.2.27)
In the above, 1F1 (a; b; z) is a Kummer function of the first kind which is defined by
1F1 (a; b; z) = M(a, b, z) =
∞∑
n=0
(a)n
(b)nn!
zn = ezM(b− a, b,−z)
= − 1
2πi
Γ (1− a) Γ (b)
Γ (b− a)
∮
dvj e
zvj (−vj)a−1 (1− vj)b−a−1
=
Γ (a)
2πi
∮
dvj e
vjv−bj
(
1− z
vj
)−a
=
1
2πi
Γ (1− a) Γ (b)
Γ (b− a)
∮
dvj e
− z vj
1−vj va−1j (1− vj)−b (6.2.28)
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Infinite series
Let’s consider the integral representation of the GCH equation about x = 0 for infinite
series by applying R3TRF. There is a generalized hypergeometric function which is
written by
Ml =
∞∑
il=il−1
(ω + 2l + λ)il (2l + 1 + λ)il−1(2l + ν + λ)il−1
(ω + 2l + λ)il−1 (2l + 1 + λ)il(2l + ν + λ)il
ηil
= ηil−1
∞∑
j=0
B(il−1 + 2l + λ, j + 1)B(il−1 + 2l − 1 + ν + λ, j + 1)(ω + 2l + λ+ il−1)j
(il−1 + 2l + λ)−1(il−1 + 2l − 1 + ν + λ)−1(1)j j!
ηj (6.2.29)
Substitute (6.2.14a) and (6.2.14b) into (6.2.29), and divide
(il−1 + 2l + λ)(il−1 + 2l − 1 + ν + λ) into the new (6.2.29).
1
(il−1 + 2l + λ)(il−1 + 2l − 1 + ν + λ)
∞∑
il=il−1
(ω + 2l + λ)il (2l + 1 + λ)il−1(2l + ν + λ)il−1
(ω + 2l + λ)il−1 (2l + 1 + λ)il(2l + ν + λ)il
ηil
=
∫ 1
0
dtl t
2l−1+λ
l
∫ 1
0
dul u
2l−2+ν+λ
l (ηtlul)
il−1
∞∑
j=0
(ω + 2l + λ+ il−1)j
(1)j j!
(η(1 − tl)(1− ul))j (6.2.30)
Replace a, b and z by ω + 2l + λ+ il−1, 1 and η(1 − tj)(1− uj) in (6.2.28). Take the new
(6.2.28) into (6.2.30).
Vl =
1
(il−1 + 2l + λ)(il−1 + 2l − 1 + ν + λ)
∞∑
il=il−1
(ω + 2l + λ)il (2l + 1 + λ)il−1(2l + ν + λ)il−1
(ω + 2l + λ)il−1 (2l + 1 + λ)il(2l + ν + λ)il
ηil
=
∫ 1
0
dtl t
2l−1+λ
l
∫ 1
0
dul u
2l−2+ν+λ
l
1
2πi
∮
dvl
exp
(
− vl(1−vl)η(1− tl)(1− ul)
)
v
−(ω+2l−1+λ)
l (1− vl)
(ηtlulvl)
il−1 (6.2.31)
Substitute (6.2.31) into (6.2.10) where l = 1, 2, 3, · · · ; apply V1 into the second summation
of sub-power series y1(x), apply V2 into the third summation and V1 into the second
summation of sub-power series y2(x), apply V3 into the forth summation, V2 into the
third summation and V1 into the second summation of sub-power series y3(x), etc.
8
Theorem 6.2.8 The general representation in the form of integral of the GCH equation
8y1(x) means the sub-power series in (6.2.10) contains one term of B
′
ns, y2(x) means the sub-power
series in (6.2.10) contains two terms of B′ns, y3(x) means the sub-power series in (6.2.10) contains three
terms of B′ns, etc.
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for infinite series about x = 0 using R3TRF is given by
y(x) =
∞∑
n=0
yn(x) = y0(x) + y1(x) + y2(x) + y3(x) + · · ·
= c0x
λ
{ ∞∑
i0=0
(ω + λ)i0
(1 + λ)i0(ν + λ)i0
ηi0
+
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)−1+λ
n−k
∫ 1
0
dun−k u
2(n−k−1)+ν+λ
n−k
× 1
2πi
∮
dvn−k
exp
(
− vn−k(1−vn−k)wn−k+1,n(1− tn−k)(1− un−k)
)
v
−(ω+2(n−k)−1+λ)
n−k (1− vn−k)
×w−(Ω/µ+2(n−k−1)+λ)n−k,n
(
wn−k,n∂wn−k,n
)
w
Ω/µ+2(n−k−1)+λ
n−k,n
}
×
∞∑
i0=0
(ω + λ)i0
(1 + λ)i0(ν + λ)i0
wi01,n
}
ρn
}
(6.2.32)
In the above, the first sub-integral form contains one term of B′ns, the second one
contains two terms of Bn’s, the third one contains three terms of Bn’s, etc.
Proof In (6.2.10) sub-power series y0(x), y1(x), y2(x) and y3(x) of the CHE for infinite
series using 3TRF about x = 0 are given by
y0(x) = c0x
λ
∞∑
i0=0
(ω + λ)i0
(1 + λ)i0(ν + λ)i0
ηi0 (6.2.33a)
y1(x) = c0x
λ
{ ∞∑
i0=0
(i0 +Ω/µ+ λ)
(i0 + 2 + λ)(i0 + 1 + ν + λ)
(ω + λ)i0
(1 + λ)i0(ν + λ)i0
×
∞∑
i1=i0
(ω + 2 + λ)i1 (3 + λ)i0(2 + ν + λ)i0
(ω + 2 + λ)i0 (3 + λ)i1(2 + ν + λ)i1
ηi1
}
ρ (6.2.33b)
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y2(x) = c0x
λ
{ ∞∑
i0=0
(i0 +Ω/µ+ λ)
(i0 + 2 + λ)(i0 + 1 + ν + λ)
(ω + λ)i0
(1 + λ)i0(ν + λ)i0
×
∞∑
i1=i0
(i1 + 2 + Ω/µ+ λ)
(i1 + 4 + λ)(i1 + 3 + ν + λ)
(ω + 2 + λ)i1 (3 + λ)i0(2 + ν + λ)i0
(ω + 2 + λ)i0 (3 + λ)i1(2 + ν + λ)i1
×
∞∑
i2=i1
(ω + 4 + λ)i2 (5 + λ)i1(4 + ν + λ)i1
(ω + 4 + λ)i1 (5 + λ)i2(4 + ν + λ)i2
ηi2
}
ρ2 (6.2.33c)
y3(x) = c0x
λ
{ ∞∑
i0=0
(i0 +Ω/µ+ λ)
(i0 + 2 + λ)(i0 + 1 + ν + λ)
(ω + λ)i0
(1 + λ)i0(ν + λ)i0
×
∞∑
i1=i0
(i1 + 2 + Ω/µ+ λ)
(i1 + 4 + λ)(i1 + 3 + ν + λ)
(ω + 2 + λ)i1 (3 + λ)i0(2 + ν + λ)i0
(ω + 2 + λ)i0 (3 + λ)i1(2 + ν + λ)i1
×
∞∑
i2=i1
(i2 + 4 + Ω/µ+ λ)
(i2 + 6 + λ)(i2 + 5 + ν + λ)
(ω + 4 + λ)i2 (5 + λ)i1(4 + ν + λ)i1
(ω + 4 + λ)i1 (5 + λ)i2(4 + ν + λ)i2
×
∞∑
i3=i2
(ω + 6 + λ)i3 (7 + λ)i2(6 + ν + λ)i2
(ω + 6 + λ)i2 (7 + λ)i3(6 + ν + λ)i3
ηi3
}
ρ3 (6.2.33d)
Put l = 1 in (6.2.31). Take the new (6.2.31) into (6.2.33b).
y1(x) = c0x
λ
∫ 1
0
dt1 t
1+λ
1
∫ 1
0
du1 u
ν+λ
1
1
2πi
∮
dv1
exp
(
− v1(1−v1)η(1− t1)(1− u1)
)
v
−(ω+1+λ)
1 (1− v1)
×
{ ∞∑
i0=0
(i0 +Ω/µ+ λ)
(ω + λ)i0
(1 + λ)i0(ν + λ)i0
(ηt1u1v1)
i0
}
ρ
= c0x
λ
∫ 1
0
dt1 t
1+λ
1
∫ 1
0
du1 u
ν+λ
1
1
2πi
∮
dv1
exp
(
− v1(1−v1)η(1− t1)(1− u1)
)
v
−(ω+1+λ)
1 (1− v1)
×w−(Ω/µ+λ)1,1
(
w1,1∂w1,1
)
w
Ω/µ+λ
1,1
{ ∞∑
i0=0
(ω + λ)i0
(1 + λ)i0(ν + λ)i0
wi01,1
}
ρ (6.2.34)
where w1,1 = η
1∏
l=1
tlulvl
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Put l = 2 in (6.2.31). Take the new (6.2.31) into (6.2.33c).
y2(x) = c0x
λ
∫ 1
0
dt2 t
3+λ
2
∫ 1
0
du2 u
2+ν+λ
2
1
2πi
∮
dv2
exp
(
− v2(1−v2)η(1− t2)(1 − u2)
)
v
−(ω+3+λ)
2 (1− v2)
×w−(Ω/µ+2+λ)2,2
(
w2,2∂w2,2
)
w
Ω/µ+2+λ
2,2
×
{ ∞∑
i0=0
(i0 +Ω/µ+ λ)
(i0 + 2 + λ)(i0 + 1 + ν + λ)
(ω + λ)i0
(1 + λ)i0(ν + λ)i0
×
∞∑
i1=i0
(ω + 2 + λ)i1(3 + λ)i0(2 + ν + λ)i0
(ω + 2 + λ)i0(3 + λ)i1(2 + ν + λ)i1
wi12,2
}
ρ2 (6.2.35)
where w2,2 = η
2∏
l=2
tlulvl
Put l = 1 and η = w2,2 in (6.2.31). Take the new (6.2.31) into (6.2.35).
y2(x) = c0x
λ
∫ 1
0
dt2 t
3+λ
2
∫ 1
0
du2 u
2+ν+λ
2
1
2πi
∮
dv2
exp
(
− v2(1−v2)η(1− t2)(1 − u2)
)
v
−(ω+3+λ)
2 (1− v2)
×w−(Ω/µ+2+λ)2,2
(
w2,2∂w2,2
)
w
Ω/µ+2+λ
2,2
×
∫ 1
0
dt1 t
1+λ
1
∫ 1
0
du1 u
ν+λ
1
1
2πi
∮
dv1
exp
(
− v1(1−v1)w2,2(1− t1)(1− u1)
)
v
−(ω+1+λ)
1 (1− v1)
×w−(Ω/µ+λ)1,2
(
w1,2∂w1,2
)
w
Ω/µ+λ
2,2
{ ∞∑
i0=0
(ω + λ)i0
(1 + λ)i0(ν + λ)i0
wi01,2
}
ρ2 (6.2.36)
where w1,2 = η
2∏
l=1
tlulvl
By using similar process for the previous cases of integral forms of y1(x) and y2(x), the
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integral form of sub-power series expansion of y3(x) is
y3(x) = c0x
λ
∫ 1
0
dt3 t
5+λ
3
∫ 1
0
du3 u
4+ν+λ
3
1
2πi
∮
dv3
exp
(
− v3(1−v3)η(1− t3)(1 − u3)
)
v
−(ω+5+λ)
3 (1− v3)
×w−(Ω/µ+4+λ)3,3
(
w3,3∂w3,3
)
w
Ω/µ+4+λ
3,3
×
∫ 1
0
dt2 t
3+λ
2
∫ 1
0
du2 u
2+ν+λ
2
1
2πi
∮
dv2
exp
(
− v2(1−v2)w3,3(1− t2)(1− u2)
)
v
−(ω+3+λ)
2 (1− v2)
×w−(Ω/µ+2+λ)2,3
(
w2,3∂w2,3
)
w
Ω/µ+2+λ
2,3
×
∫ 1
0
dt1 t
1+λ
1
∫ 1
0
du1 u
ν+λ
1
1
2πi
∮
dv1
exp
(
− v1(1−v1)w2,3(1− t1)(1− u1)
)
v
−(ω+1+λ)
1 (1− v1)
×w−(Ω/µ+λ)1,3
(
w1,3∂w1,3
)
w
Ω/µ+λ
1,3
{ ∞∑
i0=0
(ω + λ)i0
(1 + λ)i0(ν + λ)i0
wi01,3
}
ρ3 (6.2.37)
where 
w3,3 = η
3∏
l=3
tlulvl
w2,3 = η
3∏
l=2
tlulvl
w1,3 = η
3∏
l=1
tlulvl
By repeating this process for all higher terms of integral forms of sub-summation ym(x)
terms where m ≥ 4, we obtain every integral forms of ym(x) terms. Since we substitute
(6.2.33a), (6.2.34), (6.2.36), (6.2.37) and including all integral forms of ym(x) terms where
m ≥ 4 into (6.2.10), we obtain (6.2.32).9
Put c0= 1 as λ = 0 for the first kind of independent solutions of the GCH equation and
λ = 1− ν for the second one in (6.2.32).
Remark 6.2.9 The integral representation of the GCH equation of the first kind for
9Or replace the finite summation with an interval [0, ω0] by infinite summation with an interval [0,∞]
in (6.2.19). Replace ω0 and ωn−j by −(ω + λ) and −(ω + 2(n− k) + λ) into the new (6.2.19). Its solution
is also equivalent to (6.2.32)
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infinite series about x = 0 using R3TRF is
y(x) = QWR
(
µ, ε, ν,Ω, ω; ρ = −µx2; η = −εx)
= 1F1 (ω; ν; η) +
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)−1
n−k
∫ 1
0
dun−k u
2(n−k−1)+ν
n−k
× 1
2πi
∮
dvn−k
exp
(
− vn−k(1−vn−k)wn−k+1,n(1− tn−k)(1− un−k)
)
v
−(ω+2(n−k)−1)
n−k (1− vn−k)
×w−(Ω/µ+2(n−k−1))n−k,n
(
wn−k,n∂wn−k,n
)
w
Ω/µ+2(n−k−1)
n−k,n
}
1F1 (ω; ν;w1,n)
}
ρn (6.2.38)
Remark 6.2.10 The integral representation of the GCH equation of the second kind for
infinite series about x = 0 using R3TRF is
y(x) = RWR
(
µ, ε, ν,Ω, ω; ρ = −µx2; η = −εx)
= x1−ν
{
1F1 (ω + 1− ν; 2− ν; η) +
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)−ν
n−k
∫ 1
0
dun−k u
2(n−k)−1
n−k
× 1
2πi
∮
dvn−k
exp
(
− vn−k(1−vn−k)wn−k+1,n(1− tn−k)(1− un−k)
)
v
−(ω+2(n−k)−ν)
n−k (1− vn−k)
×w−(Ω/µ+2(n−k)−1−ν)n−k,n
(
wn−k,n∂wn−k,n
)
w
Ω/µ+2(n−k)−1−ν
n−k,n
}
× 1F1 (ω + 1− ν; 2− ν;w1,n)
}
ρn
}
(6.2.39)
As
Γ(1/2 + ν/2− Ω/(2µ))
Γ(1/2 + ν/2)
is multiplied on (6.2.38), the new (6.2.38) is equivalent to the
integral form of the first kind solution of the GCH equation for the infinite series using
3TRF.[36] Again, As (−µ/2)1/2(1−ν) Γ(1− Ω/(2µ))
Γ(3/2 − ν/2) is multiplied on (6.2.39), the new
(6.2.39) corresponds to the integral representation of the second kind solution of the
GCH equation for the infinite series using 3TRF.[36]
6.2.3 Generating function for the GCH polynomial of type 2
Now let’s investigate the generating function for the type 2 GCH polynomials of the first
and second kind about x = 0.
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Definition 6.2.11 I define that

sa,b =
{
sa · sa+1 · sa+2 · · · sb−2 · sb−1 · sb where a > b
sa only if a = b
w˜a,b = ηsa,∞
b∏
l=a
tlul
(6.2.40)
where
a, b ∈ N0
And we have
∞∑
ωi=ωj
sωii =
s
ωj
i
(1− si) (6.2.41)
Acting the summation operator
∞∑
ω0=0
sω00
ω0!
Γ(ω0 + γ
′)
Γ(γ′)
∞∏
n=1

∞∑
ωn=ωn−1
sωnn
 on (6.2.19) where
|si| < 1 as i = 0, 1, 2, · · · by using (6.2.40) and (6.2.41),
Theorem 6.2.12 The general expression of the generating function for the GCH
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polynomial of type 2 about x = 0 is given by
∞∑
ω0=0
sω00
ω0!
Γ(ω0 + γ
′)
Γ(γ′)
∞∏
n=1

∞∑
ωn=ωn−1
sωnn
 y(x)
=
∞∏
k=1
1
(1− sk,∞)
Υ(λ; s0,∞; η)
+
{ ∞∏
k=1
1
(1− sk,∞)
∫ 1
0
dt1 t
1+λ
1
∫ 1
0
du1 u
ν+λ
1 exp
(
− s1,∞
(1− s1,∞)η(1− t1)(1 − u1)
)
×w˜−(Ω/µ+λ)1,1
(
w˜1,1∂w˜1,1
)
w˜
Ω/µ+λ
1,1 Υ(λ; s0; w˜1,1)
}
ρ
+
∞∑
n=2
{ ∞∏
k=n
1
(1− sk,∞)
∫ 1
0
dtn t
2n−1+λ
n
∫ 1
0
dun u
2(n−1)+ν+λ
n exp
(
− sn,∞
(1− sn,∞)η(1 − tn)(1 − un)
)
×w˜−(Ω/µ+2(n−1)+λ)n,n
(
w˜n,n∂w˜n,n
)
w˜Ω/µ+2(n−1)+λn,n
×
n−1∏
j=1
{∫ 1
0
dtn−j t
2(n−j)−1+λ
n−j
∫ 1
0
dun−j u
2(n−j−1)+ν+λ
n−j
exp
(
− sn−j(1−sn−j) w˜n−j+1,n(1− tn−j)(1 − un−j)
)
(1− sn−j)
×w˜−(Ω/µ+2(n−j−1)+λ)n−j,n
(
w˜n−j,n∂w˜n−j,n
)
w˜
Ω/µ+2(n−j−1)+λ
n−j,n
}
Υ(λ; s0; w˜1,n)
}
ρn (6.2.42)
where

Υ(λ; s0,∞; η) =
∞∑
ω0=0
sω00,∞
ω0!
Γ(ω0 + γ
′)
Γ(γ′)
{
c0x
λ
ω0∑
i0=0
(−ω0)i0
(1 + λ)i0(ν + λ)i0
ηi0
}
Υ(λ; s0; w˜1,1) =
∞∑
ω0=0
sω00
ω0!
Γ(ω0 + γ
′)
Γ(γ′)
{
c0x
λ
ω0∑
i0=0
(−ω0)i0
(1 + λ)i0(ν + λ)i0
w˜i01,1
}
Υ(λ; s0; w˜1,n) =
∞∑
ω0=0
sω00
ω0!
Γ(ω0 + γ
′)
Γ(γ′)
{
c0x
λ
ω0∑
i0=0
(−ω0)i0
(1 + λ)i0(ν + λ)i0
w˜i01,n
}
Proof Acting the summation operator
∞∑
ω0=0
sω00
ω0!
Γ(ω0 + γ
′)
Γ(γ′)
∞∏
n=1

∞∑
ωn=ωn−1
sωnn
 on the
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form of integral of the type 2 GCH polynomial y(x),
∞∑
ω0=0
sω00
ω0!
Γ(ω0 + γ
′)
Γ(γ′)
∞∏
n=1

∞∑
ωn=ωn−1
sωnn
 y(x)
=
∞∑
ω0=0
sω00
ω0!
Γ(ω0 + γ
′)
Γ(γ′)
∞∏
n=1

∞∑
ωn=ωn−1
sωnn
(y0(x) + y1(x) + y2(x) + y3(x) + · · ·) (6.2.43)
Acting the summation operator
∞∑
ω0=0
sω00
ω0!
Γ(ω0 + γ
′)
Γ(γ′)
∞∏
n=1

∞∑
ωn=ωn−1
sωnn
 on (6.2.21a) by
using (6.2.40) and (6.2.41),
∞∑
ω0=0
sω00
ω0!
Γ(ω0 + γ
′)
Γ(γ′)
∞∏
n=1

∞∑
ωn=ωn−1
sωnn
 y0(x)
=
∞∏
k=1
1
(1− sk,∞)
∞∑
ω0=0
sω00,∞
ω0!
Γ(ω0 + γ
′)
Γ(γ′)
{
c0x
λ
ω0∑
i0=0
(−ω0)i0
(1 + λ)i0(ν + λ)i0
ηi0
}
(6.2.44)
Acting the summation operator
∞∑
ω0=0
sω00
ω0!
Γ(ω0 + γ
′)
Γ(γ′)
∞∏
n=1

∞∑
ωn=ωn−1
sωnn
 on (6.2.22) by
using (6.2.40) and (6.2.41),
∞∑
ω0=0
sω00
ω0!
Γ(ω0 + γ
′)
Γ(γ′)
∞∏
n=1

∞∑
ωn=ωn−1
sωnn
 y1(x)
=
∞∏
k=2
1
(1− sk,∞)
∫ 1
0
dt1 t
1+λ
1
∫ 1
0
du1 u
ν+λ
1
1
2πi
∮
dv1
exp
(
− v1(1−v1)η(1− t1)(1− u1)
)
v1(1− v1)
×
∞∑
ω1=ω0
(
s1,∞
v1
)ω1
w
−(Ω/µ+λ)
1,1
(
w1,1∂w1,1
)
w
Ω/µ+λ
1,1
×
∞∑
ω0=0
sω00
ω0!
Γ(ω0 + γ
′)
Γ(γ′)
{
c0x
λ
ω0∑
i0=0
(−ω0)i0
(1 + λ)i0(ν + λ)i0
wi01,1
}
ρ (6.2.45)
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Replace ωi, ωj and si by ω1, ω0 and
s1,∞
v1
in (6.2.41). Take the new (6.2.41) into (6.2.45).
∞∑
ω0=0
sω00
ω0!
Γ(ω0 + γ
′)
Γ(γ′)
∞∏
n=1

∞∑
ωn=ωn−1
sωnn
 y1(x)
=
∞∏
k=2
1
(1− sk,∞)
∫ 1
0
dt1 t
1+λ
1
∫ 1
0
du1 u
ν+λ
1
1
2πi
∮
dv1
exp
(
− v1(1−v1)η(1− t1)(1− u1)
)
(1− v1)(v1 − s1,∞)
×w−(Ω/µ+λ)1,1
(
w1,1∂w1,1
)
w
Ω/µ+λ
1,1
×
∞∑
ω0=0
1
ω0!
(
s0,∞
v1
)ω0 Γ(ω0 + γ′)
Γ(γ′)
{
c0x
λ
ω0∑
i0=0
(−ω0)i0
(1 + λ)i0(ν + λ)i0
wi01,1
}
ρ (6.2.46)
By using Cauchy’s integral formula, the contour integrand has poles at v1 = 1 or s1,∞,
and s1,∞ is only inside the unit circle. As we compute the residue there in (6.2.46) we
obtain
∞∑
ω0=0
sω00
ω0!
Γ(ω0 + γ
′)
Γ(γ′)
∞∏
n=1

∞∑
ωn=ωn−1
sωnn
 y1(x)
=
∞∏
k=1
1
(1− sk,∞)
∫ 1
0
dt1 t
1+λ
1
∫ 1
0
du1 u
ν+λ
1 exp
(
− s1,∞
(1− s1,∞)η(1− t1)(1− u1)
)
×w˜−(Ω/µ+λ)1,1
(
w˜1,1∂w˜1,1
)
w˜
Ω/µ+λ
1,1
∞∑
ω0=0
sω00
ω0!
Γ(ω0 + γ
′)
Γ(γ′)
{
c0x
λ
ω0∑
i0=0
(−ω0)i0
(1 + λ)i0(ν + λ)i0
w˜i01,1
}
ρ (6.2.47)
where
w˜1,1 = ηs1,∞
1∏
l=1
tlul
Acting the summation operator
∞∑
ω0=0
sω00
ω0!
Γ(ω0 + γ
′)
Γ(γ′)
∞∏
n=1

∞∑
ωn=ωn−1
sωnn
 on (6.2.24) by
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using (6.2.40) and (6.2.41),
∞∑
ω0=0
sω00
ω0!
Γ(ω0 + γ
′)
Γ(γ′)
∞∏
n=1

∞∑
ωn=ωn−1
sωnn
 y2(x)
=
∞∏
k=3
1
(1− sk,∞)
∫ 1
0
dt2 t
3+λ
2
∫ 1
0
du2 u
2+ν+λ
2
1
2πi
∮
dv2
exp
(
− v2(1−v2)η(1 − t2)(1− u2)
)
v2(1− v2)
×
∞∑
ω2=ω1
(
s2,∞
v2
)ω2
w
−(Ω/µ+2+λ)
2,2
(
w2,2∂w2,2
)
w
Ω/µ+2+λ
2,2
×
∫ 1
0
dt1 t
1+λ
1
∫ 1
0
du1 u
ν+λ
1
1
2πi
∮
dv1
exp
(
− v1(1−v1)w2,2(1− t1)(1− u1)
)
v1(1− v1)
×
∞∑
ω1=ω0
(
s1
v1
)ω1
w
−(Ω/µ+λ)
1,2
(
w1,2∂w1,2
)
w
Ω/µ+λ
1,2
×
∞∑
ω0=0
sω00
ω0!
Γ(ω0 + γ
′)
Γ(γ′)
{
c0x
λ
ω0∑
i0=0
(−ω0)i0
(1 + λ)i0(ν + λ)i0
wi01,2
}
ρ2 (6.2.48)
Replace ωi, ωj and si by ω2, ω1 and
s2,∞
v2
in (6.2.41). Take the new (6.2.41) into (6.2.48).
∞∑
ω0=0
sω00
ω0!
Γ(ω0 + γ
′)
Γ(γ′)
∞∏
n=1

∞∑
ωn=ωn−1
sωnn
 y2(x)
=
∞∏
k=3
1
(1− sk,∞)
∫ 1
0
dt2 t
3+λ
2
∫ 1
0
du2 u
2+ν+λ
2
1
2πi
∮
dv2
exp
(
− v2(1−v2)η(1 − t2)(1− u2)
)
(1− v2)(v2 − s2,∞)
×w−(Ω/µ+2+λ)2,2
(
w2,2∂w2,2
)
w
Ω/µ+2+λ
2,2
×
∫ 1
0
dt1 t
1+λ
1
∫ 1
0
du1 u
ν+λ
1
1
2πi
∮
dv1
exp
(
− v1(1−v1)w2,2(1− t1)(1− u1)
)
v1(1− v1)
×
∞∑
ω1=ω0
(
s1,∞
v1v2
)ω1
w
−(Ω/µ+λ)
1,2
(
w1,2∂w1,2
)
w
Ω/µ+λ
1,2
×
∞∑
ω0=0
sω00
ω0!
Γ(ω0 + γ
′)
Γ(γ′)
{
c0x
λ
ω0∑
i0=0
(−ω0)i0
(1 + λ)i0(ν + λ)i0
wi01,2
}
ρ2 (6.2.49)
By using Cauchy’s integral formula, the contour integrand has poles at v2 = 1 or s2,∞,
and s2,∞ is only inside the unit circle. As we compute the residue there in (6.2.49) we
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obtain
∞∑
ω0=0
sω00
ω0!
Γ(ω0 + γ
′)
Γ(γ′)
∞∏
n=1

∞∑
ωn=ωn−1
sωnn
 y2(x)
=
∞∏
k=2
1
(1− sk,∞)
∫ 1
0
dt2 t
3+λ
2
∫ 1
0
du2 u
2+ν+λ
2 exp
(
− s2,∞
(1− s2,∞)η(1− t2)(1 − u2)
)
×w˜−(Ω/µ+2+λ)2,2
(
w˜2,2∂w˜2,2
)
w˜
Ω/µ+2+λ
2,2
×
∫ 1
0
dt1 t
1+λ
1
∫ 1
0
du1 u
ν+λ
1
1
2πi
∮
dv1
exp
(
− v1(1−v1)w˜2,2(1− t1)(1− u1)
)
v1(1− v1)
∞∑
ω1=ω0
(
s1
v1
)ω1
×w¨−(Ω/µ+λ)1,2
(
w¨1,2∂w¨1,2
)
w¨
Ω/µ+λ
1,2
×
∞∑
ω0=0
sω00
ω0!
Γ(ω0 + γ
′)
Γ(γ′)
{
c0x
λ
ω0∑
i0=0
(−ω0)i0
(1 + λ)i0(ν + λ)i0
w¨i01,2
}
ρ2 (6.2.50)
where
w˜2,2 = ηs2,∞
2∏
l=2
tlul w¨1,2 = ηs2,∞v1
2∏
l=1
tlul
Replace ωi, ωj and si by ω1, ω0 and
s1
v1
in (6.2.41). Take the new (6.2.41) into (6.2.50).
∞∑
ω0=0
sω00
ω0!
Γ(ω0 + γ
′)
Γ(γ′)
∞∏
n=1

∞∑
ωn=ωn−1
sωnn
 y2(x)
=
∞∏
k=2
1
(1− sk,∞)
∫ 1
0
dt2 t
3+λ
2
∫ 1
0
du2 u
2+ν+λ
2 exp
(
− s2,∞
(1− s2,∞)η(1− t2)(1− u2)
)
×w˜−(Ω/µ+2+λ)2,2
(
w˜2,2∂w˜2,2
)
w˜
Ω/µ+2+λ
2,2
×
∫ 1
0
dt1 t
1+λ
1
∫ 1
0
du1 u
ν+λ
1
1
2πi
∮
dv1
exp
(
− v1(1−v1) w˜2,2(1− t1)(1 − u1)
)
(1− v1)(v1 − s1)
×w¨−(Ω/µ+λ)1,2
(
w¨1,2∂w¨1,2
)
w¨
Ω/µ+λ
1,2
×
∞∑
ω0=0
1
ω0!
(
s0,1
v1
)ω0 Γ(ω0 + γ′)
Γ(γ′)
{
c0x
λ
ω0∑
i0=0
(−ω0)i0
(1 + λ)i0(ν + λ)i0
w¨i01,2
}
ρ2 (6.2.51)
By using Cauchy’s integral formula, the contour integrand has poles at v1 = 1 or s1, and
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s1 is only inside the unit circle. As we compute the residue there in (6.2.51) we obtain
∞∑
ω0=0
sω00
ω0!
Γ(ω0 + γ
′)
Γ(γ′)
∞∏
n=1

∞∑
ωn=ωn−1
sωnn
 y2(x)
=
∞∏
k=2
1
(1− sk,∞)
∫ 1
0
dt2 t
3+λ
2
∫ 1
0
du2 u
2+ν+λ
2 exp
(
− s2,∞
(1− s2,∞)η(1− t2)(1 − u2)
)
×w˜−(Ω/µ+2+λ)2,2
(
w˜2,2∂w˜2,2
)
w˜
Ω/µ+2+λ
2,2
×
∫ 1
0
dt1 t
1+λ
1
∫ 1
0
du1 u
ν+λ
1
exp
(
− s1(1−s1) w˜2,2(1− t1)(1 − u1)
)
(1− s1) w˜
−(Ω/µ+λ)
1,2
(
w˜1,2∂w˜1,2
)
w˜
Ω/µ+λ
1,2
×
∞∑
ω0=0
sω00
ω0!
Γ(ω0 + γ
′)
Γ(γ′)
{
c0x
λ
ω0∑
i0=0
(−ω0)i0
(1 + λ)i0(ν + λ)i0
w˜i01,2
}
ρ2 (6.2.52)
where
w˜1,2 = ηs1,∞
2∏
l=1
tlul
Acting the summation operator
∞∑
ω0=0
sω00
ω0!
Γ(ω0 + γ
′)
Γ(γ′)
∞∏
n=1

∞∑
ωn=ωn−1
sωnn
 on (6.2.52) by
using (6.2.40) and (6.2.41),
∞∑
ω0=0
sω00
ω0!
Γ(ω0 + γ
′)
Γ(γ′)
∞∏
n=1

∞∑
ωn=ωn−1
sωnn
 y3(x)
=
∞∏
k=3
1
(1− sk,∞)
∫ 1
0
dt3 t
5+λ
3
∫ 1
0
du3 u
4+ν+λ
3 exp
(
− s3,∞
(1− s3,∞)η(1− t3)(1 − u3)
)
×w˜−(Ω/µ+4+λ)3,3
(
w˜3,3∂w˜3,3
)
w˜
Ω/µ+4+λ
3,3
×
∫ 1
0
dt2 t
3+λ
2
∫ 1
0
du2 u
2+ν+λ
2
exp
(
− s2(1−s2)w˜3,3(1− t2)(1− u2)
)
(1− s2) w˜
−(Ω/µ+2+λ)
2,3
(
w˜2,3∂w˜2,3
)
w˜
Ω/µ+2+λ
2,3
×
∫ 1
0
dt1 t
1+λ
1
∫ 1
0
du1 u
ν+λ
1
exp
(
− s1(1−s1) w˜2,3(1− t1)(1 − u1)
)
(1− s1) w˜
−(Ω/µ+λ)
1,3
(
w˜1,3∂w˜1,3
)
w˜
Ω/µ+λ
1,3
×
∞∑
ω0=0
sω00
ω0!
Γ(ω0 + γ
′)
Γ(γ′)
{
c0x
λ
ω0∑
i0=0
(−ω0)i0
(1 + λ)i0(ν + λ)i0
w˜i01,3
}
ρ3 (6.2.53)
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where
w˜3,3 = ηs3,∞
3∏
l=3
tlul w˜2,3 = ηs2,∞
3∏
l=2
tlul w˜1,3 = ηs1,∞
3∏
l=1
tlul
By repeating this process for all higher terms of integral forms of sub-summation ym(x)
terms where m > 3, we obtain every
∞∑
ω0=0
sω00
ω0!
Γ(ω0 + γ
′)
Γ(γ′)
∞∏
n=1

∞∑
ωn=ωn−1
sωnn
 ym(x) terms.
Since we substitute (6.2.44), (6.2.47), (6.2.52), (6.2.53) and including all
∞∑
ω0=0
sω00
ω0!
Γ(ω0 + γ
′)
Γ(γ′)
∞∏
n=1

∞∑
ωn=ωn−1
sωnn
 ym(x) terms where m > 3 into (6.2.43), we obtain
(6.2.42)
Remark 6.2.13 The generating function for the GCH polynomial of type 2 of the first
kind about x = 0 as ω = −(ωj + 2j) where j, ωj = 0, 1, 2, · · · is
∞∑
ω0=0
sω00
ω0!
Γ(ω0 + ν)
Γ(ν)
∞∏
n=1

∞∑
ωn=ωn−1
sωnn
QWRωj (µ, ε, ν,Ω, ω = −(ωj + 2j); ρ = −µx2; η = −εx)
=
∞∏
k=1
1
(1− sk,∞)
A (s0,∞; η)
+
{ ∞∏
k=1
1
(1− sk,∞)
∫ 1
0
dt1 t1
∫ 1
0
du1 u
ν
1
←→
Γ 1 (s1,∞; t1, u1, η) w˜
−Ω/µ
1,1
(
w˜1,1∂w˜1,1
)
w˜
Ω/µ
1,1 A (s0; w˜1,1)
}
ρ
+
∞∑
n=2
{ ∞∏
k=n
1
(1− sk,∞)
∫ 1
0
dtn t
2n−1
n
∫ 1
0
dun u
2(n−1)+ν
n
←→
Γ n (sn,∞; tn, un, η)
×w˜−(Ω/µ+2(n−1))n,n
(
w˜n,n∂w˜n,n
)
w˜Ω/µ+2(n−1)n,n
×
n−1∏
j=1
{∫ 1
0
dtn−j t
2(n−j)−1
n−j
∫ 1
0
dun−j u
2(n−j−1)+ν
n−j
←→
Γ n−j (sn−j; tn−j, un−j , w˜n−j+1,n)
×w˜−(Ω/µ+2(n−j−1))n−j,n
(
w˜n−j,n∂w˜n−j,n
)
w˜
Ω/µ+2(n−j−1)
n−j,n
}
A (s0; w˜1,n)
}
ρn (6.2.54)
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where
←→
Γ 1 (s1,∞; t1, u1, η) = exp
(
− s1,∞
(1− s1,∞)η(1 − t1)(1− u1)
)
←→
Γ n (sn,∞; tn, un, η) = exp
(
− sn,∞
(1− sn,∞)η(1− tn)(1− un)
)
←→
Γ n−j (sn−j; tn−j, un−j , w˜n−j+1,n) =
exp
(
− sn−j(1−sn−j)w˜n−j+1,n(1− tn−j)(1− un−j)
)
(1− sn−j)
and 
A (s0,∞; η) = (1− s0,∞)−ν exp
(
− ηs0,∞
(1− s0,∞)
)
A (s0; w˜1,1) = (1− s0)−ν exp
(
− w˜1,1s0
(1− s0)
)
A (s0; w˜1,n) = (1− s0)−ν exp
(
− w˜1,ns0
(1− s0)
)
Proof The generating function for confluent Hypergeometric polynomial of the first kind
is given by
∞∑
ω0=0
tω0
ω0!
Γ(ω0 + γ)
Γ(γ)
1F1 (−ω0; γ; z) = (1− t)−γ exp
(
− zt
(1− t)
)
(6.2.55)
Replace t, γ and z by s0,∞ , ν and η in (6.2.55).
∞∑
ω0=0
sω00,∞
ω0!
Γ(ω0 + ν)
Γ(ν)
1F1 (−ω0; ν; η) = (1− s0,∞)−ν exp
(
− ηs0,∞
(1− s0,∞)
)
(6.2.56)
Replace t, γ and z by s0 , ν and w˜1,1 in (6.2.55).
∞∑
ω0=0
sω00
ω0!
Γ(ω0 + ν)
Γ(ν)
1F1 (−ω0; ν; w˜1,1) = (1− s0)−ν exp
(
− w˜1,1s0
(1− s0)
)
(6.2.57)
Replace t, γ and z by s0 , ν and w˜1,n in (6.2.55).
∞∑
ω0=0
sω00
ω0!
Γ(ω0 + ν)
Γ(ν)
1F1 (−ω0; ν; w˜1,n) = (1− s0)−ν exp
(
− w˜1,ns0
(1− s0)
)
(6.2.58)
Put c0= 1, λ=0 and γ
′ = ν in (6.2.42). Substitute (6.2.56), (6.2.57) and (6.2.58) into the
new (6.2.42).
264 CHAPTER 6. GCH FUNCTION USING R3TRF
Remark 6.2.14 The generating function for the GCH polynomial of type 2 of the second
kind about x = 0 as ω = −(ωj + 2j + 1− ν) where j, ωj = 0, 1, 2, · · · is
∞∑
ω0=0
sω00
ω0!
Γ(ω0 + 2− ν)
Γ(2− ν)
∞∏
n=1

∞∑
ωn=ωn−1
sωnn
RWRωj (µ, ε, ν,Ω, ω = −(ωj + 2j + 1− ν)
; ρ = −µx2; η = −εx)
= x1−ν
{ ∞∏
k=1
1
(1− sk,∞)B (s0,∞; η)
+
{ ∞∏
k=1
1
(1− sk,∞)
∫ 1
0
dt1 t
2−ν
1
∫ 1
0
du1 u1
←→
Γ 1 (s1,∞; t1, u1, η)
×w˜−(Ω/µ+1−ν)1,1
(
w˜1,1∂w˜1,1
)
w˜
Ω/µ+1−ν
1,1 B (s0; w˜1,1)
}
ρ
+
∞∑
n=2
{ ∞∏
k=n
1
(1− sk,∞)
∫ 1
0
dtn t
2n−ν
n
∫ 1
0
dun u
2n−1
n
←→
Γ n (sn,∞; tn, un, η)
×w˜−(Ω/µ+2n−1−ν)n,n
(
w˜n,n∂w˜n,n
)
w˜Ω/µ+2n−1−νn,n
×
n−1∏
j=1
{∫ 1
0
dtn−j t
2(n−j)−ν
n−j
∫ 1
0
dun−j u
2(n−j)−1
n−j
←→
Γ n−j (sn−j; tn−j , un−j, w˜n−j+1,n)
×w˜−(Ω/µ+2(n−j)−1−ν)n−j,n
(
w˜n−j,n∂w˜n−j,n
)
w˜
Ω/µ+2(n−j)−1−ν
n−j,n
}
B (s0; w˜1,n)
}
ρn
}
(6.2.59)
where
←→
Γ 1 (s1,∞; t1, u1, η) = exp
(
− s1,∞
(1− s1,∞)η(1 − t1)(1− u1)
)
←→
Γ n (sn,∞; tn, un, η) = exp
(
− sn,∞
(1− sn,∞)η(1− tn)(1− un)
)
←→
Γ n−j (sn−j; tn−j, un−j , w˜n−j+1,n) =
exp
(
− sn−j(1−sn−j)w˜n−j+1,n(1− tn−j)(1− un−j)
)
(1− sn−j)
and 
B (s0,∞; η) = (1− s0,∞)ν−2 exp
(
− ηs0,∞
(1− s0,∞)
)
B (s0; w˜1,1) = (1− s0)ν−2 exp
(
− w˜1,1s0
(1− s0)
)
B (s0; w˜1,n) = (1− s0)ν−2 exp
(
− w˜1,ns0
(1− s0)
)
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Proof Replace t, γ and z by s0,∞ , 2− ν and η in (6.2.55).
∞∑
ω0=0
sω00,∞
ω0!
Γ(ω0 + 2− ν)
Γ(2− ν) 1F1 (−ω0; 2− ν; η) = (1− s0,∞)
ν−2 exp
(
− ηs0,∞
(1− s0,∞)
)
(6.2.60)
Replace t, γ and z by s0 , 2− ν and w˜1,1 in (6.2.55).
∞∑
ω0=0
sω00
ω0!
Γ(ω0 + 2− ν)
Γ(2− ν) 1F1 (−ω0; 2− ν; w˜1,1) = (1− s0)
ν−2 exp
(
− w˜1,1s0
(1− s0)
)
(6.2.61)
Replace t, γ and z by s0 , 2− ν and w˜1,n in (6.2.55).
∞∑
ω0=0
sω00
ω0!
Γ(ω0 + 2− ν)
Γ(2− ν) 1F1 (−ω0; 2− ν; w˜1,n) = (1− s0)
ν−2 exp
(
− w˜1,ns0
(1− s0)
)
(6.2.62)
Put c0= 1, λ = 1− ν and γ′ = 2− ν in (6.2.42). Substitute (6.2.60), (6.2.61) and (6.2.62)
into the new (6.2.42).
6.3 GCH equation about irregular singular point at infinity
Let z = 1x in (6.1.1) in order to obtain the analytic solution of the GCH equation about
x =∞.
z4
d2y
dz2
+
(
(2− ν)z3 − εz2 − µz) dy
dz
+ (Ω + εωz) y = 0 (6.3.1)
Assume that its solution is
y(z) =
∞∑
n=0
cnz
n+λ (6.3.2)
where λ is indicial root. Plug (6.3.2) into (6.3.1). We get a three-term recurrence relation
for the coefficients cn:
cn+1 = An cn +Bn cn−1 ;n ≥ 1 (6.3.3)
where,
An = − ε
µ
(n− ω + λ)
(n + 1− Ω/µ+ λ) (6.3.4a)
Bn =
1
µ
(n− 1 + λ)(n− ν + λ)
(n + 1− Ω/µ+ λ) (6.3.4b)
c1 = A0 c0 (6.3.4c)
We have an indicial roots which is λ = Ω/µ.
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Now let’s test for convergence of the analytic function y(z). As n≫ 1 (for sufficiently
large n), (6.3.4a) and (6.3.4b) are
lim
n≫1
An = − ε
µ
(6.3.5a)
lim
n≫1
Bn =
n
µ
(6.3.5b)
There are no analytic solutions for type 2 polynomial and infinite series. Because the y(z)
will be divergent as n≫ 1 in (6.3.5b). So there are only two types of the analytic
solutions of the GCH equation about x =∞ which are type 1 and type 3 polynomials. In
future papers I will derive type 3 polynomial about x =∞: I treat µ, ε and Ω as free
variables and ν and ω as fixed values. In this chapter I construct the power series
expansion, its integral forms and the generating function for the GCH polynomial of type
1 about x =∞: I treat µ, ε, ω and Ω as free variables and ν as a fixed value.
For type 1 polynomial, (6.3.5a) is only available for the asymptotic behavior of the
minimum y(z).10 Substitute (6.3.5a) into (6.3.3) with Bn = 0. For n = 0, 1, 2, · · · , it give
c0
c1 = − εµc0
c2 =
(
− εµ
)2
c0
c3 =
(
− εµ
)3
c0
c4 =
(
− εµ
)4
c0
...
...
(6.3.6)
Put (6.3.6) into (6.3.2) taking c0 = 1 for simplicity and λ = Ω/µ.
lim
n≫1
y(z) > zΩ/µ
∞∑
n=0
(
− ε
µ
)n
zn =
zΩ/µ
1 + εµz
where
∣∣∣∣ εµz
∣∣∣∣ < 1 (6.3.7)
Since |ε|, |µ| ≫ 1 for a polynomial of type 1, (6.3.5b) is negligible relative to (6.3.5a). The
approximative y(z) as |ε|, |µ| ≫ 1 is
lim
n≫1
|ε|,|µ|≫1
y(z) =
zΩ/µ
1 + εµz
(6.3.8)
10(6.3.5b) is negligible for the minimum y(z) because Bn term will be terminated at the specific eigen-
values.
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6.3.1 Power series for polynomial of type 1
In Ref.[35], the general expression of power series of y(x) for polynomial of type 1 is given
by
y(x) =
∞∑
n=0
yn(x) = y0(x) + y1(x) + y2(x) + y3(x) + · · ·
= c0
{
β0∑
i0=0
(
i0−1∏
i1=0
B2i1+1
)
x2i0+λ +
β0∑
i0=0
{
A2i0
i0−1∏
i1=0
B2i1+1
β1∑
i2=i0
(
i2−1∏
i3=i0
B2i3+2
)}
x2i2+1+λ
+
∞∑
N=2
{
β0∑
i0=0
{
A2i0
i0−1∏
i1=0
B2i1+1
N−1∏
k=1
(
βk∑
i2k=i2(k−1)
A2i2k+k
i2k−1∏
i2k+1=i2(k−1)
B2i2k+1+(k+1)
)
×
βN∑
i2N=i2(N−1)
(
i2N−1∏
i2N+1=i2(N−1)
B2i2N+1+(N+1)
)}}
x2i2N+N+λ
}
(6.3.9)
In the above, βi ≤ βj only if i ≤ j where i, j, βi, βj ∈ N0.
For a polynomial, we need a condition, which is:
B2βi+(i+1) = 0 where i = 0, 1, 2, · · · , βi = 0, 1, 2, · · · (6.3.10)
In the above, βi is an eigenvalue that makes Bn term terminated at certain value of index
n. (6.3.10) makes each yi(x) where i = 0, 1, 2, · · · as the polynomial in (6.3.9).
In (6.3.4b) replace ν by 2νi + i+ 1 + λ. In (6.3.9) and (6.3.10) replace an independent
variable x and an index βi by z and νi. Take the new (6.3.4a)–(6.3.4c), (6.3.10) and put
them in (6.3.9). After the replacement process, the general expression of power series of
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the GCH equation for polynomial of type 1 about x =∞ is given by
y(z) =
∞∑
n=0
yn(z) = y0(z) + y1(z) + y2(z) + y3(z) + · · ·
= c0z
λ
{
ν0∑
i0=0
(−ν0)i0(λ2 )i0
(1− Ω2µ + λ2 )i0
ηi0
+
{
ν0∑
i0=0
(i0 − ω2 + λ2 )
(i0 +
1
2 − Ω2µ + λ2 )
(−ν0)i0(λ2 )i0
(1− Ω2µ + λ2 )i0
ν1∑
i1=i0
(−ν1)i1(12 + λ2 )i1(32 − Ω2µ + λ2 )i0
(−ν1)i0(12 + λ2 )i0(32 − Ω2µ + λ2 )i1
ηi1
}
ξ
+
∞∑
n=2
{
ν0∑
i0=0
(i0 − ω2 + λ2 )
(i0 +
1
2 − Ω2µ + λ2 )
(−ν0)i0(λ2 )i0
(1− Ω2µ + λ2 )i0
×
n−1∏
k=1

νk∑
ik=ik−1
(ik +
k
2 − ω2 + λ2 )
(ik +
k
2 +
1
2 − Ω2µ + λ2 )
(−νk)ik(k2 + λ2 )ik(k2 + 1− Ω2µ + λ2 )ik−1
(−νk)ik−1(k2 + λ2 )ik−1(k2 + 1− Ω2µ + λ2 )ik

×
νn∑
in=in−1
(−νn)in(n2 + λ2 )in(n2 + 1− Ω2µ + λ2 )in−1
(−νn)in−1(n2 + λ2 )in−1(n2 + 1− Ω2µ + λ2 )in
ηin
 ξn
 (6.3.11)
where

η = 2µz
2
ξ = − εµz
ν = 2νj + j + 1 + λ
z = 1x
νi ≤ νj only if i ≤ j where i, j, νi, νj ∈ N0 · · ·
Put c0= 1 as λ = Ω/µ in (6.3.11).
Remark 6.3.1 The power series expansion of the GCH equation of the first kind for
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polynomial of type 1 about x =∞ as ν = 2νj + j + 1 + Ω/µ where j, νj ∈ N0 is
y(z) = Q(i)Wνj
(
µ, ε,Ω, ω, ν = 2νj + j + 1 +
Ω
µ
; z =
1
x
; ξ = − ε
µ
z; η =
2
µ
z2
)
= z
Ω
µ
{
ν0∑
i0=0
(−ν0)i0( Ω2µ)i0
(1)i0
ηi0
+
{
ν0∑
i0=0
(i0 − ω2 + Ω2µ)
(i0 +
1
2)
(−ν0)i0( Ω2µ)i0
(1)i0
ν1∑
i1=i0
(−ν1)i1(12 + Ω2µ)i1(32)i0
(−ν1)i0(12 + Ω2µ)i0(32)i1
ηi1
}
ξ
+
∞∑
n=2
{
ν0∑
i0=0
(i0 − ω2 + Ω2µ)
(i0 +
1
2)
(−ν0)i0( Ω2µ)i0
(1)i0
×
n−1∏
k=1

νk∑
ik=ik−1
(ik +
k
2 − ω2 + Ω2µ)
(ik +
k
2 +
1
2)
(−νk)ik(k2 + Ω2µ)ik(k2 + 1)ik−1
(−νk)ik−1(k2 + Ω2µ)ik−1(k2 + 1)ik

×
νn∑
in=in−1
(−νn)in(n2 + Ω2µ)in(n2 + 1)in−1
(−νn)in−1(n2 + Ω2µ)in−1(n2 + 1)in
ηin
 ξn
 (6.3.12)
For the minimum value of the GCH equation of the first kind for polynomial of type 1
about x =∞, put ν0 = ν1 = ν2 = · · · = 0 in (6.3.12).
y(z) = Q(i)W0
(
µ, ε,Ω, ω, ν = j + 1 +
Ω
µ
; z =
1
x
; ξ = − ε
µ
z; η =
2
µ
z2
)
= z
Ω
µ
(
1 +
ε
µ
z
)−(Ω
µ
−ω
)
where
∣∣∣∣ εµz
∣∣∣∣ < 1
6.3.2 Integral formalism for polynomial of type 1
There is a generalized hypergeometric function which is given by
Ll =
νl∑
il=il−1
(−νl)il( l2 + λ2 )il( l2 + 1− Ω2µ + λ2 )il−1
(−νl)il−1( l2 + λ2 )il−1( l2 + 1− Ω2µ + λ2 )il
ηil
= ηil−1
∞∑
j=0
B
(
il−1 + l2 − Ω2µ + λ2 , j + 1
)
(il−1 − νl)j(il−1 + l2 + λ2 )j
(il−1 + l2 − Ω2µ + λ2 )−1(1)j
ηj (6.3.13)
By using integral form of beta function,
B
(
il−1 +
l
2
− Ω
2µ
+
λ
2
, j + 1
)
=
∫ 1
0
dtl t
il−1+
l
2
−1− Ω
2µ
+λ
2
l (1− tl)j (6.3.14)
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Substitute (6.3.14) into (6.3.13), and divide (il−1 + l2 − Ω2µ + λ2 ) into Ll.
Gl =
1
(il−1 + l2 − Ω2µ + λ2 )
νl∑
il=il−1
(−νl)il( l2 + λ2 )il( l2 + 1− Ω2µ + λ2 )il−1
(−νl)il−1( l2 + λ2 )il−1( l2 + 1− Ω2µ + λ2 )il
ηil
=
∫ 1
0
dtl t
l
2
−1− Ω
2µ
+λ
2
l (ηtl)
il−1
∞∑
j=0
(il−1 − νl)j(il−1 + l2 + λ2 )j
(1)j
(η(1− tl))j (6.3.15)
Tricomi’s function is defined by
U(a, b, z) =
Γ(1− b)
Γ(a− b+ 1)M(a, b, z) +
Γ(b− 1)
Γ(a)
z1−bM(a− b+ 1, 2 − b, z) (6.3.16)
The contour integral form of (6.3.16) is given by[19]
U(a, b, z) = e−apii
Γ(1− a)
2πi
∫ (0+)
∞
dpl e
−zplpa−1l (1+pl)
b−a−1 where a 6= 1, 2, 3, · · · , |phz| < 1
2
π
(6.3.17)
Also (6.3.16) is written by [19]
U(a, b, z) = z−a
∞∑
j=0
(a)j(a− b+ 1)j
(1)j
(−z−1)j = z−a 2F0(a, a− b+ 1;−;−z−1) (6.3.18)
Replace a, b and z by il−1 − νl, −νl + 1− l2 − λ2 and −1η(1−tl) into (6.3.18).
∞∑
j=0
(il−1 − νl)j(il−1 + l2 + λ2 )j
(1)j
(η(1−tl))j =
( −1
η(1− tl)
)il−1−νl
U
(
il−1 − νl,−νl + 1− l
2
− λ
2
,
−1
η(1− tl)
)
(6.3.19)
Replace a, b and z by il−1 − νl, −νl + 1− l2 − λ2 and −1η(1−tl) into (6.3.17). Take the new
(6.3.17) into (6.3.19)
∞∑
j=0
(il−1 − νl)j(il−1 + l2 + λ2 )j
(1)j
(η(1 − tl))j
=
Γ(νl − il−1 + 1)
2πi
∫ (0+)
∞
dpl exp
(
pl
η(1 − tl)
)
p−1l (1 + pl)
− 1
2
(l+λ)
×
(
η(1− tl)
pl
)νl ( pl
η(1 − tl)(1 + pl)
)il−1
(6.3.20)
The definition of the Gamma function Γ(z) is written by
Γ(z) =
∫ ∞
0
dul e
−uluz−1l where Re(z) > 0 (6.3.21)
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Put z = νl − il−1 + 1 in (6.3.21).
Γ(νl − il−1 + 1) =
∫ ∞
0
dul e
−uluνl−il−1l (6.3.22)
Put (6.3.22) in (6.3.20). Take the new (6.3.20) into (6.3.15)
Gl =
1
(il−1 + l2 − Ω2µ + λ2 )
νl∑
il=il−1
(−νl)il( l2 + λ2 )il( l2 + 1− Ω2µ + λ2 )il−1
(−νl)il−1( l2 + λ2 )il−1( l2 + 1− Ω2µ + λ2 )il
ηil
=
∫ 1
0
dtl t
1
2
(
l−2−Ω
µ
+λ
)
l
∫ ∞
0
dul e
−ul 1
2πi
∫ (0+)
∞
dpl exp
(
pl
η(1− tl)
)
p−1l (1 + pl)
− 1
2
(l+λ)
×
(
ηul(1− tl)
pl
)νl ( tlpl
ul(1− tl)(1 + pl)
)il−1
(6.3.23)
Substitute (6.3.23) into (6.3.11) where l = 1, 2, 3, · · · ; apply G1 into the second
summation of sub-power series y1(z), apply G2 into the third summation and G1 into the
second summation of sub-power series y2(z), apply G3 into the forth summation, G2 into
the third summation and G1 into the second summation of sub-power series y3(z), etc.
11
Theorem 6.3.2 The general representation in the form of integral of the GCH
polynomial of type 1 about x =∞ is given by
y(z) =
∞∑
n=0
yn(z) = y0(z) + y1(z) + y2(z) + y3(z) + · · ·
= c0z
λ

ν0∑
i0=0
(−ν0)i0
(
λ
2
)
i0(
1− Ω2µ + λ2
)
i0
ηi0 +
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
1
2
(
n−k−2−Ω
µ
+λ
)
n−k
∫ ∞
0
dun−k e−un−k
× 1
2πi
∫ (0+)
∞
dpn−k p−1n−k(1 + pn−k)
− 1
2
(n−k+λ) exp
(
pn−k
wn−k+1,n(1− tn−k)
)
×
(
wn−k+1,nun−k(1− tn−k)
pn−k
)νn−k
×w−
1
2
(n−k−1−ω+λ)
n−k,n
(
wn−k,n∂wn−k,n
)
w
1
2
(n−k−1−ω+λ)
n−k,n
}
ν0∑
i0=0
(−ν0)i0
(
λ
2
)
i0(
1− Ω2µ + λ2
)
i0
wi01,n
 ξn
 (6.3.24)
11y1(z) means the sub-power series in (6.3.11) contains one term of A
′
ns, y2(z) means the sub-power series
in (6.3.11) contains two terms of A′ns, y3(z) means the sub-power series in (6.3.11) contains three terms of
A′ns, etc.
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where
wi,j =

tipi
ui(1− ti)(1 + pi) where i ≤ j
η only if i > j
In the above, the first sub-integral form contains one term of A′ns, the second one
contains two terms of An’s, the third one contains three terms of An’s, etc.
Proof In (6.3.11) the power series expansions of sub-summation y0(z), y1(z), y2(z) and
y3(z) of the GCH polynomial of type 1 about x =∞ are
y(z) =
∞∑
n=0
yn(z) = y0(z) + y1(z) + y2(z) + y3(z) + · · · (6.3.25)
where
y0(z) =
ν0∑
i0=0
(−ν0)i0
(
λ
2
)
i0(
1− Ω2µ + λ2
)
i0
ηi0 (6.3.26a)
y1(z) = c0z
λ

ν0∑
i0=0
(
i0 − ω2 + λ2
)(
i0 +
1
2 − Ω2µ + λ2
) (−ν0)i0 (λ2 )i0(
1− Ω2µ + λ2
)
i0
×
ν1∑
i1=i0
(−ν1)i1
(
1
2 +
λ
2
)
i1
(
3
2 − Ω2µ + λ2
)
i0
(−ν1)i0
(
1
2 +
λ
2
)
i0
(
3
2 − Ω2µ + λ2
)
i1
ηi1
 ξ (6.3.26b)
y2(z) = c0z
λ

ν0∑
i0=0
(
i0 − ω2 + λ2
)(
i0 +
1
2 − Ω2µ + λ2
) (−ν0)i0 (λ2 )i0(
1− Ω2µ + λ2
)
i0
×
ν1∑
i1=i0
(
i1 +
1
2 − ω2 + λ2
)(
i1 + 1− Ω2µ + λ2
) (−ν1)i1
(
1
2 +
λ
2
)
i1
(
3
2 − Ω2µ + λ2
)
i0
(−ν1)i0
(
1
2 +
λ
2
)
i0
(
3
2 − Ω2µ + λ2
)
i1
×
ν2∑
i2=i1
(−ν2)i2
(
1 + λ2
)
i2
(
2− Ω2µ + λ2
)
i1
(−ν2)i1
(
1 + λ2
)
i1
(
2− Ω2µ + λ2
)
i2
ηi2
 ξ2 (6.3.26c)
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y3(z) = c0z
λ

ν0∑
i0=0
(
i0 − ω2 + λ2
)(
i0 +
1
2 − Ω2µ + λ2
) (−ν0)i0 (λ2 )i0(
1− Ω2µ + λ2
)
i0
×
ν1∑
i1=i0
(
i1 +
1
2 − ω2 + λ2
)(
i1 + 1− Ω2µ + λ2
) (−ν1)i1
(
1
2 +
λ
2
)
i1
(
3
2 − Ω2µ + λ2
)
i0
(−ν1)i0
(
1
2 +
λ
2
)
i0
(
3
2 − Ω2µ + λ2
)
i1
×
ν2∑
i2=i1
(
i2 + 1− ω2 + λ2
)(
i2 +
3
2 − Ω2µ + λ2
) (−ν2)i2
(
1 + λ2
)
i2
(
2− Ω2µ + λ2
)
i1
(−ν2)i1
(
1 + λ2
)
i1
(
2− Ω2µ + λ2
)
i2
×
ν3∑
i3=i2
(−ν3)i3
(
3
2 +
λ
2
)
i3
(
5
2 − Ω2µ + λ2
)
i2
(−ν3)i2
(
3
2 +
λ
2
)
i2
(
5
2 − Ω2µ + λ2
)
i3
ηi3
 ξ3 (6.3.26d)
Put l = 1 in (6.3.23). Take the new (6.3.23) into (6.3.26b).
y1(z) = c0z
λ
∫ 1
0
dt1 t
1
2
(
−1−Ω
µ
+λ
)
1
∫ ∞
0
du1 e
−u1 1
2πi
∫ (0+)
∞
dp1 exp
(
p1
η(1 − t1)
)
p−11 (1 + p1)
− 1
2
(1+λ)
×
(
ηu1(1− t1)
p1
)ν1
ν0∑
i0=0
(
i0 − ω
2
+
λ
2
)
(−ν0)i0
(
λ
2
)
i0(
1− Ω2µ + λ2
)
i0
(
t1p1
u1(1− t1)(1 + p1)
)i0 ξ
= c0z
λ
∫ 1
0
dt1 t
1
2
(
−1−Ω
µ
+λ
)
1
∫ ∞
0
du1 e
−u1 1
2πi
∫ (0+)
∞
dp1 exp
(
p1
η(1 − t1)
)
p−11 (1 + p1)
− 1
2
(1+λ)
×
(
ηu1(1− t1)
p1
)ν1
w
− 1
2
(−ω+λ)
1,1
(
w1,1∂w1,1
)
w
1
2
(−ω+λ)
1,1
×

ν0∑
i0=0
(−ν0)i0
(
λ
2
)
i0(
1− Ω2µ + λ2
)
i0
wi01,1
 ξ (6.3.27)
where w1,1 =
t1p1
u1(1 − t1)(1 + p1)
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Put l = 2 in (6.3.23). Take the new (6.3.23) into (6.3.26c).
y2(z) = c0z
λ
∫ 1
0
dt2 t
1
2
(
−Ω
µ
+λ
)
2
∫ ∞
0
du2 e
−u2 1
2πi
∫ (0+)
∞
dp2 exp
(
p2
η(1 − t2)
)
p−12 (1 + p2)
− 1
2
(2+λ)
×
(
ηu2(1− t2)
p2
)ν2
w
− 1
2
(1−ω+λ)
2,2
(
w2,2∂w2,2
)
w
1
2
(1−ω+λ)
2,2 (6.3.28)
×

ν0∑
i0=0
(
i0 − ω2 + λ2
)(
i0 +
1
2 − Ω2µ + λ2
) (−ν0)i0 (λ2 )i0(
1− Ω2µ + λ2
)
i0
ν1∑
i1=i0
(−ν1)i1
(
1
2 +
λ
2
)
i1
(
3
2 − Ω2µ + λ2
)
i0
(−ν1)i0
(
1
2 +
λ
2
)
i0
(
3
2 − Ω2µ + λ2
)
i1
wi12,2
 ξ2
where w2,2 =
t2p2
u2(1 − t2)(1 + p2)
Put l = 1 and η = w2,2 in (6.3.23). Take the new (6.3.23) into (6.3.28).
y2(z) = c0z
λ
∫ 1
0
dt2 t
1
2
(
−Ω
µ
+λ
)
2
∫ ∞
0
du2 e
−u2 1
2πi
∫ (0+)
∞
dp2 exp
(
p2
η(1 − t2)
)
p−12 (1 + p2)
− 1
2
(2+λ)
×
(
ηu2(1− t2)
p2
)ν2
w
− 1
2
(1−ω+λ)
2,2
(
w2,2∂w2,2
)
w
1
2
(1−ω+λ)
2,2
×
∫ 1
0
dt1 t
1
2
(
−1−Ω
µ
+λ
)
1
∫ ∞
0
du1 e
−u1 1
2πi
∫ (0+)
∞
dp1 exp
(
p1
w2,2(1− t1)
)
p−11 (1 + p1)
− 1
2
(1+λ)
×
(
w2,2u1(1− t1)
p1
)ν1
w
− 1
2
(−ω+λ)
1,2
(
w1,2∂w1,2
)
w
1
2
(−ω+λ)
1,2
×

ν0∑
i0=0
(−ν0)i0
(
λ
2
)
i0(
1− Ω2µ + λ2
)
i0
wi01,2
 ξ2 (6.3.29)
where w1,2 =
t1p1
u1(1 − t1)(1 + p1)
By using similar process for the previous cases of integral forms of y1(z) and y2(z), the
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integral form of sub-power series expansion of y3(z) is
y3(z) = c0z
λ
∫ 1
0
dt3 t
1
2
(
1−Ω
µ
+λ
)
3
∫ ∞
0
du3 e
−u3 1
2πi
∫ (0+)
∞
dp3 exp
(
p3
η(1− t3)
)
p−13 (1 + p3)
− 1
2
(3+λ)
×
(
ηu3(1− t3)
p3
)ν3
w
− 1
2
(2−ω+λ)
3,3
(
w3,3∂w3,3
)
w
1
2
(2−ω+λ)
3,3
×
∫ 1
0
dt2 t
1
2
(
−Ω
µ
+λ
)
2
∫ ∞
0
du2 e
−u2 1
2πi
∫ (0+)
∞
dp2 exp
(
p2
w3,3(1− t2)
)
p−12 (1 + p2)
− 1
2
(2+λ)
×
(
w3,3u2(1− t2)
p2
)ν2
w
− 1
2
(1−ω+λ)
2,3
(
w2,3∂w2,3
)
w
1
2
(1−ω+λ)
2,3
×
∫ 1
0
dt1 t
1
2
(
−1−Ω
µ
+λ
)
1
∫ ∞
0
du1 e
−u1 1
2πi
∫ (0+)
∞
dp1 exp
(
p1
w2,3(1− t1)
)
p−11 (1 + p1)
− 1
2
(1+λ)
×
(
w2,3u1(1− t1)
p1
)ν1
w
− 1
2
(−ω+λ)
1,3
(
w1,3∂w1,3
)
w
1
2
(−ω+λ)
1,3
×

ν0∑
i0=0
(−ν0)i0
(
λ
2
)
i0(
1− Ω2µ + λ2
)
i0
wi01,3
 ξ3 (6.3.30)
where

w3,3 =
t3p3
u3(1− t3)(1 + p3)
w2,3 =
t2p2
u2(1− t2)(1 + p2)
w1,3 =
t1p1
u1(1− t1)(1 + p1)
By repeating this process for all higher terms of integral forms of sub-summation ym(z)
terms where m ≥ 4, we obtain every integral forms of ym(z) terms. Since we substitute
(6.3.26a), (6.3.27), (6.3.29), (6.3.30) and including all integral forms of ym(z) terms where
m ≥ 4 into (6.3.25), we obtain (6.3.24).
Remark 6.3.3 The integral representation of the GCH equation of the first kind for
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polynomial of type 1 about x =∞ as ν = 2νj + j + 1 + Ω/µ where j, νj ∈ N0 is
y(z) = Q(i)Wνj
(
µ, ε,Ω, ω, ν = 2νj + j + 1 +
Ω
µ
; z =
1
x
; ξ = − ε
µ
z; η =
2
µ
z2
)
= z
Ω
µ
{
(−η)ν0 U
(
−ν0,−ν0 + 1− Ω
µ
,−η−1
)
+
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
1
2
(n−k−2)
n−k
∫ ∞
0
dun−k e−un−k
× 1
2πi
∫ (0+)
∞
dpn−k p−1n−k(1 + pn−k)
− 1
2
(
n−k+Ω
µ
)
exp
(
pn−k
wn−k+1,n(1− tn−k)
)
×
(
wn−k+1,nun−k(1− tn−k)
pn−k
)νn−k
w
− 1
2
(
n−k−1−ω+Ω
µ
)
n−k,n
(
wn−k,n∂wn−k,n
)
w
1
2
(
n−k−1−ω+Ω
µ
)
n−k,n
}
× (−w1,n)ν0 U
(
−ν0,−ν0 + 1− Ω
µ
,−w−11,n
)}
ξn
}
(6.3.31)
Proof Replace a, b and z by −ν0, −ν0 + 1− Ω2µ and −η−1 into (6.3.18).
ν0∑
j=0
(−ν0)i0
(
λ
2
)
i0(
1− Ω2µ + λ2
)
i0
ηj = (−η)ν0 U
(
−ν0,−ν0 + 1− Ω
µ
,−η−1
)
(6.3.32)
Replace a, b and z by −ν0, −ν0 + 1− Ω2µ and −w−11,n into (6.3.18).
ν0∑
j=0
(−ν0)i0
(
λ
2
)
i0(
1− Ω2µ + λ2
)
i0
wj1,n = (−w1,n)ν0 U
(
−ν0,−ν0 + 1− Ω
µ
,−w−11,n
)
(6.3.33)
Put c0= 1 and λ = Ω/µ in (6.3.24). Substitute (6.3.32) and (6.3.33) into the new
(6.3.24).
6.3.3 Generating function of the GCH polynomial of type 1
Let’s investigate the generating function for the GCH polynomial of type 1 of the first
kind about x =∞.
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Definition 6.3.4 I define that

sa,b =
{
sa · sa+1 · sa+2 · · · sb−2 · sb−1 · sb where a > b
sa only if a = b
w˜i,j =

sitiw˜i+1,j
1 + siui(1− ti)w˜i+1,j where i < j
si,∞tiη
1 + si,∞ui(1− ti)η only if i = j
(6.3.34)
where
a, b, i, j ∈ N0
And we have
∞∑
νi=νj
sνii =
s
νj
i
(1− si) (6.3.35)
Acting the summation operator
∞∑
ν0=0
sν00
ν0!
∞∏
n=1

∞∑
νn=νn−1
sνnn
 on (6.3.24) where |si| < 1 as
i = 0, 1, 2, · · · by using (6.3.34) and (6.3.35),
Theorem 6.3.5 The general expression of the generating function for the GCH
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polynomial of type 1 about x =∞ is given by
∞∑
ν0=0
sν00
ν0!
∞∏
n=1

∞∑
νn=νn−1
sνnn
 y(z)
=
∞∏
k=1
1
(1− sk,∞)Υ(λ; s0,∞; η)
+
{ ∞∏
k=2
1
(1− sk,∞)
∫ 1
0
dt1 t
1
2
(
−1−Ω
µ
+λ
)
1
∫ ∞
0
du1 exp (−(1− s1,∞)u1) (1 + s1,∞u1(1− t1)η)−
1
2
(1+λ)
×w˜−
1
2
(−ω+λ)
1,1
(
w˜1,1∂w˜1,1
)
w˜
1
2
(−ω+λ)
1,1 Υ(λ; s0; w˜1,1)
}
ξ
+
∞∑
n=2
{ ∞∏
k=n+1
1
(1− sk,∞)
∫ 1
0
dtn t
1
2
(
n−2−Ω
µ
+λ
)
n
∫ ∞
0
dun exp (−(1− sn,∞)un)
× (1 + sn,∞un(1− tn)η)−
1
2
(n+λ) w˜
− 1
2
(n−1−ω+λ)
n,n
(
w˜n,n∂w˜n,n
)
w˜
1
2
(n−1−ω+λ)
n,n
×
n−1∏
j=1
{∫ 1
0
dtn−j t
1
2
(
n−j−2−Ω
µ
+λ
)
n−j
∫ ∞
0
dun−j exp (−(1− sn−j)un−j)
× (1 + sn−jun−j(1− tn−j)w˜n−j+1,n)−
1
2
(n−j+λ)
×w˜−
1
2
(n−j−1−ω+λ)
n−j,n
(
w˜n−j,n∂w˜n−j,n
)
w˜
1
2
(n−j−1−ω+λ)
n−j,n
}
Υ(λ; s0; w˜1,n)
}
ξn (6.3.36)
where 
Υ(λ; s0,∞; η) =
∞∑
ν0=0
sν00,∞
ν0!
c0zλ
ν0∑
i0=0
(−ν0)i0
(
λ
2
)
i0(
1− Ω2µ + λ2
)
i0
ηi0

Υ(λ; s0; w˜1,1) =
∞∑
ν0=0
sν00
ν0!
c0zλ
ν0∑
i0=0
(−ν0)i0
(
λ
2
)
i0(
1− Ω2µ + λ2
)
i0
w˜i01,1

Υ(λ; s0; w˜1,n) =
∞∑
ν0=0
sν00
ν0!
c0zλ
ν0∑
i0=0
(−ν0)i0
(
λ
2
)
i0(
1− Ω2µ + λ2
)
i0
w˜i01,n

Proof Acting the summation operator
∞∑
ν0=0
sν00
ν0!
∞∏
n=1

∞∑
νn=νn−1
sνnn
 on the form of integral
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of the type 1 GCH polynomial y(z),
∞∑
ν0=0
sν00
ν0!
∞∏
n=1

∞∑
νn=νn−1
sνnn
 y(z)
=
∞∑
ν0=0
sν00
ν0!
∞∏
n=1

∞∑
νn=νn−1
sνnn
(y0(z) + y1(z) + y2(z) + y3(z) + · · · ) (6.3.37)
Acting the summation operator
∞∑
ν0=0
sν00
ν0!
∞∏
n=1

∞∑
νn=νn−1
sνnn
 on (6.3.26a) by using (6.3.34)
and (6.3.35),
∞∑
ν0=0
sν00
ν0!
∞∏
n=1

∞∑
νn=νn−1
sνnn
 y0(z)
=
∞∏
k=1
1
(1− sk,∞)
∞∑
ν0=0
sν00,∞
ν0!
c0zλ
ν0∑
i0=0
(−ν0)i0
(
λ
2
)
i0(
1− Ω2µ + λ2
)
i0
ηi0
 (6.3.38)
Acting the summation operator
∞∑
ν0=0
sν00
ν0!
∞∏
n=1

∞∑
νn=νn−1
sνnn
 on (6.3.27) by using (6.3.34)
and (6.3.35),
∞∑
ν0=0
sν00
ν0!
∞∏
n=1

∞∑
νn=νn−1
sνnn
 y1(z)
=
∞∏
k=2
1
(1− sk,∞)
∫ 1
0
dt1 t
1
2
(
−1−Ω
µ
+λ
)
1
∫ ∞
0
du1 e
−u1 1
2πi
∫ (0+)
∞
dp1 exp
(
p1
η(1 − t1)
)
×p−11 (1 + p1)−
1
2
(1+λ)
∞∑
ν1=ν0
(
s1,∞ηu1(1− t1)
p1
)ν1
w
− 1
2
(−ω+λ)
1,1
(
w1,1∂w1,1
)
w
1
2
(−ω+λ)
1,1
×
∞∑
ν0=0
sν00
ν0!
c0zλ
ν0∑
i0=0
(−ν0)i0
(
λ
2
)
i0(
1− Ω2µ + λ2
)
i0
wi01,1
 ξ (6.3.39)
Replace νi, νj and si by ν1, ν0 and
s1,∞ηu1(1− t1)
p1
in (6.3.35). Take the new (6.3.35)
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into (6.3.39).
∞∑
ν0=0
sν00
ν0!
∞∏
n=1

∞∑
νn=νn−1
sνnn
 y1(z)
=
∞∏
k=2
1
(1− sk,∞)
∫ 1
0
dt1 t
1
2
(
−1−Ω
µ
+λ
)
1
∫ ∞
0
du1 e
−u1 1
2πi
∫ (0+)
∞
dp1 exp
(
p1
η(1 − t1)
)
× (1 + p1)
− 1
2
(1+λ)
p1 − s1,∞ηu1(1− t1)w
− 1
2
(−ω+λ)
1,1
(
w1,1∂w1,1
)
w
1
2
(−ω+λ)
1,1
×
∞∑
ν0=0
(
s0,∞ηu1(1− t1)
p1
)ν0 1
ν0!
c0zλ
ν0∑
i0=0
(−ν0)i0
(
λ
2
)
i0(
1− Ω2µ + λ2
)
i0
wi01,1
 ξ (6.3.40)
By using Cauchy’s integral formula, the contour integrand has poles at
p1 = s1,∞ηu1(1 − t1), and s1,∞ηu1(1− t1) is inside the unit circle. As we compute the
residue there in (6.3.40) we obtain
∞∑
ν0=0
sν00
ν0!
∞∏
n=1

∞∑
νn=νn−1
sνnn
 y1(z)
=
∞∏
k=2
1
(1− sk,∞)
∫ 1
0
dt1 t
1
2
(
−1−Ω
µ
+λ
)
1
∫ ∞
0
du1 exp (−(1− s1,∞)u1) (1 + s1,∞u1(1− t1)η)−
1
2
(1+λ)
×w˜−
1
2
(−ω+λ)
1,1
(
w˜1,1∂w˜1,1
)
w˜
1
2
(−ω+λ)
1,1
∞∑
ν0=0
sν00
ν0!
c0zλ
ν0∑
i0=0
(−ν0)i0
(
λ
2
)
i0(
1− Ω2µ + λ2
)
i0
w˜i01,1
 ξ (6.3.41)
where
w˜1,1 =
t1p1
u1(1− t1)(1 + p1)
∣∣∣∣∣
p1=s1,∞ηu1(1−t1)
=
s1,∞t1η
1 + s1,∞u1(1− t1)η
Acting the summation operator
∞∑
ν0=0
sν00
ν0!
∞∏
n=1

∞∑
νn=νn−1
sνnn
 on (6.3.29) by using (6.3.34)
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and (6.3.35),
∞∑
ν0=0
sν00
ν0!
∞∏
n=1

∞∑
νn=νn−1
sνnn
 y2(z)
=
∞∏
k=3
1
(1− sk,∞)
∫ 1
0
dt2 t
1
2
(
−Ω
µ
+λ
)
2
∫ ∞
0
du2 e
−u2 1
2πi
∫ (0+)
∞
dp2 exp
(
p2
η(1− t2)
)
×p−12 (1 + p2)−
1
2
(2+λ)
∞∑
ν2=ν1
(
s2,∞ηu2(1− t2)
p2
)ν2
w
− 1
2
(1−ω+λ)
2,2
(
w2,2∂w2,2
)
w
1
2
(1−ω+λ)
2,2
×
∫ 1
0
dt1 t
1
2
(
−1−Ω
µ
+λ
)
1
∫ ∞
0
du1 e
−u1 1
2πi
∫ (0+)
∞
dp1 exp
(
p1
w2,2(1 − t1)
)
p−11 (1 + p1)
− 1
2
(1+λ)
×
∞∑
ν1=ν0
(
s1w2,2u1(1− t1)
p1
)ν1
w
− 1
2
(−ω+λ)
1,2
(
w1,2∂w1,2
)
w
1
2
(−ω+λ)
1,2
×
∞∑
ν0=0
sν00
ν0!
c0zλ
ν0∑
i0=0
(−ν0)i0
(
λ
2
)
i0(
1− Ω2µ + λ2
)
i0
wi01,2
 ξ2 (6.3.42)
Replace νi, νj and si by ν2, ν1 and
s2,∞ηu2(1− t2)
p2
in (6.3.35). Take the new (6.3.35)
into (6.3.42).
∞∑
ν0=0
sν00
ν0!
∞∏
n=1

∞∑
νn=νn−1
sνnn
 y2(z)
=
∞∏
k=3
1
(1− sk,∞)
∫ 1
0
dt2 t
1
2
(
−Ω
µ
+λ
)
2
∫ ∞
0
du2 e
−u2 1
2πi
∫ (0+)
∞
dp2 exp
(
p2
η(1− t2)
)
× (1 + p2)
− 1
2
(2+λ)
p2 − s2,∞ηu2(1− t2) w
− 1
2
(1−ω+λ)
2,2
(
w2,2∂w2,2
)
w
1
2
(1−ω+λ)
2,2
×
∫ 1
0
dt1 t
1
2
(
−1−Ω
µ
+λ
)
1
∫ ∞
0
du1 e
−u1 1
2πi
∫ (0+)
∞
dp1 exp
(
p1
w2,2(1 − t1)
)
p−11 (1 + p1)
− 1
2
(1+λ)
×
∞∑
ν1=ν0
(
s1,∞ηu2(1 − t2)w2,2u1(1− t1)
p1p2
)ν1
w
− 1
2
(−ω+λ)
1,2
(
w1,2∂w1,2
)
w
1
2
(−ω+λ)
1,2
×
∞∑
ν0=0
sν00
ν0!
c0zλ
ν0∑
i0=0
(−ν0)i0
(
λ
2
)
i0(
1− Ω2µ + λ2
)
i0
wi01,2
 ξ2 (6.3.43)
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By using Cauchy’s integral formula, the contour integrand has poles at
p2 = s2,∞ηu2(1 − t2), and s2,∞ηu2(1− t2) is inside the unit circle. As we compute the
residue there in (6.3.43) we obtain
∞∑
ν0=0
sν00
ν0!
∞∏
n=1

∞∑
νn=νn−1
sνnn
 y2(z)
=
∞∏
k=3
1
(1− sk,∞)
∫ 1
0
dt2 t
1
2
(
−Ω
µ
+λ
)
2
∫ ∞
0
du2 exp (−(1− s2,∞)u2) (1 + s2,∞u2(1− t2)η)−
1
2
(2+λ)
×w˜−
1
2
(1−ω+λ)
2,2
(
w˜2,2∂w˜2,2
)
w˜
1
2
(1−ω+λ)
2,2
×
∫ 1
0
dt1 t
1
2
(
−1−Ω
µ
+λ
)
1
∫ ∞
0
du1 e
−u1 1
2πi
∫ (0+)
∞
dp1 exp
(
p1
w˜2,2(1 − t1)
)
p−11 (1 + p1)
− 1
2
(1+λ)
×
∞∑
ν1=ν0
(
s1w˜2,2u1(1− t1)
p1
)ν1
w
− 1
2
(−ω+λ)
1,2
(
w1,2∂w1,2
)
w
1
2
(−ω+λ)
1,2
×
∞∑
ν0=0
sν00
ν0!
c0zλ
ν0∑
i0=0
(−ν0)i0
(
λ
2
)
i0(
1− Ω2µ + λ2
)
i0
wi01,2
 ξ2 (6.3.44)
where
w˜2,2 =
t2p2
u2(1− t2)(1 + p2)
∣∣∣∣∣
p2=s2,∞ηu2(1−t2)
=
s2,∞t2η
1 + s2,∞u2(1− t2)η
Replace νi, νj and si by ν1, ν0 and
s1w˜2,2u1(1− t1)
p1
in (6.3.35). Take the new (6.3.35)
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into (6.3.44).
∞∑
ν0=0
sν00
ν0!
∞∏
n=1

∞∑
νn=νn−1
sνnn
 y2(z)
=
∞∏
k=3
1
(1− sk,∞)
∫ 1
0
dt2 t
1
2
(
−Ω
µ
+λ
)
2
∫ ∞
0
du2 exp (−(1− s2,∞)u2) (1 + s2,∞u2(1− t2)η)−
1
2
(2+λ)
×w˜−
1
2
(1−ω+λ)
2,2
(
w˜2,2∂w˜2,2
)
w˜
1
2
(1−ω+λ)
2,2
×
∫ 1
0
dt1 t
1
2
(
−1−Ω
µ
+λ
)
1
∫ ∞
0
du1 e
−u1 1
2πi
∫ (0+)
∞
dp1 exp
(
p1
w˜2,2(1 − t1)
)
(1 + p1)
− 1
2
(1+λ)
p1 − s1w˜2,2u1(1− t1)
×w−
1
2
(−ω+λ)
1,2
(
w1,2∂w1,2
)
w
1
2
(−ω+λ)
1,2
×
∞∑
ν0=0
(
s0,1w˜2,2u1(1− t1)
p1
)ν0 1
ν0!
c0zλ
ν0∑
i0=0
(−ν0)i0
(
λ
2
)
i0(
1− Ω2µ + λ2
)
i0
wi01,2
 ξ2 (6.3.45)
By using Cauchy’s integral formula, the contour integrand has poles at
p1 = s1w˜2,2u1(1− t1), and s1w˜2,2u1(1− t1) is inside the unit circle. As we compute the
residue there in (6.3.45) we obtain
∞∑
ν0=0
sν00
ν0!
∞∏
n=1

∞∑
νn=νn−1
sνnn
 y2(z)
=
∞∏
k=3
1
(1− sk,∞)
∫ 1
0
dt2 t
1
2
(
−Ω
µ
+λ
)
2
∫ ∞
0
du2 exp (−(1− s2,∞)u2) (1 + s2,∞u2(1− t2)η)−
1
2
(2+λ)
×w˜−
1
2
(1−ω+λ)
2,2
(
w˜2,2∂w˜2,2
)
w˜
1
2
(1−ω+λ)
2,2
×
∫ 1
0
dt1 t
1
2
(
−1−Ω
µ
+λ
)
1
∫ ∞
0
du1 exp (−(1− s1)u1) (1 + s1u1(1− t1)w˜2,2)−
1
2
(1+λ)
×w˜−
1
2
(−ω+λ)
1,2
(
w˜1,2∂w˜1,2
)
w˜
1
2
(−ω+λ)
1,2
∞∑
ν0=0
sν00
ν0!
c0zλ
ν0∑
i0=0
(−ν0)i0
(
λ
2
)
i0(
1− Ω2µ + λ2
)
i0
w˜i01,2
 ξ2 (6.3.46)
where
w˜1,2 =
t1p1
u1(1− t1)(1 + p1)
∣∣∣∣∣
p1=s1w˜2,2u1(1−t1)
=
s1t1w˜2,2
1 + s1u1(1− t1)w˜2,2
Acting the summation operator
∞∑
ν0=0
sν00
ν0!
∞∏
n=1

∞∑
νn=νn−1
sνnn
 on (6.3.30) by using (6.3.34)
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and (6.3.35),
∞∑
ν0=0
sν00
ν0!
∞∏
n=1

∞∑
νn=νn−1
sνnn
 y3(z)
=
∞∏
k=4
1
(1− sk,∞)
∫ 1
0
dt3 t
1
2
(
1−Ω
µ
+λ
)
3
∫ ∞
0
du3 exp (−(1− s3,∞)u3) (1 + s3,∞u3(1− t3)η)−
1
2
(3+λ)
×w˜−
1
2
(2−ω+λ)
3,3
(
w˜3,3∂w˜3,3
)
w˜
1
2
(2−ω+λ)
3,3
×
∫ 1
0
dt2 t
1
2
(
−Ω
µ
+λ
)
2
∫ ∞
0
du2 exp (−(1− s2)u2) (1 + s2u2(1− t2)w˜3,3)−
1
2
(2+λ)
×w˜−
1
2
(1−ω+λ)
2,3
(
w˜2,3∂w˜2,3
)
w˜
1
2
(1−ω+λ)
2,3
×
∫ 1
0
dt1 t
1
2
(
−1−Ω
µ
+λ
)
1
∫ ∞
0
du1 exp (−(1− s1)u1) (1 + s1u1(1− t1)w˜2,3)−
1
2
(1+λ)
×w˜−
1
2
(−ω+λ)
1,3
(
w˜1,3∂w˜1,3
)
w˜
1
2
(−ω+λ)
1,3
∞∑
ν0=0
sν00
ν0!
c0zλ
ν0∑
i0=0
(−ν0)i0
(
λ
2
)
i0(
1− Ω2µ + λ2
)
i0
w˜i01,3
 ξ3 (6.3.47)
where 
w˜3,3 =
t3p3
u3(1− t3)(1 + p3)
∣∣∣∣∣
p3=s3,∞ηu3(1−t3)
=
s3,∞t3η
1 + s3,∞u3(1− t3)η
w˜2,3 =
t2p2
u2(1− t2)(1 + p2)
∣∣∣∣∣
p2=s2w˜3,3u2(1−t2)
=
s2t2w˜3,3
1 + s2u2(1− t2)w˜3,3
w˜1,3 =
t1p1
u1(1− t1)(1 + p1)
∣∣∣∣∣
p1=s1w˜2,3u1(1−t1)
=
s1t1w˜2,3
1 + s1u1(1− t1)w˜2,3
By repeating this process for all higher terms of integral forms of sub-summation ym(z)
terms where m > 3, we obtain every
∞∑
ν0=0
sν00
ν0!
∞∏
n=1

∞∑
νn=νn−1
sνnn
 ym(z) terms. Since we
substitute (6.3.38), (6.3.41), (6.3.46), (6.3.47) and including all
∞∑
ν0=0
sν00
ν0!
∞∏
n=1

∞∑
νn=νn−1
sνnn
 ym(z) terms where m > 3 into (6.3.37), we obtain (6.3.36)
Remark 6.3.6 The generating function for the GCH polynomial of type 1 of the first
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kind about x =∞ as ν = 2νj + j + 1 + Ω/µ where j, νj ∈ N0 is
∞∑
ν0=0
sν00
ν0!
∞∏
n=1

∞∑
νn=νn−1
sνnn
Q(i)Wνj
(
µ, ε,Ω, ω, ν = 2νj + j + 1 +
Ω
µ
; z =
1
x
; ξ = − ε
µ
z; η =
2
µ
z2
)
= z
Ω
µ
{ ∞∏
k=1
1
(1− sk,∞)
A (s0,∞; η)
+
{ ∞∏
k=2
1
(1− sk,∞)
∫ 1
0
dt1 t
− 1
2
1
∫ ∞
0
du1
←→
Γ 1 (s1,∞; t1, u1, η)
×w˜−
1
2
(
−ω+Ω
µ
)
1,1
(
w˜1,1∂w˜1,1
)
w˜
1
2
(
−ω+Ω
µ
)
1,1 A (s0; w˜1,1)
}
ξ
+
∞∑
n=2
{ ∞∏
k=n+1
1
(1− sk,∞)
∫ 1
0
dtn t
1
2
(n−2)
n
∫ ∞
0
dun
←→
Γ n (sn,∞; tn, un, η)
×w˜−
1
2
(
n−1−ω+Ω
µ
)
n,n
(
w˜n,n∂w˜n,n
)
w˜
1
2
(
n−1−ω+Ω
µ
)
n,n
×
n−1∏
j=1
{∫ 1
0
dtn−j t
1
2
(n−j−2)
n−j
∫ ∞
0
dun−j
←→
Γ n−j (sn−j; tn−j , un−j , w˜n−j+1,n)
×w˜−
1
2
(
n−j−1−ω+Ω
µ
)
n−j,n
(
w˜n−j,n∂w˜n−j,n
)
w˜
1
2
(
n−j−1−ω+Ω
µ
)
n−j,n
}
A (s0; w˜1,n)
}
ξn
}
(6.3.48)
where
←→
Γ 1 (s1,∞; t1, u1, η) = exp (−(1− s1,∞)u1) (1 + s1,∞u1(1− t1)η)−
1
2
(
1+Ω
µ
)
←→
Γ n (sn,∞; tn, un, η) = exp (−(1− sn,∞)un) (1 + sn,∞un(1− tn)η)−
1
2
(
n+Ω
µ
)
←→
Γ n−j (sn−j; tn−j , un−j, w˜n−j+1,n)
= exp (−(1− sn−j)un−j) (1 + sn−jun−j(1− tn−j)w˜n−j+1,n)−
1
2
(
n−j+Ω
µ
)
and 
A (s0,∞; η) = exp (s0,∞) (1 + s0,∞η)
− Ω
2µ
A (s0; w˜1,1) = exp (s0) (1 + s0w˜1,1)
− Ω
2µ
A (s0; w˜1,n) = exp (s0) (1 + s0w˜1,n)
− Ω
2µ
Proof Replace a, b, j and z by −ν0, −ν0 + 1− a, i0 and −z−1 in (6.3.18). Acting the
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summation operator
∞∑
ν0=0
sν00
ν0!
on the new (6.3.18)
∞∑
ν0=0
sν00
ν0!
ν0∑
i0=0
(−ν0)i0(a)i0
(1)i0
zi0 =
∞∑
ν0=0
(−s0z)ν0
ν0!
U
(−ν0,−ν0 + 1− a,−z−1) (6.3.49)
Replace a, b, pl and z by −ν0, −ν0 + 1− a, p and −z−1 in (6.3.17).
U
(−ν0,−ν0 + 1− a,−z−1) = eν0pii ν0!
2πi
∫ (0+)
∞
dp e
p
z p−ν0−1(1 + p)−a (6.3.50)
Put (6.3.50) in (6.3.49).
∞∑
ν0=0
sν00
ν0!
ν0∑
i0=0
(−ν0)i0(a)i0
(1)i0
zi0 =
1
2πi
∫ (0+)
∞
dp e
p
z p−1(1 + p)−a
∞∑
ν0=0
(
s0z
p
)ν0
=
1
2πi
∫ (0+)
∞
dp e
p
z
(1 + p)−a
(p− s0z)
= exp(s0)(1 + s0z)
−a (6.3.51)
Replace s0, a and z by s0,∞ , Ω2µ and η in (6.3.51).
∞∑
ν0=0
sν00,∞
ν0!
ν0∑
i0=0
(−ν0)i0
(
Ω
2µ
)
i0
(1)i0
ηi0 = exp(s0,∞)(1 + s0,∞η)
− Ω
2µ (6.3.52)
Replace a and z by Ω2µ and w˜1,1 in (6.3.51).
∞∑
ν0=0
sν00
ν0!
ν0∑
i0=0
(−ν0)i0
(
Ω
2µ
)
i0
(1)i0
w˜i01,1 = exp(s0)(1 + s0w˜1,1)
− Ω
2µ (6.3.53)
Replace a and z by Ω2µ and w˜1,n in (6.3.51).
∞∑
ν0=0
sν00
ν0!
ν0∑
i0=0
(−ν0)i0
(
Ω
2µ
)
i0
(1)i0
w˜i01,n = exp(s0)(1 + s0w˜1,n)
− Ω
2µ (6.3.54)
Put c0= 1 and λ =
Ω
µ in (6.3.36). Substitute (6.3.52), (6.3.53) and (6.3.54) into the new
(6.3.36).
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6.4 Summary
The canonical form of the biconfluent Heun equation is defined by [2, 17]
x
d2y
dx2
+
(
1 + α− βx− 2x2) dy
dx
+
(
(γ − α− 2)x− 1
2
[δ + (1 + α)β]
)
y = 0 (6.4.1)
in which (α, β, γ, δ) ∈ C4. This equation has two singular points which are a regular
singularity at x = 0 and an irregular singularity at ∞. This equation is derived from the
GCH equation [34] by replacing all coefficients µ, ε, ν, Ω and ω by −2, −β, 1 + α,
γ − α− 2 and 12
(
δ
β + 1 + α
)
in (6.1.1).
In my previous two papers [36, 37] I show how to derive the power series expansion in
closed forms, its integral forms (each sub-integral ym(x) where m = 0, 1, 2, · · · is
composed of 2m terms of definite integrals and m terms of contour integrals) and the
generating function for the GCH equation about x = 0 by applying 3TRF. [35]
In this chapter I show how to construct the power series expansion in closed forms and its
integral forms of the GCH equation about x = 0 for infinite series and polynomial of type
2 by applying R3TRF. This is done by letting Bn in sequence cn is the leading term in
the analytic function y(x). For polynomial of type 2, I treat ω as a fixed value and µ, ε,
ν, Ω as free variables.
The power series expansion and the integral representation of the GCH equation for
infinite series about x = 0 in this chapter are equivalent to infinite series of the GCH
equation in Ref.[36, 37]. In this chapter Bn is the leading term in sequence cn in the
analytic function y(x). In Ref.[36, 37] An is the leading term in sequence cn in the
analytic function y(x).
In Ref.[36, 37], as we see the power series expansions of the GCH equation for infinite
series and polynomial, the denominators and numerators in all Bn terms of each
sub-power series expansion ym(x) where m = 0, 1, 2, · · · arise with Pochhammer symbol.
And in this chapter the denominators and numerators in all An terms of each sub-power
series expansion ym(x) also arise with Pochhammer symbol. Since we construct the
power series expansions with Pochhammer symbols in numerators and denominators, we
are able to describe the integral representation of the GCH equation analytically. As we
observe representations in closed form integrals of the GCH equation about x = 0 by
applying either 3TRF or R3TRF, a 1F1 function (the Kummer function of the first kind)
recurs in each of sub-integral forms of the GCH equation. It means that we are able to
transform the GCH (or BCH) function about x = 0 into any well-known special functions
having two recursive coefficients in the power series of its ordinary differential equation
because 1F1 function arises in each of sub-integral forms on the GCH equation. After we
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replace 1F1 functions in its integral forms to other special functions, we can rebuild the
Frobenius solution of the GCH equation about x = 0 in a backward.
In Ref.[37] and this chapter, I show how to derive the generating function for the type 1
and type 2 GCH polynomials from its analytic integral representation. And in this
chapter I construct the generating function for the type 2 GCH polynomial from its
integral representation. We are able to derive orthogonal relations, recursion relations
and expectation values of the physical quantities from these two generating functions: the
processes in order to obtain orthogonal and recursion relations of the GCH polynomial
are similar as the case of a normalized wave function for the hydrogen-like atoms.12
In section 6.3 I construct the Frobenius solution of the GCH equation about x =∞ for
the type 1 polynomial by applying 3TRF analytically [35]. Also its integral
representation and the generating function for the GCH equation are derived analytically.
There are no such solutions for infinite series and the type 2 polynomial because the Bn
term is divergent in (6.3.5b) since the index n≫ 1.13 In comparison with integral forms
of the GCH polynomials of type 1 and 2 about x = 0, a Tricomi’s function (Kummer’s
function of the second kind) recurs in each of sub-integral forms of the GCH polynomial
of type 1 about x =∞.
12For instance, in the quantum mechanical aspects, if the eigenenergy is contained in Bn term in a 3-term
recursive relation between successive coefficients of the power series expansion, we have to apply the type
1 GCH polynomial. If the eigenenergy is included in An term in a 3-term recursive relation, we should
apply the type 2 GCH polynomial. If the first eigenenergy (mathematically, it is denoted by a spectral
parameter) is included in An term and the second one is involved in Bn terms, we must apply the type 3
GCH polynomial. In my future paper I will discuss about the type 3 GCH polynomial.
13There are only two types of the analytic solution of the GCH equation about x =∞ which are type 1
and type 3 polynomials. Its type 3 polynomial will be constructed in the future paper.
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Chapter 7
Mathieu function using reversible
three-term recurrence formula
In Ref.[21], by applying three term recurrence formula (3TRF)[20], I construct the power
series expansion in closed forms and its integral forms of Mathieu equation for infinite
series including all higher terms of An’s.
1
In this chapter I will apply reversible three term recurrence formula (R3TRF) in chapter
1 to (1) the power series expansion in closed forms, (2) its integral forms of Mathieu
equation (for infinite series and polynomial which makes An term terminated including
all higher terms of Bn’s
2) and (3) the generating function for Mathieu polynomial which
makes An term terminated.
7.1 Introduction
Mathieu ordinary differential equation is of Fuchsian types with the two regular and one
irregular singularities. In contrast, Heun equation of Fuchsian types has the four regular
singularities. Heun equation has the four kind of confluent forms: (1) Confluent Heun
(two regular and one irregular singularities), (2) Doubly confluent Heun (two irregular
singularities), (3) Biconfluent Heun (one regular and one irregular singularities), (4)
Triconfluent Heun equations (one irregular singularity). For DLFM version [19], Mathieu
equation in algebraic forms is also derived from the Confluent Heun equation by changing
1“ higher terms of An’s” means at least two terms of An’s.
2“ higher terms of Bn’s” means at least two terms of Bn’s.
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all coefficients δ = γ = 12 , ǫ = 0, α = q and q =
λ+2q
4 .
The simplest example of three therm recursion relations in the power series of a linear
ordinary differential equation is the Mathieu equation, introduced by Mathieu (1868)[11],
while investigating the vibration of an elliptical drumhead: it is derived from the
Helmholtz equation in elliptic cylinder coordinates by using the method of separation of
variables. Mathieu equation, known for the elliptic cylinder equation appears in diverse
areas such as astronomy and physical problems involving Schro¨dinger equation for a
periodic potentials [17], the parametric Resonance in the reheating process of universe
[18], and wave equations in general relativity[14], etc. Mathieu function has been used in
various areas in modern physics and mathematics.[1, 2, 3, 4, 5, 6, 7, 8, 9, 15, 16]
Unfortunately, even though Mathieu equation has been observed in various areas
mentioned above, the Mathieu function could not be described in the form of a definite or
contour integral of any elementary functions analytically. Besides the analytic solutions
of its power series expansion in closed forms have not be constructed yet for almost 150
years because of a 3-term recursive relation between successive coefficients in the
Frobenius solution. Three recursive relation in its power series creates the mathematical
complex for the calculation. Instead, the analytic solutions for any linear ordinary
differential equation having two term recurrence relation in its power series expansion can
be derived. Mathieu function has only been described in numerical approximations
(Whittaker 1914[13], Frenkel and Portugal 2001[10]). Sips 1949[12], Frenkel and Portugal
2001[10] argued that it is not possible to represent analytically the Mathieu function in a
simple and handy way. All these authors treat solutions of Mathieu equation as the
periodic-function with period 2π. It is not possible for arbitrary parameters λ and q in
(7.1.1). They leave the fundamental solution of Mathieu equation by applying Floquet’s
theorem as solutions of recurrences because of a 3-term recursive relation in its power
series expansion. In place of using the Bloch’s theorem I will derive the analytic solution
of Mathieu equation for any arbitrary λ and q by applying R3TRF in this chapter.
In Ref.[21] I construct analytic solutions of Mathieu equation about the regular singular
point at x = 0 by applying 3TRF[20]; for the power series expansion in closed forms and
its integral representation for infinite series including all higher terms of An’s.
In this chapter, by applying R3TRF in chapter 1, I construct the power series expansion
in closed forms of Mathieu equation about the regular singular point at x = 0 (for infinite
series and polynomial which makes An term terminated including all higher terms of
Bn’s) analytically. The integral representation of Mathieu equation and the generating
function for Mathieu polynomial which makes An term terminated are derived in a
mathematical rigor. Also Frobenius solution of the Mathieu equation about regular
singular point at x = 1 and irregular singular one at x =∞ by applying R3TRF is
constructed including its integral forms and the generating function of it.
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Mathieu equation is
d2y
dz2
+ (λ− 2q cos2z) y = 0 (7.1.1)
where λ and q are parameters. This is an equation with periodic-function coefficient.
Mathieu equation also can be described in algebraic forms putting x = cos2z:
4x(1− x)d
2y
dx2
+ 2(1 − 2x)dy
dx
+ (λ+ 2q − 4qx)y = 0 (7.1.2)
This equation has two regular singularities: x = 0 and x = 1; the other singularity x =∞
is irregular. Assume that its solution is
y(x) =
∞∑
n=0
cnx
n+ν (7.1.3)
where ν is an indicial root. Plug (7.1.3) into (7.1.2).
cn+1 = An cn +Bn cn−1 ;n ≥ 1 (7.1.4)
where,
An =
4(n + ν)2 − (λ+ 2q)
2(n + 1 + ν)(2(n + ν) + 1)
=
(n+ ν − ϕ)(n + ν + ϕ)
(n+ 1 + ν)
(
n+ ν + 12
) (7.1.5a)
and
ϕ =
√
λ+ 2q
2
Bn =
q
(n+ 1 + ν)
(
n+ ν + 12
) (7.1.5b)
c1 = A0 c0 (7.1.5c)
We have two indicial roots which are ν = 0 and 12 . As we see (7.1.5b), there are no way to
build the analytic solution of Mathieu equation for polynomial which makes Bn term
terminated at certain value of n. Because the numerator of (7.1.5b) is just consist of
constant q parameter.3
Now let’s test for convergence of the analytic function y(x). As n≫ 1 (for sufficiently
large), (7.1.5a) and (7.1.5b) are
lim
n≫1
An = 1 (7.1.6a)
lim
n≫1
Bn =
q
n2
(7.1.6b)
3Whenever index n increase in (7.1.5b), Bn term never be terminated with a fixed constant parameter
q.
296 CHAPTER 7. MATHIEU FUNCTION USING R3TRF
As n≫ 1, (7.1.6b) is negligible. Put (7.1.6a) with Bn = 0 into (7.1.4).
c0
c1 = c0
c2 = c0
c3 = c0
...
...
(7.1.7)
When a function y(x), analytic at x = 0, is expanded in a power series putting c0 = 1 by
using (7.1.7), we write
lim
n≫1
y(x) ≈
∞∑
n=0
xn =
1
1− x where 0 ≤ x = cos
2z < 1 (7.1.8)
For being convergent of y(x) in (7.1.8), an independent variable x = cos2 z should be less
than 1.
The function y(x) should be convergent as x = 1 in terms of the application of the
mathematical physics. As An term is terminated as certain value of index n, the function
y(x) will be convergent even if x = 1. (7.1.8) is not applicable for the asymptotic
behavior of y(x) any more from the quantum mechanical point of view. Put (7.1.6b) into
(7.1.4) with An = 0.
4 For n = 0, 1, 2, · · · , it give
c2 =
q
12 c0 c3 =
q
22 c1
c4 =
q
12·32 c0 c5 =
q
22·42 c1
c6 =
q
12·32·52 c0 c7 =
q
22·42·62 c1
...
...
c2n =
(
Γ( 12)
Γ(n+ 12)
)2 ( q
4
)n
c0 c2n+1 =
1
(n!)2
( q
4
)n
c1
(7.1.9)
Put (7.1.9) into the power series expansion where
∞∑
n=0
cnx
n putting c0 = 1 for simplicity
and letting c1 = Aoc0 = 0 for the minimum value of y(x).
min lim
n≫1
y(x) = 1F2
(
1;
1
2
,
1
2
;
q
4
x2
)
(7.1.10)
4Actually An can not be zero for n ≫ 1. However, I only interesting in the minimum value of y(x) for
asymptotic behavior.
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On the above 1F2(a; b, c; z) is a generalized hypergeometric function which is given by
1F2(a; b, c; z) =
∞∑
n=0
(a)n
(b)n (c)n
zn
n!
7.2 Mathieu equation about regular singular point at zero
7.2.1 Power series
Polynomial of type 2
There are two types of power series expansions using the two term recurrence relation in
a linear ordinary differential equation which are a polynomial and an infinite series. In
contrast there are three types of polynomials and an infinite series in three term
recurrence relation of it: (1) polynomial which makes Bn term terminated: An term is not
terminated, (2) polynomial which makes An term terminated: Bn term is not terminated,
(3) polynomial which makes An and Bn terms terminated at the same time.
5 In three
term recurrence relation, polynomial of type 3 I categorize as complete polynomial. The
solutions for the type 1 and 3 polynomials of Mathieu equation in the algebraic form does
not exist because of the numerator in Bn term. There are only two type solutions of
Mathieu equation which are type 2 polynomial and infinite series. For type 2 Mathieu
polynomial about x = 0, I treat a parameter q as a free variable and λ as a fixed value.
In chapter 1 the general expression of power series of y(x) for polynomial of type 2 is
defined by
y(x) =
∞∑
n=0
yn(x) = y0(x) + y1(x) + y2(x) + y3(x) + · · ·
= c0
{
α0∑
i0=0
(
i0−1∏
i1=0
Ai1
)
xi0+λ +
α0∑
i0=0
{
Bi0+1
i0−1∏
i1=0
Ai1
α1∑
i2=i0
(
i2−1∏
i3=i0
Ai3+2
)}
xi2+2+λ
+
∞∑
N=2
{
α0∑
i0=0
{
Bi0+1
i0−1∏
i1=0
Ai1
N−1∏
k=1
(
αk∑
i2k=i2(k−1)
Bi2k+2k+1
i2k−1∏
i2k+1=i2(k−1)
Ai2k+1+2k
)
×
αN∑
i2N=i2(N−1)
(
i2N−1∏
i2N+1=i2(N−1)
Ai2N+1+2N
)}}
xi2N+2N+λ
}
(7.2.1)
5If An and Bn
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In the above, αi ≤ αj only if i ≤ j where i, j, αi, αj ∈ N0.
For a polynomial, we need a condition which is:
Aαi+2i = 0 where i, αi = 0, 1, 2, · · · (7.2.2)
In the above, αi is an eigenvalue that makes An term terminated at certain value of index
n. (7.2.2) makes each yi(x) where i = 0, 1, 2, · · · as the polynomial in (7.2.1).
The case of ϕ = 12
√
λ+ 2q = λi + 2i+ ν In (7.1.5a)-(7.1.5c) replace ϕ =
1
2
√
λ+ 2q by
λi + 2i+ ν. In (7.2.2) replace index αi by λi. Take the new (7.1.5a)-(7.1.5c), (7.2.2) and
put them in (7.2.1). After the replacement process, the general expression of power series
of Mathieu equation for polynomial of type 2 is given by
y(x) =
∞∑
n=0
yn(x) = y0(x) + y1(x) + y2(x) + y3(x) + · · ·
= c0x
ν
{
λ0∑
i0=0
(−λ0)i0 (λ0 + 2ν)i0
(1 + ν)i0
(
1
2 + ν
)
i0
xi0
+
{
λ0∑
i0=0
1
(i0 + 2 + ν)
(
i0 +
3
2 + ν
) (−λ0)i0 (λ0 + 2ν)i0
(1 + ν)i0
(
1
2 + ν
)
i0
×
λ1∑
i1=i0
(−λ1)i1 (λ1 + 4 + 2ν)i1 (3 + ν)i0
(
5
2 + ν
)
i0
(−λ1)i0 (λ1 + 4 + 2ν)i0 (3 + ν)i1
(
5
2 + ν
)
i1
xi1
}
η
+
∞∑
n=2
{
λ0∑
i0=0
1
(i0 + 2 + ν)
(
i0 +
3
2 + ν
) (−λ0)i0 (λ0 + 2ν)i0
(1 + ν)i0
(
1
2 + ν
)
i0
×
n−1∏
k=1

λk∑
ik=ik−1
1
(ik + 2k + 2 + ν)
(
ik + 2k +
3
2 + ν
)
×
(−λk)ik (λk + 4k + 2ν)ik (2k + 1 + ν)ik−1
(
2k + 12 + ν
)
ik−1
(−λk)ik−1 (λk + 4k + 2ν)ik−1 (2k + 1 + ν)ik
(
2k + 12 + ν
)
ik
}
×
λn∑
in=in−1
(−λn)in (λn + 4n+ 2ν)in (2n+ 1 + ν)in−1
(
2n+ 12 + ν
)
in−1
(−λn)in−1 (λn + 4n+ 2ν)in−1 (2n + 1 + ν)in
(
2n+ 12 + ν
)
in
xin
 ηn
 (7.2.3)
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where 
x = cos2z
η = qx2
λ = 22 (λj + 2j + ν)
2 − 2q as j, λj ∈ N0
λi ≤ λj only if i ≤ j where i, j ∈ N0
The case of ϕ = 12
√
λ+ 2q = −(λi + 2i+ ν) In (7.1.5a)-(7.1.5c) replace 12
√
λ+ 2q by
−(λi + 2i+ ν). In (7.2.2) replace index αi by λi. Take the new (7.1.5a)-(7.1.5c), (7.2.2)
and put them in (7.2.1). After the replacement process, its solution is equivalent to
(7.2.3).
Put c0= 1 as ν = 0 for the first kind of independent solutions of Mathieu equation and
ν = 1/2 for the second one in (7.2.3).
Remark 7.2.1 The power series expansion of Mathieu equation of the first kind for
polynomial of type 2 about x = 0 as λ = 22(λj + 2j)
2 − 2q where j, λj ∈ N0 is
y(x) = MFRλj
(
q, λ = 22(λj + 2j)
2 − 2q; η = qx2, x = cos2z)
=
λ0∑
i0=0
(−λ0)i0 (λ0)i0
(1)i0
(
1
2
)
i0
xi0
+
{
λ0∑
i0=0
1
(i0 + 2)
(
i0 +
3
2
) (−λ0)i0 (λ0)i0
(1)i0
(
1
2
)
i0
λ1∑
i1=i0
(−λ1)i1 (λ1 + 4)i1 (3)i0
(
5
2
)
i0
(−λ1)i0 (λ1 + 4)i0 (3)i1
(
5
2
)
i1
xi1
}
η
+
∞∑
n=2
{
λ0∑
i0=0
1
(i0 + 2)
(
i0 +
3
2
) (−λ0)i0 (λ0)i0
(1)i0
(
1
2
)
i0
×
n−1∏
k=1

λk∑
ik=ik−1
1
(ik + 2k + 2)
(
ik + 2k +
3
2
) (−λk)ik (λk + 4k)ik (2k + 1)ik−1 (2k + 12)ik−1
(−λk)ik−1 (λk + 4k)ik−1 (2k + 1)ik
(
2k + 12
)
ik
}
×
λn∑
in=in−1
(−λn)in (λn + 4n)in (2n+ 1)in−1
(
2n+ 12
)
in−1
(−λn)in−1 (λn + 4n)in−1 (2n + 1)in
(
2n+ 12
)
in
xin
 ηn (7.2.4)
For the minimum value of Mathieu equation of the first kind for polynomial of type 2
about x = 0, put λ0 = λ1 = λ2 = · · · = 0 in (7.2.4).
y(x) = MFR0
(
q, λ = 2(8j2 − q); η = qx2, x = cos2z)
=
∞∑
n=0
1(
3
4
)
n
( q
4x
2
)n
n!
= Γ (3/4)
(
i
2
√
qx
) 1
4
J−1/4 (i
√
qx) (7.2.5)
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On the above, Jα(x) is Bessel functions of the first kind.
Remark 7.2.2 The power series expansion of Mathieu equation of the second kind for
polynomial of type 2 about x = 0 as λ = 22 (λj + 2j + 1/2)
2 − 2q where j, λj ∈ N0 is
y(x) = MSRλj
(
q, λ = 22 (λj + 2j + 1/2)
2 − 2q; η = qx2, x = cos2z
)
= x
1
2
{
λ0∑
i0=0
(−λ0)i0 (λ0 + 1)i0(
3
2
)
i0
(1)i0
xi0
+
{
λ0∑
i0=0
1(
i0 +
5
2
)
(i0 + 2)
(−λ0)i0 (λ0 + 1)i0(
3
2
)
i0
(1)i0
λ1∑
i1=i0
(−λ1)i1 (λ1 + 5)i1
(
7
2
)
i0
(3)i0
(−λ1)i0 (λ1 + 5)i0
(
7
2
)
i1
(3)i1
xi1
}
η
+
∞∑
n=2
{
λ0∑
i0=0
1(
i0 +
5
2
)
(i0 + 2)
(−λ0)i0 (λ0 + 1)i0(
3
2
)
i0
(1)i0
×
n−1∏
k=1

λk∑
ik=ik−1
1(
ik + 2k +
5
2
)
(ik + 2k + 2)
(−λk)ik (λk + 4k + 1)ik
(
2k + 32
)
ik−1
(2k + 1)ik−1
(−λk)ik−1 (λk + 4k + 1)ik−1
(
2k + 32
)
ik
(2k + 1)ik
}
×
λn∑
in=in−1
(−λn)in (λn + 4n + 1)in
(
2n+ 32
)
in−1
(2n + 1)in−1
(−λn)in−1 (λn + 4n+ 1)in−1
(
2n+ 32
)
in
(2n+ 1)in
xin
 ηn
 (7.2.6)
For the minimum value of Mathieu equation of the first kind for polynomial of type 2
about x = 0, put λ0 = λ1 = λ2 = · · · = 0 in (7.2.6).
y(x) = MSR0
(
q, λ = 4 (2j + 1/2)2 − 2q; η = qx2, x = cos2z
)
= x
1
2
∞∑
n=0
1(
5
4
)
n
( q
4x
2
)n
n!
= Γ (5/4) x
1
2
(
i
2
√
qx
)− 1
4
J1/4 (i
√
qx) (7.2.7)
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Infinite series
In chapter 1 the general expression of power series of y(x) for infinite series is
y(x) =
∞∑
n=0
yn(x) = y0(x) + y1(x) + y2(x) + y3(x) + · · ·
= c0
{ ∞∑
i0=0
(
i0−1∏
i1=0
Ai1
)
xi0+λ +
∞∑
i0=0
{
Bi0+1
i0−1∏
i1=0
Ai1
∞∑
i2=i0
(
i2−1∏
i3=i0
Ai3+2
)}
xi2+2+λ
+
∞∑
N=2
{ ∞∑
i0=0
{
Bi0+1
i0−1∏
i1=0
Ai1
N−1∏
k=1
( ∞∑
i2k=i2(k−1)
Bi2k+2k+1
i2k−1∏
i2k+1=i2(k−1)
Ai2k+1+2k
)
×
∞∑
i2N=i2(N−1)
(
i2N−1∏
i2N+1=i2(N−1)
Ai2N+1+2N
)}}
xi2N+2N+λ
}
(7.2.8)
Substitute (7.1.5a)–(7.1.5c) into (7.2.8). The general expression of power series of
Mathieu equation for infinite series about x = 0 is given by
y(x) =
∞∑
n=0
yn(x) = y0(x) + y1(x) + y2(x) + y3(x) + · · ·
= c0x
ν
{ ∞∑
i0=0
(ν − ϕ)i0 (ν + ϕ)i0
(1 + ν)i0
(
1
2 + ν
)
i0
xi0
+
{ ∞∑
i0=0
1
(i0 + 2 + ν)
(
i0 +
3
2 + ν
) (ν − ϕ)i0 (ν + ϕ)i0
(1 + ν)i0
(
1
2 + ν
)
i0
×
∞∑
i1=i0
(ν + 2− ϕ)i1 (ν + 2 + ϕ)i1 (3 + ν)i0
(
5
2 + ν
)
i0
(ν + 2− ϕ)i0 (ν + 2 + ϕ)i0 (3 + ν)i1
(
5
2 + ν
)
i1
xi1
}
η
+
∞∑
n=2
{ ∞∑
i0=0
1
(i0 + 2 + ν)
(
i0 +
3
2 + ν
) (ν − ϕ)i0 (ν + ϕ)i0
(1 + ν)i0
(
1
2 + ν
)
i0
×
n−1∏
k=1

∞∑
ik=ik−1
1
(ik + 2k + 2 + ν)
(
ik + 2k +
3
2 + ν
)
×
(ν + 2k − ϕ)ik (ν + 2k + ϕ)ik (2k + 1 + ν)ik−1
(
2k + 12 + ν
)
ik−1
(ν + 2k − ϕ)ik−1 (ν + 2k + ϕ)ik−1 (2k + 1 + ν)ik
(
2k + 12 + ν
)
ik
}
×
∞∑
in=in−1
(ν + 2n− ϕ)in (ν + 2n+ ϕ)in (2n+ 1 + ν)in−1
(
2n + 12 + ν
)
in−1
(ν + 2n− ϕ)in−1 (ν + 2n+ ϕ)in−1 (2n+ 1 + ν)in
(
2n+ 12 + ν
)
in
xin
 ηn
 (7.2.9)
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where

x = cos2z
η = qx2
ϕ =
√
λ+2q
2
Put c0= 1 as ν = 0 for the first kind of independent solutions of Mathieu equation and
ν = 1/2 for the second one in (7.2.9).
Remark 7.2.3 The power series expansion of Mathieu equation of the first kind for
infinite series about x = 0 using R3TRF is
y(x) = MFR
(
q, λ, ϕ =
1
2
√
λ+ 2q; η = qx2, x = cos2z
)
=
∞∑
i0=0
(−ϕ)i0 (ϕ)i0
(1)i0
(
1
2
)
i0
xi0
+
{ ∞∑
i0=0
1
(i0 + 2)
(
i0 +
3
2
) (−ϕ)i0 (ϕ)i0
(1)i0
(
1
2
)
i0
∞∑
i1=i0
(2− ϕ)i1 (2 + ϕ)i1 (3)i0
(
5
2
)
i0
(2− ϕ)i0 (2 + ϕ)i0 (3)i1
(
5
2
)
i1
xi1
}
η
+
∞∑
n=2
{ ∞∑
i0=0
1
(i0 + 2)
(
i0 +
3
2
) (−ϕ)i0 (ϕ)i0
(1)i0
(
1
2
)
i0
×
n−1∏
k=1

∞∑
ik=ik−1
1
(ik + 2k + 2)
(
ik + 2k +
3
2
) (2k − ϕ)ik (2k + ϕ)ik (2k + 1)ik−1 (2k + 12)ik−1
(2k − ϕ)ik−1 (2k + ϕ)ik−1 (2k + 1)ik
(
2k + 12
)
ik

×
∞∑
in=in−1
(2n− ϕ)in (2n+ ϕ)in (2n+ 1)in−1
(
2n+ 12
)
in−1
(2n− ϕ)in−1 (2n+ ϕ)in−1 (2n+ 1)in
(
2n+ 12
)
in
xin
 ηn (7.2.10)
Remark 7.2.4 The power series expansion of Mathieu equation of the second kind for
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infinite series about x = 0 using R3TRF is
y(x) = MSR
(
q, λ, ϕ =
1
2
√
λ+ 2q; η = qx2, x = cos2z
)
= x
1
2
{ ∞∑
i0=0
(
1
2 − ϕ
)
i0
(
1
2 + ϕ
)
i0(
3
2
)
i0
(1)i0
xi0
+
{ ∞∑
i0=0
1(
i0 +
5
2
)
(i0 + 2)
(
1
2 − ϕ
)
i0
(
1
2 + ϕ
)
i0
(32 )i0 (1)i0
∞∑
i1=i0
(
5
2 − ϕ
)
i1
(
5
2 + ϕ
)
i1
(
7
2
)
i0
(3)i0(
5
2 − ϕ
)
i0
(
5
2 + ϕ
)
i0
(
7
2
)
i1
(3)i1
xi1
}
η
+
∞∑
n=2
{ ∞∑
i0=0
1(
i0 +
5
2
)
(i0 + 2)
(
1
2 − ϕ
)
i0
(
1
2 + ϕ
)
i0
(32 )i0 (1)i0
×
n−1∏
k=1

∞∑
ik=ik−1
1(
ik + 2k +
5
2
)
(ik + 2k + 2)
(
2k + 12 − ϕ
)
ik
(
2k + 12 + ϕ
)
ik
(
2k + 32
)
ik−1
(2k + 1)ik−1(
2k + 12 − ϕ
)
ik−1
(
2k + 12 + ϕ
)
ik−1
(
2k + 32
)
ik
(2k + 1)ik

×
∞∑
in=in−1
(
2n + 12 − ϕ
)
in
(
2n + 12 + ϕ
)
in
(
2n + 32
)
in−1
(2n+ 1)in−1(
2n + 12 − ϕ
)
in−1
(
2n+ 12 + ϕ
)
in−1
(
2n+ 32
)
in
(2n + 1)in
xin
 ηn
 (7.2.11)
Two power series expansions of Mathieu equation for infinite series in this chapter and
Ref.[21] are equivalent to each other. In this chapter, Bn is the leading term in sequence
cn of the analytic function y(x). In Ref.[21], An is the leading term in sequence cn of the
analytic function y(x).
For the special case, as |q| ≪ 1 in (7.2.10) and (7.2.11), we have
lim
|q|≪1
MFR
(
q, λ, ϕ =
1
2
√
λ+ 2q; η = qx2, x = cos2z
)
≈
∞∑
i0=0
(
−
√
λ
2
)
i0
(√
λ
2
)
i0
(1)i0
(
1
2
)
i0
xi0
+η
∞∑
i0=0
1
(i0 + 2)
(
i0 +
3
2
)
(
−
√
λ
2
)
i0
(√
λ
2
)
i0
(1)i0
(
1
2
)
i0
∞∑
i1=i0
(
2−
√
λ
2
)
i1
(
2 +
√
λ
2
)
i1
(3)i0
(
5
2
)
i0(
2−
√
λ
2
)
i0
(
2 +
√
λ
2
)
i0
(3)i1
(
5
2
)
i1
xi1
> cos
(√
λsin−1
(√
x
))
(7.2.12a)
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And,
lim
|q|≪1
MSR
(
q, λ, ϕ =
1
2
√
λ+ 2q; η = qx2, x = cos2z
)
≈ x 12

∞∑
i0=0
(
1
2 −
√
λ
2
)
i0
(
1
2 +
√
λ
2
)
i0(
3
2
)
i0
(1)i0
xi0
+ η
∞∑
i0=0
1(
i0 +
5
2
)
(i0 + 2)
(
1
2 −
√
λ
2
)
i0
(
1
2 +
√
λ
2
)
i0
(32)i0 (1)i0
∞∑
i1=i0
(
5
2 −
√
λ
2
)
i1
(
5
2 +
√
λ
2
)
i1
(
7
2
)
i0
(3)i0(
5
2 −
√
λ
2
)
i0
(
5
2 +
√
λ
2
)
i0
(
7
2
)
i1
(3)i1
xi1

>
√
x
1− xcos
(√
λsin−1
(√
x
))
(7.2.12b)
7.2.2 Integral formalism
The Mathieu function could not be constructed in a definite or contour integral form of
any well-known simple functions because of a 3-term recursive relation in its power series
expansion. The three term recurrence relation in power series of Mathieu equation
creates mathematical difficulty to be analyzed it into a direct or contour integrals.
In place of describing the Mathieu function into the integral representation of any simple
functions which have two term recursion in its power series expansion of a linear ordinary
differential equation, in earlier literature the integral equations of the Mathieu function
were constructed by using trigonometric functions kernels, Bessel-function kernels and
etc; such integral relationships express one analytic solution in terms of another analytic
solution such as the Fourier series of the periodic Mathieu functions; one of ce, se, me, Ce
and Se, Me, Ge and Ge functions.[22, 23, 24, 25] There are many other forms of integral
relations in Mathieu equation. [26, 27, 28, 29]
In Ref.[21], I show integral representation (each sub-integral ym(x) where m = 0, 1, 2, · · ·
is composed of 2m terms of definite integrals and m terms of contour integrals) of the
Mathieu function using 3TRF: a Modified Bessel function recurs in each of sub-integral
forms of the Mathieu function.
Now I consider integral forms of the Mathieu function by using R3TRF.
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Polynomial of type 2
Now I consider an integral form of the Mathieu polynomial of type 2 by using R3TRF.
There is a generalized hypergeometric function which is written by
Il =
λl∑
il=il−1
(−λl)il (λl + 4l + 2ν)il (2l + 1 + ν)il−1
(
2l + 12 + ν
)
il−1
(−λl)il−1 (λl + 4l + 2ν)il−1 (2l + 1 + ν)il(2l + 12 + ν)il
xil (7.2.13)
= xil−1
∞∑
j=0
B
(
il−1 + 2l − 12 + ν, j + 1
)
B (il−1 + 2l + ν, j + 1) (il−1 − λl)j (il−1 + λl + 4l + 2ν)j
(il−1 + 2l + ν)−1
(
il−1 + 2l − 12 + ν
)−1
(1)j j!
xj
By using integral form of beta function,
B (il−1 + 2l + ν, j + 1) =
∫ 1
0
dtl t
il−1+2l−1+ν
l (1− tl)j (7.2.14a)
B
(
il−1 + 2l − 1
2
+ ν, j + 1
)
=
∫ 1
0
dul u
il−1+2l− 32+ν
l (1− ul)j (7.2.14b)
Substitute (7.2.14a) and (7.2.14b) into (7.2.13). And divide
(il−1 + 2l + ν)
(
il−1 + 2l − 12 + ν
)
into the new (7.2.13).
Kl =
1
(il−1 + 2l + ν)
(
il−1 + 2l − 12 + ν
)
×
λl∑
il=il−1
(−λl)il (λl + 4l + 2ν)il (2l + 1 + ν)il−1
(
2l + 12 + ν
)
il−1
(−λl)il−1 (λl + 4l + 2ν)il−1 (2l + 1 + ν)il(2l + 12 + ν)il
xil
=
∫ 1
0
dtl t
2l−1+ν
l
∫ 1
0
dul u
2l− 3
2
+ν
l (xtlul)
il−1
×
∞∑
j=0
(il−1 − λl)j (il−1 + λl + 4l + 2ν)j
(1)j j!
[x(1 − tl)(1 − ul)]j
The contour integral form of Gauss hypergeometric function is given by
2F1 (α, β; γ; z) =
∞∑
n=0
(α)n(β)n
(γ)n(n!)
zn
= − 1
2πi
Γ(1− α)Γ(γ)
Γ(γ − α)
∮
dpl (−pl)α−1(1− pl)γ−α−1(1− zpl)−β (7.2.15)
where Re(γ − α) > 0
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replaced α, β, γ and z by il−1 − λl, il−1 + λl + 4l + 2ν, 1 and x(1− tl)(1 − ul) in (7.2.15)
∞∑
j=0
(il−1 − λl)j(il−1 + λl + 4l + 2ν)j
(1)j j!
[x(1− tl)(1− ul)]j
=
1
2πi
∮
dpl
1
pl
(1− x(1− tl)(1− ul)pl)−(4l+2ν)
×
(
pl − 1
pl
1
1− x(1− tl)(1 − ul)pl
)λl ( pl
pl − 1
1
1− x(1− tl)(1− ul)pl
)il−1
(7.2.16)
Substitute (7.2.16) into Kl.
Kl =
1
(il−1 + 2l + ν)
(
il−1 + 2l − 12 + ν
)
×
λl∑
il=il−1
(−λl)il (λl + 4l + 2ν)il (2l + 1 + ν)il−1
(
2l + 12 + ν
)
il−1
(−λl)il−1 (λl + 4l + 2ν)il−1 (2l + 1 + ν)il(2l + 12 + ν)il
xil
=
∫ 1
0
dtl t
2l−1+ν
l
∫ 1
0
dul u
2l− 3
2
+ν
l
1
2πi
∮
dpl
1
pl
(1− x(1− tl)(1 − ul)pl)−(4l+2ν)
×
(
pl − 1
pl
1
1− x(1− tl)(1− ul)pl
)λl ( pl
pl − 1
xtlul
1− x(1− tl)(1 − ul)pl
)il−1
(7.2.17)
Substitute (7.2.17) into (7.2.3) where l = 1, 2, 3, · · · ; apply K1 into the second summation
of sub-power series y1(x), apply K2 into the third summation and K1 into the second
summation of sub-power series y2(x), apply K3 into the forth summation, K2 into the
third summation and K1 into the second summation of sub-power series y3(x), etc.
6
Theorem 7.2.5 The general representation in the form of integral of the Mathieu
6y1(x) means the sub-power series in (7.2.3) contains one term of B
′
ns, y2(x) means the sub-power series
in (7.2.3) contains two terms of B′ns, y3(x) means the sub-power series in (7.2.3) contains three terms of
B′ns, etc.
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polynomial of type 2 is given by
y(x) =
∞∑
n=0
yn(x) = y0(x) + y1(x) + y2(x) + y3(x) + · · ·
= c0x
ν
{
λ0∑
i0=0
(−λ0)i0 (λ0 + 2ν)i0
(1 + ν)i0
(
ν + 12
)
i0
xi0
+
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)−1+ν
n−k
∫ 1
0
dun−k u
2(n−k)− 3
2
+ν
n−k
× 1
2πi
∮
dpn−k
1
pn−k
(1− wn−k+1,n(1− tn−k)(1− un−k)pn−k)−(4(n−k)+2ν)
×
(
pn−k − 1
pn−k
1
1− wn−k+1,n(1− tn−k)(1 − un−k)pn−k
)λn−k }
×
λ0∑
i0=0
(−λ0)i0 (λ0 + 2ν)i0
(1 + ν)i0
(
ν + 12
)
i0
wi01,n
}
ηn
}
(7.2.18)
where
wi,j =

pi
(pi − 1)
wi+1,jtiui
1− wi+1,jpi(1− ti)(1− ui) where i ≤ j
x only if i > j
In the above, the first sub-integral form contains one term of B′ns, the second one
contains two terms of Bn’s, the third one contains three terms of Bn’s, etc.
Proof According to (7.2.3),
y(x) =
∞∑
n=0
yn(x) = y0(x) + y1(x) + y2(x) + y3(x) + · · · (7.2.19)
In the above, the power series expansions of sub-summation y0(x), y1(x), y2(x) and y3(x)
of Mathieu equation using R3TRF about x = 0 are
y0(x) = c0x
ν
λ0∑
i0=0
(−λ0)i0 (λ0 + 2ν)i0
(1 + ν)i0
(
1
2 + ν
)
i0
xi0 (7.2.20a)
y1(x) = c0x
ν
{
λ0∑
i0=0
1
(i0 + 2 + ν)
(
i0 +
3
2 + ν
) (−λ0)i0 (λ0 + 2ν)i0
(1 + ν)i0
(
1
2 + ν
)
i0
×
λ1∑
i1=i0
(−λ1)i1 (λ1 + 4 + 2ν)i1 (3 + ν)i0
(
5
2 + ν
)
i0
(−λ1)i0 (λ1 + 4 + 2ν)i0 (3 + ν)i1
(
5
2 + ν
)
i1
xi1
}
η (7.2.20b)
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y2(x) = c0x
ν
{
λ0∑
i0=0
1
(i0 + 2 + ν)
(
i0 +
3
2 + ν
) (−λ0)i0 (λ0 + 2ν)i0
(1 + ν)i0
(
1
2 + ν
)
i0
×
λ1∑
i1=i0
1
(i1 + 4 + ν)
(
i1 +
7
2 + ν
) (−λ1)i1 (λ1 + 4 + 2ν)i1 (3 + ν)i0 (52 + ν)i0
(−λ1)i0 (λ1 + 4 + 2ν)i0 (3 + ν)i1
(
5
2 + ν
)
i1
×
λ2∑
i2=i1
(−λ2)i2 (λ2 + 8 + 2ν)i2 (5 + ν)i1
(
9
2 + ν
)
i1
(−λ2)i1 (λ2 + 8 + 2ν)i1 (5 + ν)i2
(
9
2 + ν
)
i2
xi2
}
η2 (7.2.20c)
y3(x) = c0x
ν
{
λ0∑
i0=0
1
(i0 + 2 + ν)
(
i0 +
3
2 + ν
) (−λ0)i0 (λ0 + 2ν)i0
(1 + ν)i0
(
1
2 + ν
)
i0
×
λ1∑
i1=i0
1
(i1 + 4 + ν)
(
i1 +
7
2 + ν
) (−λ1)i1 (λ1 + 4 + 2ν)i1 (3 + ν)i0 (52 + ν)i0
(−λ1)i0 (λ1 + 4 + 2ν)i0 (3 + ν)i1
(
5
2 + ν
)
i1
×
λ2∑
i2=i1
1
(i2 + 6 + ν)
(
i2 +
11
2 + ν
) (−λ2)i2 (λ2 + 8 + 2ν)i2 (5 + ν)i1 (92 + ν)i1
(−λ2)i1 (λ2 + 8 + 2ν)i1 (5 + ν)i2
(
9
2 + ν
)
i2
×
λ3∑
i3=i2
(−λ3)i3 (λ3 + 12 + 2ν)i3 (7 + ν)i2
(
13
2 + ν
)
i2
(−λ3)i2 (λ3 + 12 + 2ν)i2 (7 + ν)i3
(
13
2 + ν
)
i3
xi3
}
η3 (7.2.20d)
Put l = 1 in (7.2.17). Take the new (7.2.17) into (7.2.20b).
y1(x) =
∫ 1
0
dt1 t
1+ν
1
∫ 1
0
du1 u
1
2
+ν
1
1
2πi
∮
dp1
1
p1
(1− x(1− t1)(1− u1)p1)−(4+2ν)
×
(
p1 − 1
p1
1
1− x(1− t1)(1− u1)p1
)λ1 {
c0x
ν
λ0∑
i0=0
(−λ0)i0 (λ0 + 2ν)i0
(1 + ν)i0
(
1
2 + ν
)
i0
wi01,1
}
η (7.2.21)
where
w1,1 =
p1
p1 − 1
xt1u1
1− x(1− t1)(1− u1)p1
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Put l = 2 in (7.2.17). Take the new (7.2.17) into (7.2.20c).
y2(x) = c0x
ν
∫ 1
0
dt2 t
3+ν
2
∫ 1
0
du2 u
5
2
+ν
2
1
2πi
∮
dp2
1
p2
(1− x(1− t2)(1− u2)p2)−(8+2ν)
×
(
p2 − 1
p2
1
1− x(1− t2)(1− u2)p2
)λ2
×
{
λ0∑
i0=0
1
(i0 + 2 + ν)
(
i0 +
3
2 + ν
) (−λ0)i0 (λ0 + 2ν)i0
(1 + ν)i0
(
1
2 + ν
)
i0
×
λ1∑
i1=i0
(−λ1)i1 (λ1 + 4 + 2ν)i1 (3 + ν)i0
(
5
2 + ν
)
i0
(−λ1)i0 (λ1 + 4 + 2ν)i0 (3 + ν)i1
(
5
2 + ν
)
i1
wi12,2
}
η2 (7.2.22)
where
w2,2 =
p2
p2 − 1
xt2u2
1− x(1− t2)(1− u2)p2
Put l = 1 and η = w2,2 in (7.2.17). Take the new (7.2.17) into (7.2.22).
y2(x) =
∫ 1
0
dt2 t
3+ν
2
∫ 1
0
du2 u
5
2
+ν
2
1
2πi
∮
dp2
1
p2
(1− x(1− t2)(1− u2)p2)−(8+2ν)
×
(
p2 − 1
p2
1
1− x(1− t2)(1− u2)p2
)λ2
×
∫ 1
0
dt1 t
1+ν
1
∫ 1
0
du1 u
1
2
+ν
1
1
2πi
∮
dp1
1
p1
(1− w2,2(1− t1)(1 − u1)p1)−(4+2ν)
×
(
p1 − 1
p1
1
1− w2,2(1− t1)(1− u1)p1
)λ1 {
c0x
ν
λ0∑
i0=0
(−λ0)i0 (λ0 + 2ν)i0
(1 + ν)i0
(
1
2 + ν
)
i0
wi01,2
}
η2 (7.2.23)
where
w1,2 =
p1
p1 − 1
w2,2t1u1
1− w2,2(1− t1)(1− u1)p1
By using similar process for the previous cases of integral forms of y1(x) and y2(x), the
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integral form of sub-power series expansion of y3(x) is
y3(x) =
∫ 1
0
dt3 t
5+ν
3
∫ 1
0
du3 u
9
2
+ν
3
1
2πi
∮
dp3
1
p3
(1− x(1− t3)(1− u3)p3)−(12+2ν)
×
(
p3 − 1
p3
1
1− x(1− t3)(1− u3)p3
)λ3
×
∫ 1
0
dt2 t
3+ν
2
∫ 1
0
du2 u
5
2
+ν
2
1
2πi
∮
dp2
1
p2
(1− w3,3(1− t2)(1 − u2)p2)−(8+2ν)
×
(
p2 − 1
p2
1
1− w3,3(1− t2)(1− u2)p2
)λ2
×
∫ 1
0
dt1 t
1+ν
1
∫ 1
0
du1 u
1
2
+ν
1
1
2πi
∮
dp1
1
p1
(1− w2,3(1− t1)(1 − u1)p1)−(4+2ν)
×
(
p1 − 1
p1
1
1− w2,3(1− t1)(1− u1)p1
)λ1 {
c0x
ν
λ0∑
i0=0
(−λ0)i0 (λ0 + 2ν)i0
(1 + ν)i0
(
1
2 + ν
)
i0
wi01,3
}
η3 (7.2.24)
where

w3,3 =
p3
p3−1
xt3u3
1−x(1−t3)(1−u3)p3
w2,3 =
p2
p2−1
w3,3t2u2
1−w3,3(1−t2)(1−u2)p2
w1,3 =
p1
p1−1
w2,3t1u1
1−w2,3(1−t1)(1−u1)p1
By repeating this process for all higher terms of integral forms of sub-summation ym(x)
terms where m ≥ 4, we obtain every integral forms of ym(x) terms. Substitute (7.2.20a),
(7.2.21), (7.2.23), (7.2.24) and including all integral forms of ym(x) terms where m ≥ 4
into (7.2.18).
Put c0= 1 as ν = 0 for the first kind of independent solutions of Mathieu equation and
ν = 1/2 for the second one in (7.2.18).
Remark 7.2.6 The integral representation of Mathieu equation of the first kind for
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polynomial of type 2 about x = 0 as λ = 22(λj + 2j)
2 − 2q where j, λj ∈ N0 is
y(x) = MFRλj
(
q, λ = 22(λj + 2j)
2 − 2q; η = qx2, x = cos2z)
= 2F1
(
−λ0, λ0; 1
2
;x
)
+
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)−1
n−k
∫ 1
0
dun−k u
2(n−k)− 3
2
n−k
× 1
2πi
∮
dpn−k
1
pn−k
(1− wn−k+1,n(1− tn−k)(1− un−k)pn−k)−4(n−k)
×
(
pn−k − 1
pn−k
1
1−wn−k+1,n(1− tn−k)(1− un−k)pn−k
)λn−k }
× 2F1
(
−λ0, λ0; 1
2
;w1,n
)}
ηn (7.2.25)
Remark 7.2.7 The integral representation of Mathieu equation of the second kind for
polynomial of type 2 about x = 0 as λ = 22 (λj + 2j + 1/2)
2 − 2q where j, λj ∈ N0 is
y(x) = MSRλj
(
q, λ = 22 (λj + 2j + 1/2)
2 − 2q; η = qx2, x = cos2z
)
= x
1
2
{
2F1
(
−λ0, λ0 + 1; 3
2
;x
)
+
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)− 1
2
n−k
∫ 1
0
dun−k u
2(n−k)−1
n−k
× 1
2πi
∮
dpn−k
1
pn−k
(1−wn−k+1,n(1− tn−k)(1− un−k)pn−k)−(4(n−k)+1)
×
(
pn−k − 1
pn−k
1
1− wn−k+1,n(1− tn−k)(1 − un−k)pn−k
)λn−k }
× 2F1
(
−λ0, λ0 + 1; 3
2
;w1,n
)}
ηn
}
(7.2.26)
Infinite series
Let’s consider the integral representation of Mathieu equation about x = 0 for infinite
series by applying R3TRF. There is a generalized hypergeometric function which is
written by
Ml =
∞∑
il=il−1
(ν + 2l − ϕ)il (ν + 2l + ϕ)il (2l + 1 + ν)il−1
(
2l + 12 + ν
)
il−1
(ν + 2l − ϕ)il−1 (ν + 2l + ϕ)il−1 (2l + 1 + ν)il(2l + 12 + ν)il
xil (7.2.27)
= xil−1
∞∑
j=0
B
(
il−1 + 2l − 12 + ν, j + 1
)
B (il−1 + 2l + ν, j + 1) (ν + 2l − ϕ+ il−1)j (ν + 2l + ϕ+ il−1)j
(il−1 + 2l + ν)−1
(
il−1 + 2l − 12 + ν
)−1
(1)j j!
xj
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Substitute (7.2.14a) and (7.2.14b) into (7.2.27). And divide
(il−1 + 2l + ν)
(
il−1 + 2l − 12 + ν
)
into the new (7.2.27).
Vl =
1
(il−1 + 2l + ν)
(
il−1 + 2l − 12 + ν
)
×
∞∑
il=il−1
(ν + 2l − ϕ)il (ν + 2l + ϕ)il (2l + 1 + ν)il−1
(
2l + 12 + ν
)
il−1
(ν + 2l − ϕ)il−1 (ν + 2l + ϕ)il−1 (2l + 1 + ν)il(2l + 12 + ν)il
xil
=
∫ 1
0
dtl t
2l−1+ν
l
∫ 1
0
dul u
2l− 3
2
+ν
l (xtlul)
il−1
×
∞∑
j=0
(ν + 2l − ϕ+ il−1)j (ν + 2l + ϕ+ il−1)j
(1)j j!
(x(1− tl)(1 − ul))j
The hypergeometric function is defined by
2F1 (α, β; γ; z) =
∞∑
n=0
(α)n(β)n
(γ)n(n!)
zn
=
1
2πi
Γ(1 + α− γ)
Γ(α)
∫ (1+)
0
dvl (−1)γ(−vl)α−1(1− vl)γ−α−1(1− zvl)−β (7.2.28)
where γ − α 6= 1, 2, 3, · · · , Re(α) > 0
Replace α, β, γ and z by ν + 2l − ϕ+ il−1, ν + 2l + ϕ+ il−1, 1 and x(1− tl)(1− ul) in
(7.2.28). Take the new (7.2.28) into Vl.
Vl =
1
(il−1 + 2l + ν)
(
il−1 + 2l − 12 + ν
)
×
∞∑
il=il−1
(ν + 2l − ϕ)il (ν + 2l + ϕ)il (2l + 1 + ν)il−1
(
2l + 12 + ν
)
il−1
(ν + 2l − ϕ)il−1 (ν + 2l + ϕ)il−1 (2l + 1 + ν)il(2l + 12 + ν)il
xil
=
∫ 1
0
dtl t
2l−1+ν
l
∫ 1
0
dul u
2l− 3
2
+ν
l
1
2πi
∮
dpl
1
pl
(
pl − 1
pl
)−(ν+2l)+ϕ
×(1− x(1− tl)(1− ul)pl)−(ν+2l)−ϕ
(
pl
pl − 1
xtlul
1− x(1− tl)(1− ul)pl
)il−1
(7.2.29)
Substitute (7.2.29) into (7.2.9) where l = 1, 2, 3, · · · ; apply V1 into the second summation
of sub-power series y1(x), apply V2 into the third summation and V1 into the second
summation of sub-power series y2(x), apply V3 into the forth summation, V2 into the
third summation and V1 into the second summation of sub-power series y3(x), etc.
7
7y1(x) means the sub-power series in (7.2.9) contains one term of B
′
ns, y2(x) means the sub-power series
in (7.2.9) contains two terms of B′ns, y3(x) means the sub-power series in (7.2.9) contains three terms of
B′ns, etc.
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Theorem 7.2.8 The general expression of an integral form of Mathieu equation for
infinite series about x = 0 using R3TRF is given by
y(x) =
∞∑
n=0
yn(x) = y0(x) + y1(x) + y2(x) + y3(x) + · · ·
= c0x
ν
{ ∞∑
i0=0
(ν − ϕ)i0 (ν + ϕ)i0
(1 + ν)i0
(
ν + 12
)
i0
xi0
+
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)−1+ν
n−k
∫ 1
0
dun−k u
2(n−k)− 3
2
+ν
n−k
× 1
2πi
∮
dpn−k
1
pn−k
(
pn−k − 1
pn−k
)−(ν+2(n−k))+ϕ
× (1− wn−k+1,n(1− tn−k)(1− un−k)pn−k)−(ν+2(n−k))−ϕ
}
×
∞∑
i0=0
(ν − ϕ)i0 (ν + ϕ)i0
(1 + ν)i0
(
ν + 12
)
i0
wi01,n
}
ηn
}
(7.2.30)
where
ϕ =
1
2
√
λ+ 2q
In the above, the first sub-integral form contains one term of B′ns, the second one
contains two terms of Bn’s, the third one contains three terms of Bn’s, etc.
Proof In (7.2.9) sub-power series y0(x), y1(x), y2(x) and y3(x) of Mathieu equation for
infinite series about x = 0 using R3TRF are given by
y0(x) = c0x
ν
∞∑
i0=0
(ν − ϕ)i0 (ν + ϕ)i0
(1 + ν)i0
(
1
2 + ν
)
i0
xi0 (7.2.31a)
y1(x) = c0x
ν
{ ∞∑
i0=0
1
(i0 + 2 + ν)
(
i0 +
3
2 + ν
) (ν − ϕ)i0 (ν + ϕ)i0
(1 + ν)i0
(
1
2 + ν
)
i0
×
∞∑
i1=i0
(ν + 2− ϕ)i1 (ν + 2 + ϕ)i1 (3 + ν)i0
(
5
2 + ν
)
i0
(ν + 2− ϕ)i0 (ν + 2 + ϕ)i0 (3 + ν)i1
(
5
2 + ν
)
i1
xi1
}
η (7.2.31b)
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y2(x) = c0x
ν
{ ∞∑
i0=0
1
(i0 + 2 + ν)
(
i0 +
3
2 + ν
) (ν − ϕ)i0 (ν + ϕ)i0
(1 + ν)i0
(
1
2 + ν
)
i0
×
∞∑
i1=i0
1
(i1 + 4 + ν)
(
i1 +
7
2 + ν
) (ν + 2− ϕ)i1 (ν + 2 + ϕ)i1 (3 + ν)i0 (52 + ν)i0
(ν + 2− ϕ)i0 (ν + 2 + ϕ)i0 (3 + ν)i1
(
5
2 + ν
)
i1
×
∞∑
i2=i1
(ν + 4− ϕ)i2 (ν + 4 + ϕ)i2 (5 + ν)i1
(
9
2 + ν
)
i1
(ν + 4− ϕ)i1 (ν + 4 + ϕ)i1 (5 + ν)i2
(
9
2 + ν
)
i2
xi2
}
η2 (7.2.31c)
y3(x) = c0x
ν
{ ∞∑
i0=0
1
(i0 + 2 + ν)
(
i0 +
3
2 + ν
) (ν − ϕ)i0 (ν + ϕ)i0
(1 + ν)i0
(
1
2 + ν
)
i0
×
∞∑
i1=i0
1
(i1 + 4 + ν)
(
i1 +
7
2 + ν
) (ν + 2− ϕ)i1 (ν + 2 + ϕ)i1 (3 + ν)i0 (52 + ν)i0
(ν + 2− ϕ)i0 (ν + 2 + ϕ)i0 (3 + ν)i1
(
5
2 + ν
)
i1
×
∞∑
i2=i1
1
(i2 + 6 + ν)
(
i2 +
11
2 + ν
) (ν + 4− ϕ)i2 (ν + 4 + ϕ)i2 (5 + ν)i1 (92 + ν)i1
(ν + 4− ϕ)i1 (ν + 4 + ϕ)i1 (5 + ν)i2
(
9
2 + ν
)
i2
×
∞∑
i3=i2
(ν + 6− ϕ)i3 (ν + 6 + ϕ)i3 (7 + ν)i2
(
13
2 + ν
)
i2
(ν + 6− ϕ)i2 (ν + 6 + ϕ)i2 (7 + ν)i3
(
13
2 + ν
)
i3
xi3
}
η3 (7.2.31d)
Put l = 1 in (7.2.29). Take the new (7.2.29) into (7.2.31b).
y1(x) =
∫ 1
0
dt1 t
1+ν
1
∫ 1
0
du1 u
1
2
+ν
1
1
2πi
∮
dp1
1
p1
(
p1 − 1
p1
)−(ν+2)+ϕ
×(1− x(1− t1)(1 − u1)p1)−(ν+2)−ϕ
{
c0x
ν
∞∑
i0=0
(ν − ϕ)i0 (ν + ϕ)i0
(1 + ν)i0
(
1
2 + ν
)
i0
wi01,1
}
η (7.2.32)
where
w1,1 =
p1
p1 − 1
xt1u1
1− x(1− t1)(1− u1)p1
Put l = 2 in (7.2.29). Take the new (7.2.29) into (7.2.31c).
y2(x) = c0x
ν
∫ 1
0
dt2 t
3+ν
2
∫ 1
0
du2 u
5
2
+ν
2
1
2πi
∮
dp2
1
p2
(
p2 − 1
p2
)−(ν+4)+ϕ
×(1− x(1− t2)(1 − u2)p2)−(ν+4)−ϕ
×
{ ∞∑
i0=0
1
(i0 + 2 + ν)
(
i0 +
3
2 + ν
) (ν − ϕ)i0 (ν + ϕ)i0
(1 + ν)i0
(
1
2 + ν
)
i0
×
∞∑
i1=i0
(ν + 2− ϕ)i1 (ν + 2 + ϕ)i1 (3 + ν)i0
(
5
2 + ν
)
i0
(ν + 2− ϕ)i0 (ν + 2 + ϕ)i0 (3 + ν)i1
(
5
2 + ν
)
i1
wi12,2
}
η2 (7.2.33)
7.2. MATHIEU EQUATION ABOUT REGULAR SINGULAR POINT AT ZERO 315
where
w2,2 =
p2
p2 − 1
xt2u2
1− x(1− t2)(1− u2)p2
Put l = 1 and η = w2,2 in (7.2.29). Take the new (7.2.29) into (7.2.33).
y2(x) =
∫ 1
0
dt2 t
3+ν
2
∫ 1
0
du2 u
5
2
+ν
2
1
2πi
∮
dp2
1
p2
(
p2 − 1
p2
)−(ν+4)+ϕ
×(1− x(1− t2)(1 − u2)p2)−(ν+4)−ϕ
×
∫ 1
0
dt1 t
1+ν
1
∫ 1
0
du1 u
1
2
+ν
1
1
2πi
∮
dp1
1
p1
(
p1 − 1
p1
)−(ν+2)+ϕ
×(1− w2,2(1− t1)(1− u1)p1)−(ν+2)−ϕ
{
c0x
ν
∞∑
i0=0
(ν − ϕ)i0 (ν + ϕ)i0
(1 + ν)i0
(
1
2 + ν
)
i0
wi01,2
}
η2 (7.2.34)
where
w1,2 =
p1
p1 − 1
w2,2t1u1
1− w2,2(1− t1)(1− u1)p1
By using similar process for the previous cases of integral forms of y1(x) and y2(x), the
integral form of sub-power series expansion of y3(x) is
y3(x) =
∫ 1
0
dt3 t
5+ν
3
∫ 1
0
du3 u
9
2
+ν
3
1
2πi
∮
dp3
1
p3
(
p3 − 1
p3
)−(ν+6)+ϕ
×(1− x(1− t3)(1 − u3)p3)−(ν+6)−ϕ
×
∫ 1
0
dt2 t
3+ν
2
∫ 1
0
du2 u
5
2
+ν
2
1
2πi
∮
dp2
1
p2
(
p2 − 1
p2
)−(ν+4)+ϕ
×(1− w3,3(1− t2)(1− u2)p2)−(ν+4)−ϕ
×
∫ 1
0
dt1 t
1+ν
1
∫ 1
0
du1 u
1
2
+ν
1
1
2πi
∮
dp1
1
p1
(
p1 − 1
p1
)−(ν+2)+ϕ
×(1− w2,3(1− t1)(1− u1)p1)−(ν+2)−ϕ
{
c0x
ν
∞∑
i0=0
(ν − ϕ)i0 (ν + ϕ)i0
(1 + ν)i0
(
1
2 + ν
)
i0
wi01,3
}
η3 (7.2.35)
where 
w3,3 =
p3
p3−1
xt3u3
1−x(1−t3)(1−u3)p3
w2,3 =
p2
p2−1
w3,3t2u2
1−w3,3(1−t2)(1−u2)p2
w1,3 =
p1
p1−1
w2,3t1u1
1−w2,3(1−t1)(1−u1)p1
By repeating this process for all higher terms of integral forms of sub-summation ym(x)
terms where m ≥ 4, we obtain every integral forms of ym(x) terms. Since we substitute
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(7.2.31a), (7.2.32), (7.2.34), (7.2.35) and including all integral forms of ym(x) terms where
m ≥ 4 into (7.2.9), we obtain (7.2.30).8
Put c0= 1 as ν = 0 for the first kind of independent solutions of Mathieu equation and
ν = 1/2 for the second one in (7.2.30).
Remark 7.2.9 The integral representation of Mathieu equation of the first kind for
infinite series about x = 0 using R3TRF is
y(x) = MFR
(
q, λ, ϕ =
1
2
√
λ+ 2q; η = qx2, x = cos2z
)
= 2F1
(
−ϕ,ϕ; 1
2
;x
)
+
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)−1
n−k
∫ 1
0
dun−k u
2(n−k)− 3
2
n−k
× 1
2πi
∮
dpn−k
1
pn−k
(
pn−k − 1
pn−k
)−2(n−k)+ϕ
× (1− wn−k+1,n(1− tn−k)(1 − un−k)pn−k)−2(n−k)−ϕ
}
× 2F1
(
−ϕ,ϕ; 1
2
;w1,n
)}
ηn (7.2.36)
Remark 7.2.10 The integral representation of Mathieu equation of the second kind for
infinite series about x = 0 using R3TRF is
y(x) = MSR
(
q, λ, ϕ =
1
2
√
λ+ 2q; η = qx2, x = cos2z
)
= x
1
2
{
2F1
(
1
2
− ϕ, 1
2
+ ϕ;
3
2
;x
)
+
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)− 1
2
n−k
∫ 1
0
dun−k u
2(n−k)−1
n−k
× 1
2πi
∮
dpn−k
1
pn−k
(
pn−k − 1
pn−k
)−(2(n−k)+ 1
2
)+ϕ
× (1− wn−k+1,n(1− tn−k)(1 − un−k)pn−k)−(2(n−k)+
1
2
)−ϕ
}
× 2F1
(
1
2
− ϕ, 1
2
+ ϕ;
3
2
;w1,n
)}
ηn
}
(7.2.37)
8Or replace the finite summation with an interval [0, λ0] by infinite summation with an interval [0,∞]
in (7.2.18). Replace λ0 and λn−k by
1
2
√
λ+ 2q− ν and 1
2
√
λ+ 2q − 2(n− k)− ν into the new (7.2.18). Its
solution is also equivalent to (7.2.30)
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Two integral forms of Mathieu equation for infinite series in this chapter and Ref.[21] are
equivalent to each other. In this chapter, 2F1 function recurs in each of sub-integral forms
of the Mathieu function. In Ref.[21], the Modified Bessel function recurs in each of
sub-integral forms of it.
7.2.3 Generating function for the Mathieu polynomial of type 2
I consider the generating function for the Mathieu polynomial of type 2. Since its
generating function is derived, we might be possible to construct orthogonal relations of
it.
Lemma 7.2.11 The generating function for Jacobi polynomial using hypergeometric
functions is given by
∞∑
λ0=0
(γ)λ0
λ0!
wλ0 2F1(−λ0, λ0 +A; γ;x) (7.2.38)
= 2A−1
(
1− w +
√
w2 − 2(1− 2x)w + 1
)1−γ (
1 + w +
√
w2 − 2(1− 2x)w + 1
)γ−A
√
w2 − 2(1− 2x)w + 1
where |w| < 1
Proof Jacobi polynomial P
(α,β)
n (x) can be written in terms of hypergeometric function
using
2F1(−n, n+ α+ β + 1;α+ 1;x) = n!
(α+ 1)n
P (α,β)n (1− 2x) (7.2.39)
And
P (α,β)n (x) =
Γ(n+ α+ 1)
n!Γ(n+ α+ β + 1)
n∑
m=0
(
n
m
)
Γ(n+m+ α+ β + 1)
Γ(m+ α+ 1)
(
x− 1
2
)m
(7.2.40)
The generating function for the Jacobi polynomials is witten by
∞∑
n=0
P (α,β)n (x)w
n = 2α+β
(
1− w +√w2 − 2xw + 1
)−α (
1 + w +
√
w2 − 2xw + 1
)−β
√
w2 − 2xw + 1
(7.2.41)
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Replace n, α and β by λ0, γ − 1 and A− γ in (7.2.39), and acting the summation
operator
∞∑
λ0=0
(γ)λ0
λ0!
wλ0 on the new (7.2.39)
∞∑
λ0=0
(γ)λ0
λ0!
wλ0 2F1(−λ0, λ0 +A; γ;x) =
∞∑
λ0=0
P (γ−1,A−γ)n (1− 2x)wλ0 (7.2.42)
Replace α, β and x by γ − 1, A− γ and 1− 2x in (7.2.41). As we take the new (7.2.41)
into (7.2.42), we obtain (7.2.38).
Definition 7.2.12 I define that
sa,b =
{
sa · sa+1 · sa+2 · · · sb−2 · sb−1 · sb if a > b
sa if a = b
w˜i,j =

w˜i+1,j tiui {1 + (si + 2w˜i+1,j(1− ti)(1 − ui))si}
2(1 − w˜i+1,j(1− ti)(1− ui))2si
−
w˜i+1,j tiui(1 + si)
√
s2i − 2(1− 2w˜i+1,j(1− ti)(1− ui))si + 1
2(1 − w˜i+1,j(1− ti)(1− ui))2si where i < j
xtiui {1 + (si,∞ + 2x(1− ti)(1 − ui))si,∞}
2(1 − x(1− ti)(1 − ui))2si,∞
−
xtiui(1 + si,∞)
√
s2i,∞ − 2(1 − 2x(1− ti)(1− ui))si,∞ + 1
2(1 − x(1− ti)(1− ui))2si,∞ where i = j
(7.2.43)
where
a, b, i, j ∈ N0
And we have
∞∑
λi=λj
sλii =
s
λj
i
(1− si) (7.2.44)
Acting the summation operator
∞∑
λ0=0
(γ′)λ0
λ0!
sλ00
∞∏
n=1

∞∑
λn=λn−1
sλnn
 on (7.2.18) where
|si| < 1 as i = 0, 1, 2, · · · by using (7.2.43) and (7.2.44),
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Theorem 7.2.13 The general expression of the generating function for the Mathieu
polynomial of type 2 is given by
∞∑
λ0=0
(γ′)λ0
λ0!
sλ00
∞∏
n=1

∞∑
λn=λn−1
sλnn
 y(x)
=
∞∏
l=1
1
(1− sl,∞)Υ(ν; s0,∞;x)
+
{ ∞∏
l=2
1
(1− sl,∞)
∫ 1
0
dt1 t
1+ν
1
∫ 1
0
du1 u
1
2
+ν
1
←→
Ξ 1 (ν; s1,∞; t1, u1, x)Υ(ν; s0; w˜1,1)
}
η
+
∞∑
n=2
{ ∞∏
l=n+1
1
(1− sl,∞)
∫ 1
0
dtn t
2n−1+ν
n
∫ 1
0
dun u
2n− 3
2
+ν
n
←→
Ξ n (ν; sn,∞; tn, un, x)
×
n−1∏
k=1
{∫ 1
0
dtn−k t
2(n−k)−1+ν
n−k
∫ 1
0
dun−k u
2(n−k)− 3
2
+ν
n−k
←→
Ξ n−k (ν; sn−k; tn−k, un−k, w˜n−k+1,n)
}
×Υ(ν; s0; w˜1,n)
}
ηn (7.2.45)
where

←→
Ξ 1 (ν; s1,∞; t1, u1, x) =
(
1+s1,∞+
√
s21,∞−2(1−2x(1−t1)(1−u1))s1,∞+1
2
)−(3+2ν)
√
s21,∞ − 2(1 − 2x(1 − t1)(1− u1))s1,∞ + 1
←→
Ξ n (ν; sn,∞; tn, un, x) =
(
1+sn,∞+
√
s2n,∞−2(1−2x(1−tn)(1−un))sn,∞+1
2
)−(4n−1+2ν)
√
s2n,∞ − 2(1− 2x(1− tn)(1− un))sn,∞ + 1←→
Ξ n−k (ν; sn−k; tn−k, un−k, w˜n−k+1,n)
=
(
1+sn−k+
√
s2n−k−2(1−2w˜n−k+1,n(1−tn−k)(1−un−k))sn−k+1
2
)−(4(n−k)−1+2ν)
√
s2n−k − 2(1− 2w˜n−k+1,n(1− tn−k)(1− un−k))sn−k + 1
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and

Υ(ν; s0,∞;x) =
∞∑
λ0=0
(γ′)λ0
λ0!
sλ00,∞
(
c0x
ν
λ0∑
i0=0
(−λ0)i0 (λ0 + 2ν)i0
(1 + ν)i0
(
1
2 + ν
)
i0
xi0
)
Υ(ν; s0; w˜1,1) =
∞∑
λ0=0
(γ′)λ0
λ0!
sλ00
(
c0x
ν
λ0∑
i0=0
(−λ0)i0 (λ0 + 2ν)i0
(1 + ν)i0
(
1
2 + ν
)
i0
w˜i01,1
)
Υ(ν; s0; w˜1,n) =
∞∑
λ0=0
(γ′)λ0
λ0!
sλ00
(
c0x
ν
λ0∑
i0=0
(−λ0)i0 (λ0 + 2ν)i0
(1 + ν)i0
(
1
2 + ν
)
i0
w˜i01,n
)
Proof Acting the summation operator
∞∑
λ0=0
(γ′)λ0
λ0!
sλ00
∞∏
n=1

∞∑
λn=λn−1
sλnn
 on the form of
integral of the Mathieu polynomial of type 2 y(x),
∞∑
λ0=0
(γ′)λ0
λ0!
sλ00
∞∏
n=1

∞∑
λn=λn−1
sλnn
 y(x) (7.2.46)
=
∞∑
λ0=0
(γ′)λ0
λ0!
sλ00
∞∏
n=1

∞∑
λn=λn−1
sλnn
{y0(x) + y1(x) + y2(x) + y3(x) + · · ·}
Acting the summation operator
∞∑
λ0=0
(γ′)λ0
λ0!
sλ00
∞∏
n=1

∞∑
λn=λn−1
sλnn
 on (7.2.20a),
∞∑
λ0=0
(γ′)λ0
λ0!
sλ00
∞∏
n=1

∞∑
λn=λn−1
sλnn
 y0(x)
=
∞∏
l=1
1
(1− sl,∞)
∞∑
λ0=0
(γ′)λ0
λ0!
sλ00,∞
(
c0x
ν
λ0∑
i0=0
(−λ0)i0 (λ0 + 2ν)i0
(1 + ν)i0
(
1
2 + ν
)
i0
xi0
)
(7.2.47)
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Acting the summation operator
∞∑
λ0=0
(γ′)λ0
λ0!
sλ00
∞∏
n=1

∞∑
λn=λn−1
sλnn
 on (7.2.21),
∞∑
λ0=0
(γ′)λ0
λ0!
sλ00
∞∏
n=1

∞∑
λn=λn−1
sλnn
 y1(x)
=
∞∏
l=2
1
(1− sl,∞)
∫ 1
0
dt1 t
1+ν
1
∫ 1
0
du1 u
1
2
+ν
1
1
2πi
∮
dp1
1
p1
(1− x(1− t1)(1− u1)p1)−(4+2ν)
×
∞∑
λ1=λ0
(
p1 − 1
p1
s1,∞
1− x(1− t1)(1− u1)p1
)λ1 ∞∑
λ0=0
(γ′)λ0
λ0!
sλ00
(
c0x
ν
λ0∑
i0=0
(−λ0)i0 (λ0 + 2ν)i0
(1 + ν)i0
(
1
2 + ν
)
i0
wi01,1
)
η (7.2.48)
Replace λi, λj and si by λ1, λ0 and
p1 − 1
p1
s1,∞
1− x(1− t1)(1 − u1)p1 in (7.2.44). Take the
new (7.2.44) into (7.2.48).
∞∑
λ0=0
(γ′)λ0
λ0!
sλ00
∞∏
n=1

∞∑
λn=λn−1
sλnn
 y1(x)
=
∞∏
l=2
1
(1− sl,∞)
∫ 1
0
dt1 t
1+ν
1
∫ 1
0
du1 u
1
2
+ν
1
1
2πi
∮
dp1
(1− x(1− t1)(1− u1)p1)−(3+2ν)
−x(1− t1)(1− u1)p21 + (1− s1,∞)p1 + s1,∞
×
∞∑
λ0=0
(
p1 − 1
p1
s0,∞
1− x(1− t1)(1 − u1)p1
)λ0 (γ′)λ0
λ0!
(
c0x
ν
λ0∑
i0=0
(−λ0)i0 (λ0 + 2ν)i0
(1 + ν)i0
(
1
2 + ν
)
i0
wi01,1
)
η (7.2.49)
By using Cauchy’s integral formula, the contour integrand has poles at
p1 =
1− s1,∞ −
√
(1− s1,∞)2 + 4x(1 − t1)(1− u1)s1,∞
2x(1− t1)(1 − u1)
or
1− s1,∞ +
√
(1− s1,∞)2 + 4x(1 − t1)(1− u1)s1,∞
2x(1− t1)(1 − u1) and
1− s1,∞ −
√
(1− s1,∞)2 + 4x(1− t1)(1 − u1)s1,∞
2x(1− t1)(1− u1) is only inside the unit circle. As we
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compute the residue there in (7.2.49) we obtain
∞∑
λ0=0
(γ′)λ0
λ0!
sλ00
∞∏
n=1

∞∑
λn=λn−1
sλnn
 y1(x)
=
∞∏
l=2
1
(1− sl,∞)
∫ 1
0
dt1 t
1+ν
1
∫ 1
0
du1 u
1
2
+ν
1
(
s21,∞ − 2(1 − 2x(1− t1)(1 − u1))s1,∞ + 1
)− 1
2
×
1 + s1,∞ +
√
s21,∞ − 2(1− 2x(1− t1)(1− u1))s1,∞ + 1
2
−(3+2ν)
×
∞∑
λ0=0
(γ′)λ0
λ0!
sλ00
(
c0x
ν
λ0∑
i0=0
(−λ0)i0 (λ0 + 2ν)i0
(1 + ν)i0
(
1
2 + ν
)
i0
w˜i01,1
)
η (7.2.50)
where
w˜1,1 =
p1
(p1 − 1)
xt1u1
1− x(1− t1)(1− u1)p1
∣∣∣∣∣
p1=
1−s1,∞−
√
(1−s1,∞)
2+4x(1−t1)(1−u1)s1,∞
2x(1−t1)(1−u1)
=
xt1u1 {1 + (s1,∞ + 2x(1 − t1)(1− u1))s1,∞}
2(1− x(1− t1)(1− u1))2s1,∞
−
xt1u1(1 + s1,∞)
√
s21,∞ − 2(1− 2x(1 − t1)(1− u1))s1,∞ + 1
2(1 − x(1− t1)(1− u1))2s1,∞
Acting the summation operator
∞∑
λ0=0
(γ′)λ0
λ0!
sλ00
∞∏
n=1

∞∑
λn=λn−1
sλnn
 on (7.2.23),
∞∑
λ0=0
(γ′)λ0
λ0!
sλ00
∞∏
n=1

∞∑
λn=λn−1
sλnn
 y2(x)
=
∞∏
l=3
1
(1− sl,∞)
∫ 1
0
dt2 t
3+ν
2
∫ 1
0
du2 u
5
2
+ν
2
1
2πi
∮
dp2
1
p2
(1− x(1− t2)(1− u2)p2)−(8+2ν)
×
∞∑
λ2=λ1
(
p2 − 1
p2
s2,∞
1− x(1− t2)(1− u2)p2
)λ2
×
∫ 1
0
dt1 t
1+ν
1
∫ 1
0
du1 u
1
2
+ν
1
1
2πi
∮
dp1
1
p1
(1− w2,2(1− t1)(1− u1)p1)−(4+2ν) (7.2.51)
×
∞∑
λ1=λ0
(
p1 − 1
p1
s1
1− w2,2(1− t1)(1 − u1)p1
)λ1 ∞∑
λ0=0
(γ′)λ0
λ0!
sλ00
(
c0x
ν
λ0∑
i0=0
(−λ0)i0 (λ0 + 2ν)i0
(1 + ν)i0
(
1
2 + ν
)
i0
wi01,2
)
η2
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Replace λi, λj and si by λ2, λ1 and
p2 − 1
p2
s2,∞
1− x(1− t2)(1 − u2)p2 in (7.2.44). Take the
new (7.2.44) into (7.2.51).
∞∑
λ0=0
(γ′)λ0
λ0!
sλ00
∞∏
n=1

∞∑
λn=λn−1
sλnn
 y2(x)
=
∞∏
l=3
1
(1− sl,∞)
∫ 1
0
dt2 t
3+ν
2
∫ 1
0
du2 u
5
2
+ν
2
1
2πi
∮
dp2
(1− x(1− t2)(1− u2)p2)−(7+2ν)
−x(1− t2)(1− u2)p22 + (1− s2,∞)p2 + s2,∞
×
∫ 1
0
dt1 t
1+ν
1
∫ 1
0
du1 u
1
2
+ν
1
1
2πi
∮
dp1
1
p1
(1− w2,2(1− t1)(1− u1)p1)−(4+2ν)
×
∞∑
λ1=λ0
(
p2 − 1
p2
s1,∞
1− x(1− t2)(1− u2)p2
p1 − 1
p1
1
1− w2,2(1− t1)(1− u1)p1
)λ1
×
∞∑
λ0=0
(γ′)λ0
λ0!
sλ00
(
c0x
ν
λ0∑
i0=0
(−λ0)i0 (λ0 + 2ν)i0
(1 + ν)i0
(
1
2 + ν
)
i0
wi01,2
)
η2 (7.2.52)
By using Cauchy’s integral formula, the contour integrand has poles at
p2 =
1− s2,∞ −
√
(1− s2,∞)2 + 4x(1 − t2)(1− u2)s2,∞
2x(1− t2)(1 − u2)
or
1− s2,∞ +
√
(1− s2,∞)2 + 4x(1− t2)(1 − u2)s2,∞
2x(1− t2)(1 − u2) and
1− s2,∞ −
√
(1− s2,∞)2 + 4x(1− t2)(1 − u2)s2,∞
2x(1− t2)(1− u2) is only inside the unit circle. As we
compute the residue there in (7.2.52) we obtain
∞∑
λ0=0
(γ′)λ0
λ0!
sλ00
∞∏
n=1

∞∑
λn=λn−1
sλnn
 y2(x)
=
∞∏
l=3
1
(1− sl,∞)
∫ 1
0
dt2 t
3+ν
2
∫ 1
0
du2 u
5
2
+ν
2
(
s22,∞ − 2(1 − 2x(1− t2)(1 − u2))s2,∞ + 1
)− 1
2
×
1 + s2,∞ +
√
s22,∞ − 2(1− 2x(1− t2)(1− u2))s2,∞ + 1
2
−(7+2ν)
×
∫ 1
0
dt1 t
1+ν
1
∫ 1
0
du1 u
1
2
+ν
1
1
2πi
∮
dp1
1
p1
(1− w˜2,2(1− t1)(1− u1)p1)−(4+2ν) (7.2.53)
×
∞∑
λ1=λ0
(
p1 − 1
p1
s1
1− w˜2,2(1− t1)(1 − u1)p1
)λ1 ∞∑
λ0=0
(γ′)λ0
λ0!
sλ00
(
c0x
ν
λ0∑
i0=0
(−λ0)i0 (λ0 + 2ν)i0
(1 + ν)i0
(
1
2 + ν
)
i0
w¨i01,2
)
η2
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where
w˜2,2 =
p2
(p2 − 1)
xt2u2
1− x(1− t2)(1− u2)p2
∣∣∣∣∣
p2=
1−s2,∞−
√
(1−s2,∞)
2+4x(1−t2)(1−u2)s2,∞
2x(1−t2)(1−u2)
=
xt2u2 {1 + (s2,∞ + 2x(1 − t2)(1− u2))s2,∞}
2(1− x(1− t2)(1− u2))2s2,∞
−
xt2u2(1 + s2,∞)
√
s22,∞ − 2(1− 2x(1 − t2)(1− u2))s2,∞ + 1
2(1 − x(1− t2)(1− u2))2s2,∞
and
w¨1,2 =
p1
(p1 − 1)
w˜2,2t1u1
1− w˜2,2(1− t1)(1− u1)p1
Replace λi, λj and si by λ1, λ0 and
p1 − 1
p1
s1
1− w˜2,2(1− t1)(1− u1)p1 in (7.2.44). Take
the new (7.2.44) into (7.2.53).
∞∑
λ0=0
(γ′)λ0
λ0!
sλ00
∞∏
n=1

∞∑
λn=λn−1
sλnn
 y2(x)
=
∞∏
l=3
1
(1− sl,∞)
∫ 1
0
dt2 t
3+ν
2
∫ 1
0
du2 u
5
2
+ν
2
(
s22,∞ − 2(1 − 2x(1− t2)(1 − u2))s2,∞ + 1
)− 1
2
×
1 + s2,∞ +
√
s22,∞ − 2(1− 2x(1− t2)(1− u2))s2,∞ + 1
2
−(7+2ν)
×
∫ 1
0
dt1 t
1+ν
1
∫ 1
0
du1 u
1
2
+ν
1
1
2πi
∮
dp1
(1− w˜2,2(1− t1)(1− u1)p1)−(3+2ν)
−w˜2,2(1− t1)(1− u1)p21 + (1− s1)p1 + s1
×
∞∑
λ0=0
(γ′)λ0
λ0!
(
p1 − 1
p1
s0,1
1− w˜2,2(1− t1)(1− u1)p1
)λ0 (
c0x
ν
λ0∑
i0=0
(−λ0)i0 (λ0 + 2ν)i0
(1 + ν)i0
(
1
2 + λ
)
i0
w¨i01,2
)
η2 (7.2.54)
By using Cauchy’s integral formula, the contour integrand has poles at
p1 =
1− s1 −
√
(1− s1)2 + 4w˜2,2(1− t1)(1− u1)s1
2w˜2,2(1 − t1)(1− u1)
or
1− s1 +
√
(1− s1)2 + 4w˜2,2(1− t1)(1− u1)s1
2w˜2,2(1− t1)(1− u1) and
1− s1 −
√
(1− s1)2 + 4w˜2,2(1− t1)(1− u1)s1
2w˜2,2(1− t1)(1 − u1) is only inside the unit circle. As we
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compute the residue there in (7.2.54) we obtain
∞∑
λ0=0
(γ′)λ0
λ0!
sλ00
∞∏
n=1

∞∑
λn=λn−1
sλnn
 y2(x)
=
∞∏
l=3
1
(1− sl,∞)
∫ 1
0
dt2 t
3+ν
2
∫ 1
0
du2 u
5
2
+ν
2
(
s22,∞ − 2(1 − 2x(1− t2)(1 − u2))s2,∞ + 1
)− 1
2
×
1 + s2,∞ +
√
s22,∞ − 2(1− 2x(1− t2)(1− u2))s2,∞ + 1
2
−(7+2ν)
×
∫ 1
0
dt1 t
1+ν
1
∫ 1
0
du1 u
1
2
+ν
1
(
s21 − 2(1− 2w˜2,2(1− t1)(1− u1))s1 + 1
)− 1
2
×
(
1 + s1 +
√
s21 − 2(1− 2w˜2,2(1− t1)(1− u1))s1 + 1
2
)−(3+2ν)
×
∞∑
λ0=0
(γ′)λ0
λ0!
sλ00
(
c0x
ν
λ0∑
i0=0
(−λ0)i0 (λ0 + 2ν)i0
(1 + ν)i0
(
1
2 + ν
)
i0
w˜i01,2
)
η2 (7.2.55)
where
w˜1,2 =
p1
(p1 − 1)
w˜2,2t1u1
1− w˜2,2(1− t1)(1− u1)p1
∣∣∣∣∣
p1=
1−s1−
√
(1−s1)
2+4w˜2,2(1−t1)(1−u1)s1
2w˜2,2(1−t1)(1−u1)
=
w˜2,2t1u1
{
1 + (s1 + 2w˜2,2(1− t1)(1 − u1))s1 − (1 + s1)
√
s21 − 2(1 − 2w˜2,2(1− t1)(1− u1))s1 + 1
}
2(1 − w˜2,2(1− t1)(1 − u1))2s1
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Acting the summation operator
∞∑
λ0=0
(γ′)λ0
λ0!
sλ00
∞∏
n=1

∞∑
λn=λn−1
sλnn
 on (7.2.24),
∞∑
λ0=0
(γ′)λ0
λ0!
sλ00
∞∏
n=1

∞∑
λn=λn−1
sλnn
 y3(x)
=
∞∏
l=4
1
(1− sl,∞)
∫ 1
0
dt3 t
5+ν
3
∫ 1
0
du3 u
9
2
+ν
3
(
s23,∞ − 2(1 − 2x(1− t3)(1 − u3))s3,∞ + 1
)− 1
2
×
1 + s3,∞ +
√
s23,∞ − 2(1− 2x(1− t3)(1− u3))s3,∞ + 1
2
−(11+2ν)
×
∫ 1
0
dt2 t
3+ν
2
∫ 1
0
du2 u
5
2
+ν
2
(
s22 − 2(1− 2w˜3,3(1− t2)(1− u2))s2 + 1
)− 1
2
×
(
1 + s2 +
√
s22 − 2(1− 2w˜3,3(1− t2)(1− u2))s2 + 1
2
)−(7+2ν)
×
∫ 1
0
dt1 t
1+ν
1
∫ 1
0
du1 u
1
2
+ν
1
(
s21 − 2(1− 2w˜2,3(1− t1)(1− u1))s1 + 1
)− 1
2
×
(
1 + s1 +
√
s21 − 2(1− 2w˜2,3(1− t1)(1− u1))s1 + 1
2
)−(3+2ν)
×
∞∑
λ0=0
(γ′)λ0
λ0!
sλ00
(
c0x
ν
λ0∑
i0=0
(−λ0)i0 (λ0 + 2ν)i0
(1 + ν)i0
(
1
2 + ν
)
i0
w˜i01,3
)
η3 (7.2.56)
where
w˜3,3 =
p3
(p3 − 1)
xt3u3
1− x(1− t3)(1− u3)p3
∣∣∣∣∣
p3=
1−s3,∞−
√
(1−s3,∞)
2+4x(1−t3)(1−u3)s3,∞
2x(1−t3)(1−u3)
=
xt3u3 {1 + (s3,∞ + 2x(1 − t3)(1− u3))s3,∞}
2(1− x(1− t3)(1− u3))2s3,∞
−
xt3u3(1 + s3,∞)
√
s23,∞ − 2(1− 2x(1 − t3)(1− u3))s3,∞ + 1
2(1 − x(1− t3)(1− u3))2s3,∞
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w˜2,3 =
p2
(p2 − 1)
w˜3,3t2u2
1− w˜3,3(1− t2)(1− u2)p2
∣∣∣∣∣
p2=
1−s2−
√
(1−s2)
2+4w˜3,3(1−t2)(1−u2)s2
2w˜3,3(1−t2)(1−u2)
=
w˜3,3t2u2
{
1 + (s2 + 2w˜3,3(1− t2)(1 − u2))s2 − (1 + s2)
√
s22 − 2(1 − 2w˜3,3(1− t2)(1− u2))s2 + 1
}
2(1 − w˜3,3(1− t2)(1 − u2))2s2
w˜1,3 =
p1
(p1 − 1)
w˜2,3t1u1
1− w˜2,3(1− t1)(1− u1)p1
∣∣∣∣∣
p1=
1−s1−
√
(1−s1)
2+4w˜2,3(1−t1)(1−u1)s1
2w˜2,3(1−t1)(1−u1)
=
w˜2,3t1u1
{
1 + (s1 + 2w˜2,3(1− t1)(1 − u1))s1 − (1 + s1)
√
s21 − 2(1 − 2w˜2,3(1− t1)(1− u1))s1 + 1
}
2(1 − w˜2,3(1− t1)(1 − u1))2s1
By repeating this process for all higher terms of integral forms of sub-summation ym(x)
terms where m ≥ 4, I obtain every
∞∑
λ0=0
(γ′)λ0
λ0!
sλ00
∞∏
n=1

∞∑
λn=λn−1
sλnn
ym(x) terms.
Substitute (7.2.47), (7.2.50), (7.2.55), (7.2.56) and including all
∞∑
λ0=0
(γ′)λ0
λ0!
sλ00
∞∏
n=1

∞∑
λn=λn−1
sλnn
ym(x) terms where m > 3 into (7.2.46).
Remark 7.2.14 The generating function for the Mathieu polynomial of type 2 of the
first kind about x = 0 as λ = 22(λj + 2j)
2 − 2q where j, λj ∈ N0 is
∞∑
λ0=0
(12 )λ0
λ0!
sλ00
∞∏
n=1

∞∑
λn=λn−1
sλnn
MFRλj (q, λ = 22(λj + 2j)2 − 2q; η = qx2, x = cos2z)
=
1
2
{ ∞∏
l=1
1
(1− sl,∞)A (s0,∞;x)
+
{ ∞∏
l=2
1
(1− sl,∞)
∫ 1
0
dt1 t1
∫ 1
0
du1 u
1
2
1
←→
Γ 1 (s1,∞; t1, u1, x)A (s0; w˜1,1)
}
η
+
∞∑
n=2
{ ∞∏
l=n+1
1
(1− sl,∞)
∫ 1
0
dtn t
2n−1
n
∫ 1
0
dun u
2n− 3
2
n
←→
Γ n (sn,∞; tn, un, x) (7.2.57)
×
n−1∏
k=1
{∫ 1
0
dtn−k t
2(n−k)−1
n−k
∫ 1
0
dun−k u
2(n−k)− 3
2
n−k
←→
Γ n−k (sn−k; tn−k, un−k, w˜n−k+1,n)
}
A (s0; w˜1,n)
}
ηn
}
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where
←→
Γ 1 (s1,∞; t1, u1, x) =
(
1+s1,∞+
√
s21,∞−2(1−2x(1−t1)(1−u1))s1,∞+1
2
)−3
√
s21,∞ − 2(1− 2x(1− t1)(1− u1))s1,∞ + 1
←→
Γ n (sn,∞; tn, un, x) =
(
1+sn,∞+
√
s2n,∞−2(1−2x(1−tn)(1−un))sn,∞+1
2
)−(4n−1)
√
s2n,∞ − 2(1 − 2x(1− tn)(1− un))sn,∞ + 1
←→
Γ n−k (sn−k; tn−k, un−k, w˜n−k+1,n) =
(
1+sn−k+
√
s2n−k−2(1−2w˜n−k+1,n(1−tn−k)(1−un−k))sn−k+1
2
)−(4(n−k)−1)
√
s2n−k − 2(1 − 2w˜n−k+1,n(1− tn−k)(1− un−k))sn−k + 1
and
A (s0,∞;x) =
(
1− s0,∞ +
√
s20,∞ − 2(1 − 2x)s0,∞ + 1
) 1
2
(
1 + s0,∞ +
√
s20,∞ − 2(1 − 2x)s0,∞ + 1
) 1
2√
s20,∞ − 2(1− 2x)s0,∞ + 1
A (s0; w˜1,1) =
(
1− s0 +
√
s20 − 2(1− 2w˜1,1)s0 + 1
) 1
2
(
1 + s0 +
√
s20 − 2(1 − 2w˜1,1)s0 + 1
) 1
2√
s20 − 2(1− 2w˜1,1)s0 + 1
A (s0; w˜1,n) =
(
1− s0 +
√
s20 − 2(1− 2w˜1,n)s0 + 1
) 1
2
(
1 + s0 +
√
s20 − 2(1 − 2w˜1,n)s0 + 1
) 1
2√
s20 − 2(1− 2w˜1,n)s0 + 1
Proof Replace A, w and γ by 0, s0,∞ and 12 in (7.2.38).
∞∑
λ0=0
(12 )λ0
λ0!
sλ00,∞ 2F1
(
−λ0, λ0; 1
2
;x
)
(7.2.58)
=
(
1− s0,∞ +
√
s20,∞ − 2(1 − 2x)s0,∞ + 1
) 1
2
(
1 + s0,∞ +
√
s20,∞ − 2(1− 2x)s0,∞ + 1
) 1
2√
s20,∞ − 2(1 − 2x)s0,∞ + 1
Replace A, w, γ, x by 0, s0,
1
2 and w˜1,1 in (7.2.38).
∞∑
λ0=0
(12 )λ0
λ0!
sλ00 2F1
(
−λ0, λ0; 1
2
; w˜1,1
)
(7.2.59)
=
(
1− s0 +
√
s20 − 2(1 − 2w˜1,1)s0 + 1
) 1
2
(
1 + s0 +
√
s20 − 2(1− 2w˜1,1)s0 + 1
) 1
2√
s20 − 2(1− 2w˜1,1)s0 + 1
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Replace A, w, γ, x by 0, s0,
1
2 and w˜1,n in (7.2.38).
∞∑
λ0=0
(12)λ0
λ0!
sλ00 2F1
(
−λ0, λ0; 1
2
; w˜1,n
)
(7.2.60)
=
(
1− s0 +
√
s20 − 2(1− 2w˜1,n)s0 + 1
) 1
2
(
1 + s0 +
√
s20 − 2(1− 2w˜1,n)s0 + 1
) 1
2√
s20 − 2(1 − 2w˜1,n)s0 + 1
Put c0= 1, λ = 0 and γ
′ = 12 in (7.2.45). Substitute (7.2.58), (7.2.59) and (7.2.60) into
the new (7.2.45).
Remark 7.2.15 The generating function for the Mathieu polynomial of type 2 of the
second kind about x = 0 as λ = 22(λj + 2j + 1/2)
2 − 2q where j, λj ∈ N0 is
∞∑
λ0=0
(32 )λ0
λ0!
sλ00
∞∏
n=1

∞∑
λn=λn−1
sλnn
MSRλj (q, λ = 22 (λj + 2j + 1/2)2 − 2q; η = qx2, x = cos2z)
= x
1
2
{ ∞∏
l=1
1
(1− sl,∞)B (s0,∞;x) +
{ ∞∏
l=2
1
(1− sl,∞)
∫ 1
0
dt1 t
3
2
1
∫ 1
0
du1 u1
←→
Ψ 1 (s1,∞; t1, u1, x)B (s0; w˜1,1)
}
η
+
∞∑
n=2
{ ∞∏
l=n+1
1
(1− sl,∞)
∫ 1
0
dtn t
2n− 1
2
n
∫ 1
0
dun u
2n−1
n
←→
Ψ n (sn,∞; tn, un, x) (7.2.61)
×
n−1∏
k=1
{∫ 1
0
dtn−k t
2(n−k)− 1
2
n−k
∫ 1
0
dun−k u
2(n−k)−1
n−k
←→
Ψ n−k (sn−k; tn−k, un−k, w˜n−k+1,n)
}
B (s0; w˜1,n)
}
ηn
}
where
←→
Ψ 1 (s1,∞; t1, u1, x) =
(
1+s1,∞+
√
s21,∞−2(1−2x(1−t1)(1−u1))s1,∞+1
2
)−4
√
s21,∞ − 2(1− 2x(1− t1)(1− u1))s1,∞ + 1
←→
Ψ n (sn,∞; tn, un, x) =
(
1+sn,∞+
√
s2n,∞−2(1−2x(1−tn)(1−un))sn,∞+1
2
)−4n
√
s2n,∞ − 2(1− 2x(1 − tn)(1 − un))sn,∞ + 1
←→
Ψ n−k (sn−k; tn−k, un−k, w˜n−k+1,n) =
(
(1+sn−k)+
√
s2n−k−2(1−2w˜n−k+1,n(1−tn−k)(1−un−k))sn−k+1
2
)−4(n−k)
√
s2n−k − 2(1− 2w˜n−k+1,n(1− tn−k)(1− un−k))sn−k + 1
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and
B (s0,∞;x) =
(
1− s0,∞ +
√
s20,∞ − 2(1 − 2x)s0,∞ + 1
)− 1
2
(
1 + s0,∞ +
√
s20,∞ − 2(1− 2x)s0,∞ + 1
) 1
2√
s20,∞ − 2(1− 2x)s0,∞ + 1
B (s0; w˜1,1) =
(
1− s0 +
√
s20 − 2(1 − 2w˜1,1)s0 + 1
)− 1
2
(
1 + s0 +
√
s20 − 2(1 − 2w˜1,1)s0 + 1
) 1
2√
s20 − 2(1 − 2w˜1,1)s0 + 1
B (s0; w˜1,n) =
(
1− s0 +
√
s20 − 2(1− 2w˜1,n)s0 + 1
)− 1
2
(
1 + s0 +
√
s20 − 2(1− 2w˜1,n)s0 + 1
) 1
2√
s20 − 2(1− 2w˜1,n)s0 + 1
Proof Replace A, w and γ by 1, s0,∞ and 32 in (7.2.38).
∞∑
λ0=0
(32 )λ0
λ0!
sλ00,∞ 2F1
(
−λ0, λ0 + 1; 3
2
;x
)
(7.2.62)
=
(
1− s0,∞ +
√
s20,∞ − 2(1 − 2x)s0,∞ + 1
)− 1
2
(
1 + s0,∞ +
√
s20,∞ − 2(1− 2x)s0,∞ + 1
) 1
2√
s20,∞ − 2(1− 2x)s0,∞ + 1
Replace A, w, γ, x by 1, s0,
3
2 and w˜1,1 in (7.2.38).
∞∑
λ0=0
(32 )λ0
λ0!
sλ00 2F1
(
−λ0, λ0 + 1; 3
2
; w˜1,1
)
(7.2.63)
=
(
1− s0 +
√
s20 − 2(1− 2w˜1,1)s0 + 1
)− 1
2
(
1 + s0 +
√
s20 − 2(1 − 2w˜1,1)s0 + 1
) 1
2√
s20 − 2(1− 2w˜1,1)s0 + 1
Replace A, w, γ, x by 1, s0,
3
2 and w˜1,n in (7.2.38).
∞∑
λ0=0
(32 )λ0
λ0!
sλ00 2F1
(
−λ0, λ0 + 1; 3
2
; w˜1,n
)
(7.2.64)
=
(
1− s0 +
√
s20 − 2(1 − 2w˜1,n)s0 + 1
)− 1
2
(
1 + s0 +
√
s20 − 2(1 − 2w˜1,n)s0 + 1
) 1
2√
s20 − 2(1 − 2w˜1,n)s0 + 1
Put c0 = 1, λ = 1/2 and γ
′ = 3/2 in (7.2.45). Substitute (7.2.62), (7.2.63) and (7.2.64)
into the new (7.2.45).
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7.3 Mathieu equation about regular singular point at one
Let ζ = 1− x in (7.1.2) to obtain analytic solutions of the Mathieu equation about x = 1.
4ζ(1− ζ)d
2y
dζ2
+ 2(1− 2ζ)dy
dζ
+ (λ− 2q + 4qζ) y = 0 (7.3.1)
As we compare (7.3.1) with (7.1.2), an independent variable and a coefficient on the
above are correspondent to the following way.
x −→ ζ = 1− x
q −→ −q (7.3.2)
For the asymptotic behavior of the function y(x) about x = 1 for infinite series, replace x
by ζ = 1− x in (7.1.8).
lim
n≫1
y(ζ) ≈ 1
x
where x = cos2z
For polynomial of type 2, replace x and q by ζ = 1− x and −q in (7.1.10).
lim
n≫1
y(ζ) > 1F2
(
1;
1
2
,
1
2
;−q
4
ζ2
)
As we put (7.3.2) into analytic solutions of Mathieu equation about x = 0 using
3TRF[21] and R3TRF, we obtain (1) the Frobenius solution in closed form of Mathieu
equation about x = 1, (2) its integral form, (3) the generating function for the Mathieu
polynomial of type 2. The local solutions are as follow.
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7.3.1 Mathieu equation about x = 1 using 3TRF
Power series for infinite series
Remark 7.3.1 The power series expansion of Mathieu equation of the first kind for
infinite series about x = 1 using 3TRF is
y(ζ) = M (o)F
(
q, λ; ζ = 1− x, η = −1
4
qζ2, x = cos2z
)
=
∞∑
i0=0
1
(1)i0(
3
4)i0
ηi0 +
{ ∞∑
i0=0
i20 − 142 (λ− 2q)
(i0 +
1
2)(i0 +
1
4)
1
(1)i0(
3
4 )i0
∞∑
i1=i0
(32 )i0(
5
4 )i0
(32 )i1(
5
4 )i1
ηi1
}
ζ
+
∞∑
n=2
{ ∞∑
i0=0
i20 − 142 (λ− 2q)
(i0 +
1
2 )(i0 +
1
4)
1
(1)i0(
3
4)i0
×
n−1∏
k=1

∞∑
ik=ik−1
(ik +
k
2 )
2 − 142 (λ− 2q)
(ik +
k
2 +
1
2 )(ik +
k
2 +
1
4)
(1 + k2 )ik−1(
3
4 +
k
2 )ik−1
(1 + k2 )ik(
3
4 +
k
2 )ik

×
∞∑
in=in−1
(1 + n2 )in−1(
3
4 +
n
2 )in−1
(1 + n2 )in(
3
4 +
n
2 )in
ηin
 ζn (7.3.3)
Remark 7.3.2 The power series expansion of Mathieu equation of the second kind for
infinite series about x = 1 using 3TRF is
y(ζ) = M (o)S
(
q, λ; ζ = 1− x, η = −1
4
qζ2, x = cos2z
)
= ζ
1
2
{ ∞∑
i0=0
1
(54 )i0(1)i0
ηi0 +
{ ∞∑
i0=0
(i0 +
1
4)
2 − 1
42
(λ− 2q)
(i0 +
3
4)(i0 +
1
2 )
1
(54 )i0(1)i0
∞∑
i1=i0
(74 )i0(
3
2)i0
(74 )i1(
3
2)i1
ηi1
}
ζ
+
∞∑
n=2
{ ∞∑
i0=0
(i0 +
1
4)
2 − 1
42
(λ− 2q)
(i0 +
3
4 )(i0 +
1
2)
1
(54 )i0(1)i0
×
n−1∏
k=1

∞∑
ik=ik−1
(ik +
1
4 +
k
2 )
2 − 1
42
(λ− 2q)
(ik +
3
4 +
k
2 )(ik +
1
2 +
k
2 )
(54 +
k
2 )ik−1(1 +
k
2 )ik−1
(54 +
k
2 )ik(1 +
k
2 )ik

×
∞∑
in=in−1
(54 +
n
2 )in−1(1 +
n
2 )in−1
(54 +
n
2 )in(1 +
n
2 )in
ηin
 ζn
 (7.3.4)
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Integral formalism for infinite series
Remark 7.3.3 The integral representation of Mathieu equation of the first kind for
infinite series about x = 1 using 3TRF is
y(ζ) = M (o)F
(
q, λ; ζ = 1− x, η = −1
4
qζ2, x = cos2z
)
= Γ (3/4)
{
η
1
8 I− 1
4
(2
√
η) +
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
− 5
4
+ 1
2
(n−k)
n−k
∫ 1
0
dun−k u
−1+ 1
2
(n−k)
n−k
×I0
(
2
√
wn+1−k,n(1− tn−k)(1 − un−k)
)
×
(
w
− 1
2
(n−1−k)
n−k,n
(
wn−k,n∂wn−k,n
)2
w
1
2
(n−1−k)
n−k,n −
1
42
(λ− 2q)
)}
w
1
8
1,nI− 1
4
(
2
√
w1,n
)}
ζn
}
(7.3.5)
Remark 7.3.4 The integral representation of Mathieu equation of the second kind for
infinite series about x = 1 using 3TRF is
y(ζ) = M (o)S
(
q, λ; ζ = 1− x, η = −1
4
qζ2, x = cos2z
)
= Γ(5/4)ζ
1
2
{
η−
1
8 I 1
4
(2
√
η) +
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
−1+ 1
2
(n−k)
n−k
∫ 1
0
dun−k u
− 3
4
+ 1
2
(n−k)
n−k
×I0
(
2
√
wn+1−k,n(1− tn−k)(1 − un−k)
)
×
(
w
− 1
2
(n−k− 1
2
)
n−k,n
(
wn−k,n∂wn−k,n
)2
w
1
2
(n−k− 1
2
)
n−k,n −
1
42
(λ− 2q)
)}
w
− 1
8
1,n I 1
4
(
2
√
w1,n
)}
ζn
}
(7.3.6)
In (7.3.5) and (7.3.6),
wa,b =

η
b∏
l=a
tlul where a ≤ b
η only if a > b
7.3.2 Mathieu equation about x = 1 using R3TRF
Power series
Polynomial of type 2
334 CHAPTER 7. MATHIEU FUNCTION USING R3TRF
Remark 7.3.5 The power series expansion of Mathieu equation of the first kind for
polynomial of type 2 about x = 1 as λ = 22(λj + 2j)
2 + 2q where j, λj ∈ N0 is
y(ζ) = M (o)FRλj
(
q, λ = 22(λj + 2j)
2 + 2q; ζ = 1− x, η = −qζ2, x = cos2z)
=
λ0∑
i0=0
(−λ0)i0 (λ0)i0
(1)i0
(
1
2
)
i0
ζ i0
+
{
λ0∑
i0=0
1
(i0 + 2)
(
i0 +
3
2
) (−λ0)i0 (λ0)i0
(1)i0
(
1
2
)
i0
λ1∑
i1=i0
(−λ1)i1 (λ1 + 4)i1 (3)i0
(
5
2
)
i0
(−λ1)i0 (λ1 + 4)i0 (3)i1
(
5
2
)
i1
ζ i1
}
η
+
∞∑
n=2
{
λ0∑
i0=0
1
(i0 + 2)
(
i0 +
3
2
) (−λ0)i0 (λ0)i0
(1)i0
(
1
2
)
i0
×
n−1∏
k=1

λk∑
ik=ik−1
1
(ik + 2k + 2)
(
ik + 2k +
3
2
) (−λk)ik (λk + 4k)ik (2k + 1)ik−1 (2k + 12)ik−1
(−λk)ik−1 (λk + 4k)ik−1 (2k + 1)ik
(
2k + 12
)
ik
}
×
λn∑
in=in−1
(−λn)in (λn + 4n)in (2n + 1)in−1
(
2n+ 12
)
in−1
(−λn)in−1 (λn + 4n)in−1 (2n+ 1)in
(
2n+ 12
)
in
ζ in
 ηn (7.3.7)
Remark 7.3.6 The power series expansion of Mathieu equation of the second kind for
polynomial of type 2 about x = 1 as λ = 22 (λj + 2j + 1/2)
2 + 2q where j, λj ∈ N0 is
y(ζ) = M (o)SRλj
(
q, λ = 22 (λj + 2j + 1/2)
2 + 2q; ζ = 1− x, η = −qζ2, x = cos2z
)
= ζ
1
2
{
λ0∑
i0=0
(−λ0)i0 (λ0 + 1)i0(
3
2
)
i0
(1)i0
ζ i0
+
{
λ0∑
i0=0
1(
i0 +
5
2
)
(i0 + 2)
(−λ0)i0 (λ0 + 1)i0(
3
2
)
i0
(1)i0
λ1∑
i1=i0
(−λ1)i1 (λ1 + 5)i1
(
7
2
)
i0
(3)i0
(−λ1)i0 (λ1 + 5)i0
(
7
2
)
i1
(3)i1
ζ i1
}
η
+
∞∑
n=2
{
λ0∑
i0=0
1(
i0 +
5
2
)
(i0 + 2)
(−λ0)i0 (λ0 + 1)i0(
3
2
)
i0
(1)i0
×
n−1∏
k=1

λk∑
ik=ik−1
1(
ik + 2k +
5
2
)
(ik + 2k + 2)
(−λk)ik (λk + 4k + 1)ik
(
2k + 32
)
ik−1
(2k + 1)ik−1
(−λk)ik−1 (λk + 4k + 1)ik−1
(
2k + 32
)
ik
(2k + 1)ik
}
×
λn∑
in=in−1
(−λn)in (λn + 4n+ 1)in
(
2n+ 32
)
in−1
(2n+ 1)in−1
(−λn)in−1 (λn + 4n+ 1)in−1
(
2n+ 32
)
in
(2n+ 1)in
ζ in
 ηn
 (7.3.8)
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Infinite series
Remark 7.3.7 The power series expansion of Mathieu equation of the first kind for
infinite series about x = 1 using R3TRF is
y(ζ) = M (o)FR
(
q, λ, ϕ =
1
2
√
λ− 2q; ζ = 1− x, η = −qζ2, x = cos2z
)
=
∞∑
i0=0
(−ϕ)i0 (ϕ)i0
(1)i0
(
1
2
)
i0
ζ i0 +
{ ∞∑
i0=0
1
(i0 + 2)
(
i0 +
3
2
) (−ϕ)i0 (ϕ)i0
(1)i0
(
1
2
)
i0
∞∑
i1=i0
(2− ϕ)i1 (2 + ϕ)i1 (3)i0
(
5
2
)
i0
(2− ϕ)i0 (2 + ϕ)i0 (3)i1
(
5
2
)
i1
ζ i1
}
η
+
∞∑
n=2
{ ∞∑
i0=0
1
(i0 + 2)
(
i0 +
3
2
) (−ϕ)i0 (ϕ)i0
(1)i0
(
1
2
)
i0
×
n−1∏
k=1

∞∑
ik=ik−1
1
(ik + 2k + 2)
(
ik + 2k +
3
2
) (2k − ϕ)ik (2k + ϕ)ik (2k + 1)ik−1 (2k + 12)ik−1
(2k − ϕ)ik−1 (2k + ϕ)ik−1 (2k + 1)ik
(
2k + 12
)
ik

×
∞∑
in=in−1
(2n− ϕ)in (2n+ ϕ)in (2n+ 1)in−1
(
2n+ 12
)
in−1
(2n− ϕ)in−1 (2n+ ϕ)in−1 (2n+ 1)in
(
2n+ 12
)
in
ζ in
 ηn (7.3.9)
Remark 7.3.8 The power series expansion of Mathieu equation of the second kind for
infinite series about x = 1 using R3TRF is
y(ζ) = M (o)SR
(
q, λ, ϕ =
1
2
√
λ− 2q; ζ = 1− x, η = −qζ2, x = cos2z
)
= ζ
1
2
{ ∞∑
i0=0
(
1
2 − ϕ
)
i0
(
1
2 + ϕ
)
i0(
3
2
)
i0
(1)i0
ζ i0
+
{ ∞∑
i0=0
1(
i0 +
5
2
)
(i0 + 2)
(
1
2 − ϕ
)
i0
(
1
2 + ϕ
)
i0
(32)i0 (1)i0
∞∑
i1=i0
(
5
2 − ϕ
)
i1
(
5
2 + ϕ
)
i1
(
7
2
)
i0
(3)i0(
5
2 − ϕ
)
i0
(
5
2 + ϕ
)
i0
(
7
2
)
i1
(3)i1
ζ i1
}
η
+
∞∑
n=2
{ ∞∑
i0=0
1(
i0 +
5
2
)
(i0 + 2)
(
1
2 − ϕ
)
i0
(
1
2 + ϕ
)
i0
(32)i0 (1)i0
×
n−1∏
k=1

∞∑
ik=ik−1
1(
ik + 2k +
5
2
)
(ik + 2k + 2)
(
2k + 12 − ϕ
)
ik
(
2k + 12 + ϕ
)
ik
(
2k + 32
)
ik−1
(2k + 1)ik−1(
2k + 12 − ϕ
)
ik−1
(
2k + 12 + ϕ
)
ik−1
(
2k + 32
)
ik
(2k + 1)ik

×
∞∑
in=in−1
(
2n+ 12 − ϕ
)
in
(
2n+ 12 + ϕ
)
in
(
2n+ 32
)
in−1
(2n+ 1)in−1(
2n+ 12 − ϕ
)
in−1
(
2n + 12 + ϕ
)
in−1
(
2n+ 32
)
in
(2n+ 1)in
ζ in
 ηn
 (7.3.10)
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The case of small values of q As |q| ≪ 1 in (7.3.9) and (7.3.10), we have
lim
|q|≪1
M (o)FR
(
q, λ, ϕ =
1
2
√
λ− 2q; ζ = 1− x, η = −qζ2, x = cos2z
)
≈
∞∑
i0=0
(
−
√
λ
2
)
i0
(√
λ
2
)
i0
(1)i0
(
1
2
)
i0
ζ i0
+η
∞∑
i0=0
1
(i0 + 2)
(
i0 +
3
2
)
(
−
√
λ
2
)
i0
(√
λ
2
)
i0
(1)i0
(
1
2
)
i0
∞∑
i1=i0
(
2−
√
λ
2
)
i1
(
2 +
√
λ
2
)
i1
(3)i0
(
5
2
)
i0(
2−
√
λ
2
)
i0
(
2 +
√
λ
2
)
i0
(3)i1
(
5
2
)
i1
ζ i1
> cos
(√
λsin−1
(√
ζ
))
(7.3.11a)
And,
lim
|q|≪1
M (o)SR
(
q, λ, ϕ =
1
2
√
λ− 2q; ζ = 1− x, η = −qζ2, x = cos2z
)
≈ ζ 12

∞∑
i0=0
(
1
2 −
√
λ
2
)
i0
(
1
2 +
√
λ
2
)
i0(
3
2
)
i0
(1)i0
ζ i0
+ η
∞∑
i0=0
1(
i0 +
5
2
)
(i0 + 2)
(
1
2 −
√
λ
2
)
i0
(
1
2 +
√
λ
2
)
i0
(32)i0 (1)i0
∞∑
i1=i0
(
5
2 −
√
λ
2
)
i1
(
5
2 +
√
λ
2
)
i1
(
7
2
)
i0
(3)i0(
5
2 −
√
λ
2
)
i0
(
5
2 +
√
λ
2
)
i0
(
7
2
)
i1
(3)i1
ζ i1

>
√
ζ
1− ζ cos
(√
λsin−1
(√
ζ
))
(7.3.11b)
Integral formalism
Polynomial of type 2
Remark 7.3.9 The integral representation of Mathieu equation of the first kind for
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polynomial of type 2 about x = 1 as λ = 22(λj + 2j)
2 + 2q where j, λj ∈ N0 is
y(ζ) = M (o)FRλj
(
q, λ = 22(λj + 2j)
2 + 2q; ζ = 1− x, η = −qζ2, x = cos2z)
= 2F1
(
−λ0, λ0; 1
2
; ζ
)
+
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)−1
n−k
∫ 1
0
dun−k u
2(n−k)− 3
2
n−k
× 1
2πi
∮
dpn−k
1
pn−k
(1− wn−k+1,n(1− tn−k)(1− un−k)pn−k)−4(n−k)
×
(
pn−k − 1
pn−k
1
1−wn−k+1,n(1− tn−k)(1− un−k)pn−k
)λn−k }
× 2F1
(
−λ0, λ0; 1
2
;w1,n
)}
ηn (7.3.12)
Remark 7.3.10 The integral representation of Mathieu equation of the second kind for
polynomial of type 2 about x = 1 as λ = 22 (λj + 2j + 1/2)
2 + 2q where j, λj ∈ N0 is
y(ζ) = M (o)SRλj
(
q, λ = 22 (λj + 2j + 1/2)
2 + 2q; ζ = 1− x, η = −qζ2, x = cos2z
)
= ζ
1
2
{
2F1
(
−λ0, λ0 + 1; 3
2
; ζ
)
+
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)− 1
2
n−k
∫ 1
0
dun−k u
2(n−k)−1
n−k
× 1
2πi
∮
dpn−k
1
pn−k
(1− wn−k+1,n(1− tn−k)(1 − un−k)pn−k)−(4(n−k)+1)
×
(
pn−k − 1
pn−k
1
1− wn−k+1,n(1− tn−k)(1− un−k)pn−k
)λn−k }
× 2F1
(
−λ0, λ0 + 1; 3
2
;w1,n
)}
ηn
}
(7.3.13)
Infinite series
Remark 7.3.11 The integral representation of Mathieu equation of the first kind for
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infinite series about x = 1 using R3TRF is
y(ζ) = M (o)FR
(
q, λ, ϕ =
1
2
√
λ− 2q; ζ = 1− x, η = −qζ2, x = cos2z
)
= 2F1
(
−ϕ,ϕ; 1
2
; ζ
)
+
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)−1
n−k
∫ 1
0
dun−k u
2(n−k)− 3
2
n−k
× 1
2πi
∮
dpn−k
1
pn−k
(1− wn−k+1,n(1− tn−k)(1− un−k)pn−k)−4(n−k)
×
(
pn−k − 1
pn−k
1
1−wn−k+1,n(1− tn−k)(1− un−k)pn−k
)−2(n−k)+ϕ}
× 2F1
(
−ϕ,ϕ; 1
2
;w1,n
)}
ηn (7.3.14)
Remark 7.3.12 The integral representation of Mathieu equation of the second kind for
infinite series about x = 1 using R3TRF is
y(ζ) = M (o)SR
(
q, λ, ϕ =
1
2
√
λ− 2q; ζ = 1− x, η = −qζ2, x = cos2z
)
= ζ
1
2
{
2F1
(
1
2
− ϕ, 1
2
+ ϕ;
3
2
; ζ
)
+
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)− 1
2
n−k
∫ 1
0
dun−k u
2(n−k)−1
n−k
× 1
2πi
∮
dpn−k
1
pn−k
(1− wn−k+1,n(1− tn−k)(1 − un−k)pn−k)−(4(n−k)+1)
×
(
pn−k − 1
pn−k
1
1− wn−k+1,n(1− tn−k)(1− un−k)pn−k
)−2(n−k)− 1
2
+ϕ
}
× 2F1
(
1
2
− ϕ, 1
2
+ ϕ;
3
2
;w1,n
)}
ηn
}
(7.3.15)
In (7.3.12)–(7.3.15),
wi,j =

pi
(pi − 1)
wi+1,jtiui
1− wi+1,jpi(1− ti)(1− ui) where i ≤ j
ζ only if i > j
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Generating function for the Mathieu polynomial of type 2
Remark 7.3.13 The generating function for the Mathieu polynomial of type 2 of the
first kind about x = 1 as λ = 22(λj + 2j)
2 + 2q where j, λj ∈ N0 is
∞∑
λ0=0
(12 )λ0
λ0!
sλ00
∞∏
n=1

∞∑
λn=λn−1
sλnn
M (o)FRλj (q, λ = 22(λj + 2j)2 + 2q; ζ = 1− x, η = −qζ2, x = cos2z)
=
1
2
{ ∞∏
l=1
1
(1− sl,∞)
A (s0,∞; ζ)
+
{ ∞∏
l=2
1
(1− sl,∞)
∫ 1
0
dt1 t1
∫ 1
0
du1 u
1
2
1
←→
Γ 1 (s1,∞; t1, u1, ζ)A (s0; w˜1,1)
}
η
+
∞∑
n=2
{ ∞∏
l=n+1
1
(1− sl,∞)
∫ 1
0
dtn t
2n−1
n
∫ 1
0
dun u
2n− 3
2
n
←→
Γ n (sn,∞; tn, un, ζ) (7.3.16)
×
n−1∏
k=1
{∫ 1
0
dtn−k t
2(n−k)−1
n−k
∫ 1
0
dun−k u
2(n−k)− 3
2
n−k
←→
Γ n−k (sn−k; tn−k, un−k, w˜n−k+1,n)
}
A (s0; w˜1,n)
}
ηn
}
where

←→
Γ 1 (s1,∞; t1, u1, ζ) =
(
1+s1,∞+
√
s21,∞−2(1−2ζ(1−t1)(1−u1))s1,∞+1
2
)−3
√
s21,∞ − 2(1− 2ζ(1− t1)(1 − u1))s1,∞ + 1
←→
Γ n (sn,∞; tn, un, ζ) =
(
1+sn,∞+
√
s2n,∞−2(1−2ζ(1−tn)(1−un))sn,∞+1
2
)−(4n−1)
√
s2n,∞ − 2(1− 2ζ(1− tn)(1− un))sn,∞ + 1
←→
Γ n−k (sn−k; tn−k, un−k, w˜n−k+1,n) =
(
1+sn−k+
√
s2n−k−2(1−2w˜n−k+1,n(1−tn−k)(1−un−k))sn−k+1
2
)−(4(n−k)−1)
√
s2n−k − 2(1 − 2w˜n−k+1,n(1− tn−k)(1− un−k))sn−k + 1
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and

A (s0,∞; ζ) =
(
1− s0,∞ +
√
s20,∞ − 2(1− 2ζ)s0,∞ + 1
) 1
2
(
1 + s0,∞ +
√
s20,∞ − 2(1 − 2ζ)s0,∞ + 1
) 1
2√
s20,∞ − 2(1− 2ζ)s0,∞ + 1
A (s0; w˜1,1) =
(
1− s0 +
√
s20 − 2(1− 2w˜1,1)s0 + 1
) 1
2
(
1 + s0 +
√
s20 − 2(1 − 2w˜1,1)s0 + 1
) 1
2√
s20 − 2(1− 2w˜1,1)s0 + 1
A (s0; w˜1,n) =
(
1− s0 +
√
s20 − 2(1− 2w˜1,n)s0 + 1
) 1
2
(
1 + s0 +
√
s20 − 2(1 − 2w˜1,n)s0 + 1
) 1
2√
s20 − 2(1− 2w˜1,n)s0 + 1
Remark 7.3.14 The generating function for the Mathieu polynomial of type 2 of the
second kind about x = 1 as λ = 22(λj + 2j + 1/2)
2 + 2q where j, λj ∈ N0 is
∞∑
λ0=0
(32 )λ0
λ0!
sλ00
∞∏
n=1

∞∑
λn=λn−1
sλnn
M (o)SRλj
(
q, λ = 22 (λj + 2j + 1/2)
2 + 2q; ζ = 1− x
, η = −qζ2, x = cos2z
)
= ζ
1
2
{ ∞∏
l=1
1
(1− sl,∞)B (s0,∞; ζ)
+
{ ∞∏
l=2
1
(1− sl,∞)
∫ 1
0
dt1 t
3
2
1
∫ 1
0
du1 u1
←→
Ψ 1 (s1,∞; t1, u1, ζ)B (s0; w˜1,1)
}
η
+
∞∑
n=2
{ ∞∏
l=n+1
1
(1− sl,∞)
∫ 1
0
dtn t
2n− 1
2
n
∫ 1
0
dun u
2n−1
n
←→
Ψ n (sn,∞; tn, un, ζ)
×
n−1∏
k=1
{∫ 1
0
dtn−k t
2(n−k)− 1
2
n−k
∫ 1
0
dun−k u
2(n−k)−1
n−k
←→
Ψ n−k (sn−k; tn−k, un−k, w˜n−k+1,n)
}
× B (s0; w˜1,n)
}
ηn
}
(7.3.17)
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where
←→
Ψ 1 (s1,∞; t1, u1, ζ) =
(
1+s1,∞+
√
s21,∞−2(1−2ζ(1−t1)(1−u1))s1,∞+1
2
)−4
√
s21,∞ − 2(1− 2ζ(1− t1)(1 − u1))s1,∞ + 1
←→
Ψ n (sn,∞; tn, un, ζ) =
(
1+sn,∞+
√
s2n,∞−2(1−2ζ(1−tn)(1−un))sn,∞+1
2
)−4n
√
s2n,∞ − 2(1 − 2ζ(1− tn)(1 − un))sn,∞ + 1
←→
Ψ n−k (sn−k; tn−k, un−k, w˜n−k+1,n) =
(
(1+sn−k)+
√
s2n−k−2(1−2w˜n−k+1,n(1−tn−k)(1−un−k))sn−k+1
2
)−4(n−k)
√
s2n−k − 2(1− 2w˜n−k+1,n(1− tn−k)(1− un−k))sn−k + 1
and
B (s0,∞; ζ) =
(
1− s0,∞ +
√
s20,∞ − 2(1− 2ζ)s0,∞ + 1
)− 1
2
(
1 + s0,∞ +
√
s20,∞ − 2(1− 2ζ)s0,∞ + 1
) 1
2√
s20,∞ − 2(1− 2ζ)s0,∞ + 1
B (s0; w˜1,1) =
(
1− s0 +
√
s20 − 2(1 − 2w˜1,1)s0 + 1
)− 1
2
(
1 + s0 +
√
s20 − 2(1 − 2w˜1,1)s0 + 1
) 1
2√
s20 − 2(1 − 2w˜1,1)s0 + 1
B (s0; w˜1,n) =
(
1− s0 +
√
s20 − 2(1− 2w˜1,n)s0 + 1
)− 1
2
(
1 + s0 +
√
s20 − 2(1− 2w˜1,n)s0 + 1
) 1
2√
s20 − 2(1− 2w˜1,n)s0 + 1
In (7.3.16) and (7.3.17),
sa,b =
{
sa · sa+1 · sa+2 · · · sb−2 · sb−1 · sb if a > b
sa if a = b
w˜i,j =

w˜i+1,j tiui {1 + (si + 2w˜i+1,j(1− ti)(1 − ui))si}
2(1 − w˜i+1,j(1− ti)(1− ui))2si
−
w˜i+1,j tiui(1 + si)
√
s2i − 2(1− 2w˜i+1,j(1− ti)(1− ui))si + 1
2(1 − w˜i+1,j(1− ti)(1− ui))2si where i < j
ζtiui {1 + (si,∞ + 2ζ(1− ti)(1 − ui))si,∞}
2(1 − ζ(1− ti)(1 − ui))2si,∞
−
ζtiui(1 + si,∞)
√
s2i,∞ − 2(1− 2ζ(1− ti)(1− ui))si,∞ + 1
2(1− ζ(1− ti)(1 − ui))2si,∞ where i = j
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where
a, b, i, j ∈ N0
7.4 Mathieu equation about irregular singular point at
infinity
7.4.1 Mathieu equation about x =∞
Let ς = 1x in (7.1.2) to obtain the analytic solution of Mathieu equation about x =∞.
4ς3(ς − 1)d
2y
dς2
+ 2ς2(3ς − 2)dy
dς
+ ((λ+ 2q)ς − 4q) y = 0 (7.4.1)
Assume that its solution is
y(ς) =
∞∑
n=0
cnς
n+ν (7.4.2)
Plug (7.4.2) into (7.4.1).
cn+1 = Bn cn−1 ;n ≥ 1 (7.4.3)
where,
Bn =
(
n+ 12
√
λ− 1
)(
n+ 12
√
λ− 12
)
n
(
n+
√
λ
) (7.4.4a)
with
q = 0 ν =
1
2
√
λ (7.4.4b)
The Frobenius solution of (7.4.4a) with (7.4.4b) is
y(ς) =M (i,1)F
(
q = 0, λ; ς =
1
x
, x = cos2z
)
= ς
1
2
√
λ
2F1
(
1
2
√
λ,
1
2
√
λ+
1
2
;
√
λ+ 1; ς
)
(7.4.5)
The power series of (7.4.4a) for polynomial does not exist. If
√
λ is equal to −2m or
−2m− 1 where m = 0, 1, 2, · · · , the function y(ς) does not convergent because
Pochhammer symbol (
√
λ+ 1)n on the denominator will be zero at certain value of m.
For infinite series, the series in y(ς) does not have circle |ς| = |cos−2z| < 1 as its circle of
convergence.
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Lemma 7.4.1 The hypergeometric functions is defined by
2F1(a, b; c; z) =
∞∑
n=0
(a)n(b)n
(c)n
zn
n!
where c 6= 0,−1,−2, · · ·
converges for |z| < 1. On the boundary z = 1 of the region of convergence, a sufficient
condition for absolute convergence of the series is Re(c− a− b) > 0. [30]
By using this lemma, the analytic solution of (7.4.5) is given by
y(ς) = M (i,1)F
(
q = 0, λ; ς =
1
x
= 1, x = cos2z
)
= 2F1
(
1
2
√
λ,
1
2
√
λ+
1
2
;
√
λ+ 1; 1
)
= 2
√
λ where z = 0,±π,±2π, · · · (7.4.6)
7.4.2 Mathieu equation about ζ =∞
Let φ = 1ζ in (7.3.1) to obtain the analytic solution of Mathieu equation about ζ =∞.
4φ3(φ− 1)d
2y
dφ2
+ 2φ2(3φ− 2)dy
dφ
+ ((λ+ 2q)φ− 4q) y = 0 (7.4.7)
As ς is replaced by φ in (7.4.1), its equation is correspondent to (7.4.7). The series of
Mathieu equation about ζ =∞ is given by
y(ς) = M (i,2)F
(
q = 0, λ;φ =
1
ζ
= 1, ζ = 1− x, x = cos2z
)
= 2F1
(
1
2
√
λ,
1
2
√
λ+
1
2
;
√
λ+ 1; 1
)
= 2
√
λ where z = ±1
2
π,±3
2
π,±5
2
π, · · · (7.4.8)
7.5 Summary
In Ref.[21] I show how to obtain the power series expansion in closed forms and its
integral form of Mathieu equation for infinite series including all higher terms of An’s by
applying 3TRF. This was done by letting An in sequence cn is the leading term in the
analytic function y(x): the sequence cn consists of combinations An and Bn. The series
for the type 1 and 3 polynomials does not exist by using either 3TRF or R3TRF. Because
there are no ways to terminate Bn term with a fixed parameter q of numerator in Bn
whenever index n increases in (7.1.5b).
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In this chapter I show how to construct the power series expansion in closed forms and its
integral form of Mathieu equation for infinite series and polynomial of type 2 including all
higher terms of Bn’s by applying R3TRF. This is done by letting Bn in sequence cn is the
leading term in the analytic function y(x). For the type 2 polynomial, I treat q as a free
variable and a fixed value of λ.
The power series expansion and its integral form of Mathieu equation for infinite series
about x = 0 in this chapter are equivalent to infinite series of Mathieu equation in
Ref.[21]. In this chapter Bn is the leading term in sequence cn in the analytic function
y(x). In Ref.[21] An is the leading term in sequence cn in the analytic function y(x).
In Ref.[21] and this chapter, as we see the power series expansion of Mathieu equation
about x = 0 for either polynomial or infinite series, the denominators and numerators in
all An or Bn terms of y(x) arise with Pochhammer symbol. Since we construct the power
series expansion with Pochhammer symbols in numerators and denominators, we are able
to describe integral representation of Mathieu equation analytically. As we observe
representations in closed form integrals of Mathieu equation by applying 3TRF, a
modified Bessel function recurs in each of sub-integral forms of the y(x). And 2F1
function recurs in each of sub-integral forms of y(x) as we observe integral forms of
Mathieu equation by applying R3TRF (each sub-integral ym(x) where m = 0, 1, 2, · · · is
composed of 2m terms of definite integrals and m terms of contour integrals). We are
able to transform the Mathieu function into any well-known special functions having two
recurrence relation in its power series of a linear differential equation because of modified
Bessel and 2F1 functions in each of sub-integral forms of the Mathieu function. After we
replace modified Bessel and 2F1 functions in its integral forms to other special functions
(such as Bessel function, Kummer function, hypergeometric function, Laguerre function
and etc), we are able to rebuild the power series expansion of Mathieu equation in a
backward.
Indeed, the generating function for the Mathieu polynomial of type 2 is constructed
analytically from its integral representation by applying the generating function for the
Jacobi polynomial using hypergeometric functions. Also it might be possible to obtain
orthogonal relations, recursion relations and expectation values of physical quantities
from the generating function for the Mathieu polynomial of type 2: the processes in order
to obtain orthogonal and recursion relations of the Mathieu polynomial are similar as the
case of a normalized wave function for the hydrogen-like atoms.
Mathematical structure of the Frobenius solution, its integral representation and the
generating function for Mathieu equation closely resembles the case of Confluent Heun
equation using 3TRF and R3TRF. As β → 0, δ = γ = 12 , α = q0 , q → λ+2q4 and λ→ ν in
the power series expansion and its integral forms of the Confluent Heun equation using
R3TRF in chapter 5, its analytic solution are correspondent to the Frobenius solution
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and its integral representation of Mathieu equation in this chapter; compare remarks
5.2.1–5.2.9 in chapter 5 with remarks 7.2.1–7.2.9 in this chapter. By similar process, the
analytic solution of the Confluent Heun equation using 3TRF for infinite series by
changing all coefficients in chapter 4 is equivalent to the power series and its integral form
of Mathieu equation in Ref.[21]; compare remarks 4.2.3, 4.2.4 and 4.2.8 and 4.2.9 in
chapter 4 with remarks 1–4 in Ref.[21].
As w˜
−(α+λ)
1,1
(
w˜1,1∂w˜1,1
)
w˜α+λ1,1 , w˜
−(2(n−1)+α+λ)
n,n
(
w˜n,n∂w˜n,n
)
w˜2(n−1)+α+λn,n ,
w˜
−(2(n−k−1)+α+λ)
n−k,n
(
w˜n−k,n∂w˜n−k,n
)
w˜
2(n−k−1)+α+λ
n−k,n → 1 with β → 0, δ = γ = 12 , α = q0 ,
q → λ+2q4 and λ→ ν in the general expression of the generating function for the type 2
Confluent Heun polynomial using R3TRF in the chapter 5, its solution is equivalent to
the generating function for the type 2 Mathieu polynomial in this chapter; compare
theorem 5.2.12 in chapter 5 with theorem 7.2.12 in this chapter. Because, by applying the
generating function for the Jacobi polynomial using 2F1 functions into both integral forms
of the Confluent Heun and Mathieu polynomials of type 2 (2F1 function recurs in each of
sub-integral forms of them), I derive generating functions for these polynomials of type 2.
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Chapter 8
Lame function in the algebraic
form using reversible three-term
recurrence formula
In Ref.[12] I apply three term recurrence formula (3TRF)[9] to the power series expansion
in closed forms of Lame equation in the algebraic form (for infinite series and polynomial
which makes Bn term terminated including all higher terms of An’s
1) and its integral
form. I show how to transform power series expansion in Lame equation to its integral
representation for infinite series and polynomial in mathematical rigour.
In this chapter I will apply reversible three term recurrence formula (R3TRF) in chapter
1 to (1) the Frobenius solution in closed forms of Lame equation, (2) its integral form (for
infinite series and polynomial which makes An term terminated including all higher terms
of Bn’s
2), (3) the generating function for the Lame polynomial which makes An term
terminated.
8.1 Introduction
The sphere is a geometrical perfect shape, the set of points which are all equidistant from
its center (a fixed point) in three-dimensional space. In contrast, an ellipsoid is a
imperfect one, a surface whose plane sections are all ellipses or circles; the set of points
1“ higher terms of An’s” means at least two terms of An’s.
2“ higher terms of Bn’s” means at least two terms of Bn’s.
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are not same distance from the center of the ellipsoid any more. As we all recognize, the
nature is nonlinear and imperfect geometrically. For the purpose of simplification, we
usually linearize those system in order to take a step to the future with a good numerical
approximation. Actually, many geometrical spherical objects (earth, sun, black hole, etc)
are not perfectly sphere in nature. The shape of those objects are closely better
interpreted by an ellipsoid because of their rotations by themselves. For example, the
ellipsoidal harmonics are represented in calculations of gravitational potential[8].
However spherical harmonic is preferred over the more mathematically complex ellipsoid
harmonics (the coefficients in the power series expansion of Lame equation have a
relation between a 3-term).
In 1837, Gabriel Lame introduced a second ordinary differential equation which has four
regular singular points in the method of separation of variables applied to the Laplace
equation in elliptic coordinates[2]. Various authors has called this equation as ‘Lame
equation’ or ‘ellipsoidal harmonic equation’[18]. Lame equation is applicable to diverse
areas such as boundary value problems in ellipsoidal geometry, chaotic Hamiltonian
systems, the theory of Bose-Einstein condensates, etc [3, 4, 5].
Until the present day, there are no analytic solutions in closed forms of the Lame
function[6, 7, 18]. Using Frobenius method to obtain an analytic solution of Lame
equation represented either in the algebraic form or in Weierstrass’s form, a solution
automatically comes out three term recurrence relation[6, 7]. They left the analytic
solution of Lame equation as solutions of recurrences because of a 3-term recursive
relation between successive coefficients in its power series expansion. In comparison with
two term recursion relation of power series in any linear ordinary differential equations,
an analytic solution in closed forms on three term recurrence relation of power series is
unknown currently because of its complex mathematical calculation.
In Ref.[12] I construct analytic solutions of Lame equation in the algebraic form about
the regular singular point at x = a by applying 3TRF. [9]: the power series expansion in
closed forms of Lame equation and its integral form for infinite series and polynomial
which makes Bn term terminated including all higher terms of An’s. One interesting
observation resulting from the calculations is the fact that a 2F1 function recurs in each
of sub-integral forms: the first sub-integral form contains zero term of A′ns, the second
one contains one term of An’s, the third one contains two terms of An’s, etc.
In this chapter, by applying R3TRF in chapter 1, I construct the power series expansion
in closed forms of Lame equation in the algebraic form about a regular singular point at
x = a for infinite series and polynomial which makes An term terminated including all
higher terms of Bn’s. Indeed, an integral form of Lame equation and the generating
function of Lame polynomial which makes An term terminated will be derived
analytically.
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Lame equation is a second-order linear ordinary differential equation of the algebraic
form[2, 14, 16]
d2y
dx2
+
1
2
(
1
x− a +
1
x− b +
1
x− c
)
dy
dx
+
−α(α+ 1)x+ q
4(x− a)(x− b)(x− c)y = 0 (8.1.1)
Lame equation has four regular singular points: a, b, c and ∞; the exponents at the first
three are all 0 and 12 , and those at infinity are −12α and 12(α+ 1).[15, 17] (8.1.1) is a
special case of Heun equation. Heun equation is a second-order linear ordinary
differential equation of the form [1].
d2y
dx2
+
(
γ
x
+
δ
x− 1 +
ǫ
x− a
)
dy
dx
+
αβx− q
x(x− 1)(x− a)y = 0 (8.1.2)
With the condition ǫ = α+ β − γ − δ + 1. The parameters play different roles: a 6= 0 is
the singularity parameter, α, β, γ, δ, ǫ are exponent parameters, q is the accessory
parameter which in many physical applications appears as a spectral parameter. Also, α
and β are identical to each other. The total number of free parameters is six. It has four
regular singular points which are 0, 1, a and ∞ with exponents {0, 1 − γ}, {0, 1 − δ},
{0, 1 − ǫ} and {α, β}.
Let z = x− a in (8.1.1).
d2y
dz2
+
1
2
(
1
z
+
1
z − (b− a) +
1
z − (c− a)
)
dy
dz
+
−14α(α+ 1)z − 14 (−q + α(α+ 1)a)
z(z − (b− a))(z − (c− a)) y = 0
(8.1.3)
As we compare (8.1.2) with (8.1.3), all coefficients on the above are correspondent to the
following way.
γ, δ, ǫ←→ 1
2
1←→ b− a
a←→ c− a
α←→ 1
2
(α+ 1)
β ←→ −1
2
α
q ←→ 1
4
(−q + α(α + 1)a)
x←→ z
(8.1.4)
Assume that the solution of (8.1.3) is
y(z) =
∞∑
n=0
cnz
n+λ (8.1.5)
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where λ is an indicial root. Plug (8.1.5) into (8.1.3).
cn+1 = An cn +Bn cn−1 ;n ≥ 1 (8.1.6)
where,
An =
1
4(α(α + 1)a− q)− (2a− b− c)(n + λ)2
(a− b)(a− c)(n + 1 + λ)(n+ 12 + λ)
= − (2a− b− c)
(a− b)(a− c)
(n− ϕ+ λ)(n + ϕ+ λ)
(n+ 1 + λ)(n + 12 + λ)
(8.1.7a)
and
ϕ =
√
α(α + 1)a− q
4(2a− b− c)
Bn =
[α− (1− 2(n + λ))][α − 2(n − 1 + λ)]
22(a− b)(a− c)(n + 1 + λ)(n + 12 + λ)
=
−1
(a− b)(a− c)
(
n+ α2 − 12 + λ
) (
n− α2 − 1 + λ
)
(n + 1 + λ)(n + 12 + λ)
(8.1.7b)
c1 = A0 c0 (8.1.7c)
We have two indicial roots which are λ = 0 and 12 .
8.2 Power series
8.2.1 Polynomial of type 2
There are three types of polynomials in three-term recurrence relation of a linear
ordinary differential equation: (1) polynomial which makes Bn term terminated: An term
is not terminated, (2) polynomial which makes An term terminated: Bn term is not
terminated, (3) polynomial which makes An and Bn terms terminated at the same time.
3
In general Lame (spectral) polynomial represented either in the algebraic form or in
Weierstrass’s form is defined as type 3 polynomial where An and Bn terms terminated.
Lame polynomial comes from a Lame equation that has a fixed integer value of α, just as
it has a fixed value of q. In three-term recurrence formula, polynomial of type 3 I
categorize as complete polynomial. In future papers I will derive type 3 Lame
3If An and Bn terms are not terminated, it turns to be infinite series.
8.2. POWER SERIES 355
polynomial. In Ref.[12] I derive the Frobenius solution and its integral form of the Lame
polynomial of type 1: I treat q as a free variable and α as a fixed value. In this chapter I
construct the power series expansion and integral representation for the Lame polynomial
of type 2: I treat α as a free variable and q as a fixed value.
In chapter 1 the general expression of power series of y(x) for polynomial of type 2 is
defined by
y(x) =
∞∑
n=0
yn(x) = y0(x) + y1(x) + y2(x) + y3(x) + · · ·
= c0
{
α0∑
i0=0
(
i0−1∏
i1=0
Ai1
)
xi0+λ +
α0∑
i0=0
{
Bi0+1
i0−1∏
i1=0
Ai1
α1∑
i2=i0
(
i2−1∏
i3=i0
Ai3+2
)}
xi2+2+λ
+
∞∑
N=2
{
α0∑
i0=0
{
Bi0+1
i0−1∏
i1=0
Ai1
N−1∏
k=1
(
αk∑
i2k=i2(k−1)
Bi2k+2k+1
i2k−1∏
i2k+1=i2(k−1)
Ai2k+1+2k
)
×
αN∑
i2N=i2(N−1)
(
i2N−1∏
i2N+1=i2(N−1)
Ai2N+1+2N
)}}
xi2N+2N+λ
}
(8.2.1)
In the above, αi ≤ αj only if i ≤ j where i, j, αi, αj ∈ N0.
For a polynomial, we need a condition which is:
Aαi+2i = 0 where i, αi = 0, 1, 2, · · · (8.2.2)
In the above, αi is an eigenvalue that makes An term terminated at certain value of index
n. (8.2.2) makes each yi(x) where i = 0, 1, 2, · · · as the polynomial in (8.2.1).
The case of ϕ = −(qi + 2i+ λ) where i, qi = 0, 1, 2, · · ·
In (8.2.2) replace index αi by qi. In (8.1.7a)-(8.1.7c) replace ϕ by −(qi + 2i+ λ). Take
the new (8.1.7a)-(8.1.7c), (8.2.2) and put them in (8.2.1) with replacing variable x by z.
After the replacement process, the general expression of power series of Lame equation in
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the algebraic form for polynomial of type 2 is given by
y(z) =
∞∑
n=0
yn(z) = y0(z) + y1(z) + y2(z) + y3(z) + · · ·
= c0z
λ
{
q0∑
i0=0
(−q0)i0 (q0 + 2λ)i0
(1 + λ)i0
(
1
2 + λ
)
i0
ρi0
+
{
q0∑
i0=0
(
i0 +
α
2 +
1
2 + λ
) (
i0 − α2 + λ
)
(i0 + 2 + λ)
(
i0 +
3
2 + λ
) (−q0)i0 (q0 + 2λ)i0
(1 + λ)i0
(
1
2 + λ
)
i0
×
q1∑
i1=i0
(−q1)i1 (q1 + 4 + 2λ)i1 (3 + λ)i0
(
5
2 + λ
)
i0
(−q1)i0 (q1 + 4 + 2λ)i0 (3 + λ)i1
(
5
2 + λ
)
i1
ρi1
}
η
+
∞∑
n=2
{
q0∑
i0=0
(
i0 +
α
2 +
1
2 + λ
) (
i0 − α2 + λ
)
(i0 + 2 + λ)
(
i0 +
3
2 + λ
) (−q0)i0 (q0 + 2λ)i0
(1 + λ)i0
(
1
2 + λ
)
i0
×
n−1∏
k=1

qk∑
ik=ik−1
(
ik + 2k +
α
2 +
1
2 + λ
) (
ik + 2k − α2 + λ
)
(ik + 2k + 2 + λ)
(
ik + 2k +
3
2 + λ
)
×
(−qk)ik (qk + 4k + 2λ)ik (2k + 1 + λ)ik−1
(
2k + 12 + λ
)
ik−1
(−qk)ik−1 (qk + 4k + 2λ)ik−1 (2k + 1 + λ)ik
(
2k + 12 + λ
)
ik
}
×
qn∑
in=in−1
(−qn)in (qn + 4n+ 2λ)in (2n+ 1 + λ)in−1
(
2n+ 12 + λ
)
in−1
(−qn)in−1 (qn + 4n+ 2λ)in−1 (2n+ 1 + λ)in
(
2n+ 12 + λ
)
in
ρin
 ηn
 (8.2.3)
where 
z = x− a
ρ = − 2a−b−c(a−b)(a−c)z
η = − 1(a−b)(a−c)z2
ϕ = −β + γ + δ − 1
q = α(α+ 1)a− 4(2a − b− c)(qj + 2j + λ)2 as j, qj ∈ N0
qi ≤ qj only if i ≤ j where i, j ∈ N0
The case of ϕ = qi + 2i+ λ
In (8.2.2) replace index αi by qi. In (8.1.7a)-(8.1.7c) replace ϕ by qi + 2i+ λ. Take the
new (8.1.7a)-(8.1.7c), (8.2.2) and put them in (8.2.1) with replacing variable x by z.
After the replacement process, its solution is equivalent to (8.2.3).
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Put c0= 1 as λ = 0 for the first independent solution of Lame equation and λ =
1
2 for the
second one in (8.2.3).
Remark 8.2.1 The power series expansion of Lame equation in the algebraic form of the
first kind for polynomial of type 2 about x = a as q = α(α+ 1)a− 4(2a − b− c)(qj + 2j)2
where j, qj ∈ N0 is
y(z) = LFRqj
(
a, b, c, α, q = α(α+ 1)a− 4(2a − b− c)(qj + 2j)2; z = x− a
, ρ = − 2a− b− c
(a− b)(a− c)z, η =
−z2
(a− b)(a− c)
)
=
q0∑
i0=0
(−q0)i0 (q0)i0
(1)i0
(
1
2
)
i0
ρi0
+
{
q0∑
i0=0
(
i0 +
α
2 +
1
2
) (
i0 − α2
)
(i0 + 2)
(
i0 +
3
2
) (−q0)i0 (q0)i0
(1)i0
(
1
2
)
i0
q1∑
i1=i0
(−q1)i1 (q1 + 4)i1 (3)i0
(
5
2
)
i0
(−q1)i0 (q1 + 4)i0 (3)i1
(
5
2
)
i1
ρi1
}
η
+
∞∑
n=2
{
q0∑
i0=0
(
i0 +
α
2 +
1
2
) (
i0 − α2
)
(i0 + 2)
(
i0 +
3
2
) (−q0)i0 (q0)i0
(1)i0
(
1
2
)
i0
×
n−1∏
k=1

qk∑
ik=ik−1
(
ik + 2k +
α
2 +
1
2
) (
ik + 2k − α2
)
(ik + 2k + 2)
(
ik + 2k +
3
2
) (−qk)ik (qk + 4k)ik (2k + 1)ik−1 (2k + 12)ik−1
(−qk)ik−1 (qk + 4k)ik−1 (2k + 1)ik
(
2k + 12
)
ik
}
×
qn∑
in=in−1
(−qn)in (qn + 4n)in (2n + 1)in−1
(
2n+ 12
)
in−1
(−qn)in−1 (qn + 4n)in−1 (2n+ 1)in
(
2n+ 12
)
in
ρin
 ηn (8.2.4)
For the minimum value of Lame equation in the algebraic form of the first kind for a
polynomial of type 2 about x = a, put q0 = q1 = q2 = · · · = 0 in (8.2.4).
y(z) = LFR0
(
a, b, c, α, q = α(α+ 1)a− 16(2a − b− c)j2; z = x− a, ρ = − 2a− b− c
(a− b)(a− c)z
, η =
−z2
(a− b)(a− c)
)
= 2F1
(
−α
4
,
α
4
+
1
4
,
3
4
, η
)
where |η| < 1 (8.2.5)
For the special case, if η = 1 in (8.2.5),
y(z) = LFR0
(
a, b, c, α, q = α(α + 1)a− 16(2a − b− c)j2; z =
√
−(a− b)(a− c)
, ρ = − 2a− b− c√−(a− b)(a− c) , η = 1
)
=
√
πΓ
(
3
4
)
Γ
(
2−α
4
)
Γ
(
3+α
4
) (8.2.6)
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Remark 8.2.2 The power series expansion of Lame equation in the algebraic form of the
second kind for polynomial of type 2 about x = a as
q = α(α + 1)a− 4(2a − b− c) (qj + 2j + 12)2 where j, qj ∈ N0 is
y(z) = LSRqj
(
a, b, c, α, q = α(α + 1)a− 4(2a − b− c)
(
qj + 2j +
1
2
)2
; z = x− a
, ρ = − 2a− b− c
(a− b)(a− c)z, η =
−z2
(a− b)(a− c)
)
= z
1
2
{
q0∑
i0=0
(−q0)i0 (q0 + 1)i0(
3
2
)
i0
(1)i0
ρi0
+
{
q0∑
i0=0
(
i0 +
α
2 + 1
) (
i0 − α2 + 12
)(
i0 +
5
2
)
(i0 + 2)
(−q0)i0 (q0 + 1)i0(
3
2
)
i0
(1)i0
q1∑
i1=i0
(−q1)i1 (q1 + 5)i1
(
7
2
)
i0
(3)i0
(−q1)i0 (q1 + 5)i0
(
7
2
)
i1
(3)i1
ρi1
}
η
+
∞∑
n=2
{
q0∑
i0=0
(
i0 +
α
2 + 1
) (
i0 − α2 + 12
)(
i0 +
5
2
)
(i0 + 2)
(−q0)i0 (q0 + 1)i0(
3
2
)
i0
(1)i0
×
n−1∏
k=1

qk∑
ik=ik−1
(
ik + 2k +
α
2 + 1
) (
ik + 2k − α2 + 12
)(
ik + 2k +
5
2
)
(ik + 2k + 2)
×
(−qk)ik (qk + 4k + 1)ik
(
2k + 32
)
ik−1
(2k + 1)ik−1
(−qk)ik−1 (qk + 4k + 1)ik−1
(
2k + 32
)
ik
(2k + 1)ik
}
×
qn∑
in=in−1
(−qn)in (qn + 4n+ 1)in
(
2n+ 32
)
in−1
(2n+ 1)in−1
(−qn)in−1 (qn + 4n+ 1)in−1
(
2n+ 32
)
in
(2n+ 1)in
ρin
 ηn
 (8.2.7)
For the minimum value of Lame equation in the algebraic form of the second kind for a
polynomial of type 2 about x = a, put q0 = q1 = q2 = · · · = 0 in (8.2.7).
y(z) = LSR0
(
a, b, c, α, q = α(α+ 1)a− 4(2a − b− c)
(
2j +
1
2
)2
; z = x− a, ρ = − 2a− b− c
(a− b)(a− c)z
, η =
−z2
(a− b)(a− c)
)
= z
1
2 2F1
(
−α
4
+
1
4
,
α
4
+
1
2
,
5
4
, η
)
where |η| < 1 (8.2.8)
For the special case, if η = 1 in (8.2.8),
y(z) = LSR0
(
a, b, c, α, q = α(α + 1)a− 4(2a− b− c)
(
2j +
1
2
)2
; z =
√
−(a− b)(a− c)
, ρ = − 2a− b− c√−(a− b)(a− c) , η = 1
)
=
√
πΓ
(
5
4
)
Γ
(
3−α
4
)
Γ
(
4+α
4
) (−(a− b)(a− c)) 14 (8.2.9)
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In (8.2.5) and (8.2.8), a polynomial of type 2 requires
∣∣∣η = −(x−a)2(a−b)(a−c) ∣∣∣ < 1 for the
convergence of the radius. For huge values qj, Lame functions for a polynomial of type 2
will not convergent at η = 1 any more. Its radius of convergence is |η| < 1. For more
details about this issue, it is explained in chapter 3 and 4 [13].
In Ref.[12] I treat α as a fixed value and q as a free variable to construct the Lame
polynomial of type 1: (1) if α = 2(2αj + j) or −2(2αj + j)− 1 where j, αj ∈ N0, an
analytic solution of Lame equation turns to be the first kind of independent solution of
the Lame polynomial of type 1. (2) if α = 2(2αj + j) + 1 or −2(2αj + j + 1), an analytic
solution of Lame equation turns to be the second kind of independent solution of the
Lame polynomial of type 1.
In this chapter I treat q as a fixed value and α as a free variable to construct the Lame
polynomial of type 2: (1) if q = α(α+ 1)a− 4(2a − b− c)(qj + 2j)2 where j, qj ∈ N0, an
analytic solution of Lame equation turns to be the first kind of independent solution of
the Lame polynomial of type 2. (2) if q = α(α + 1)a− 4(2a − b− c) (qj + 2j + 12)2, an
analytic solution of Lame equation turns to be the second kind of independent solution of
the Lame polynomial of type 2.
8.2.2 Infinite series
In chapter 1 the general expression of power series of y(x) for infinite series is defined by
y(x) =
∞∑
n=0
yn(x) = y0(x) + y1(x) + y2(x) + y3(x) + · · ·
= c0
{ ∞∑
i0=0
(
i0−1∏
i1=0
Ai1
)
xi0+λ +
∞∑
i0=0
{
Bi0+1
i0−1∏
i1=0
Ai1
∞∑
i2=i0
(
i2−1∏
i3=i0
Ai3+2
)}
xi2+2+λ
+
∞∑
N=2
{ ∞∑
i0=0
{
Bi0+1
i0−1∏
i1=0
Ai1
N−1∏
k=1
( ∞∑
i2k=i2(k−1)
Bi2k+2k+1
i2k−1∏
i2k+1=i2(k−1)
Ai2k+1+2k
)
×
∞∑
i2N=i2(N−1)
(
i2N−1∏
i2N+1=i2(N−1)
Ai2N+1+2N
)}}
xi2N+2N+λ
}
(8.2.10)
Substitute (8.1.7a)–(8.1.7c) into (8.2.10) with replacing variable x by z. The general
expression of power series of Lame equation in the algebraic form for infinite series about
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x = a is given by
y(z) =
∞∑
n=0
yn(z) = y0(z) + y1(z) + y2(z) + y3(z) + · · ·
= c0z
λ
{ ∞∑
i0=0
(−ϕ+ λ)i0 (ϕ+ λ)i0
(1 + λ)i0
(
1
2 + λ
)
i0
ρi0
+
{ ∞∑
i0=0
(
i0 +
α
2 +
1
2 + λ
) (
i0 − α2 + λ
)
(i0 + 2 + λ)
(
i0 +
3
2 + λ
) (−ϕ+ λ)i0 (ϕ+ λ)i0
(1 + λ)i0
(
1
2 + λ
)
i0
×
∞∑
i1=i0
(−ϕ+ 2 + λ)i1 (ϕ+ 2 + λ)i1 (3 + λ)i0
(
5
2 + λ
)
i0
(−ϕ+ 2 + λ)i0 (ϕ+ 2 + λ)i0 (3 + λ)i1
(
5
2 + λ
)
i1
ρi1
}
η
+
∞∑
n=2
{ ∞∑
i0=0
(
i0 +
α
2 +
1
2 + λ
) (
i0 − α2 + λ
)
(i0 + 2 + λ)
(
i0 +
3
2 + λ
) (−ϕ+ λ)i0 (ϕ+ λ)i0
(1 + λ)i0
(
1
2 + λ
)
i0
×
n−1∏
k=1

∞∑
ik=ik−1
(
ik + 2k +
α
2 +
1
2 + λ
) (
ik + 2k − α2 + λ
)
(ik + 2k + 2 + λ)
(
ik + 2k +
3
2 + λ
)
×
(−ϕ+ 2k + λ)ik (ϕ+ 2k + λ)ik (2k + 1 + λ)ik−1
(
2k + 12 + λ
)
ik−1
(−ϕ+ 2k + λ)ik−1 (ϕ+ 2k + λ)ik−1 (2k + 1 + λ)ik
(
2k + 12 + λ
)
ik
}
×
∞∑
in=in−1
(−ϕ+ 2n + λ)in (ϕ+ 2n+ λ)in (2n + 1 + λ)in−1
(
2n + 12 + λ
)
in−1
(−ϕ+ 2n + λ)in−1 (ϕ+ 2n+ λ)in−1 (2n+ 1 + λ)in
(
2n+ 12 + λ
)
in
ρin
 ηn
 (8.2.11)
Put c0= 1 as λ = 0 for the first kind of independent solutions of Lame equation and
λ = 12 for the second one in (8.2.11).
Remark 8.2.3 The power series expansion of Lame equation in the algebraic form of the
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first kind for infinite series about x = a using R3TRF is
y(z) = LFR
(
a, b, c, α, q, ϕ =
√
α(α+ 1)a− q
4(2a − b− c) ; z = x− a, ρ = −
2a− b− c
(a− b)(a− c)z, η =
−z2
(a− b)(a− c)
)
=
∞∑
i0=0
(−ϕ)i0 (ϕ)i0
(1)i0
(
1
2
)
i0
ρi0
+
{ ∞∑
i0=0
(
i0 +
α
2 +
1
2
) (
i0 − α2
)
(i0 + 2)
(
i0 +
3
2
) (−ϕ)i0 (ϕ)i0
(1)i0
(
1
2
)
i0
∞∑
i1=i0
(−ϕ+ 2)i1 (ϕ+ 2)i1 (3)i0
(
5
2
)
i0
(−ϕ+ 2)i0 (ϕ+ 2)i0 (3)i1
(
5
2
)
i1
ρi1
}
η
+
∞∑
n=2
{ ∞∑
i0=0
(
i0 +
α
2 +
1
2
) (
i0 − α2
)
(i0 + 2)
(
i0 +
3
2
) (−ϕ)i0 (ϕ)i0
(1)i0
(
1
2
)
i0
×
n−1∏
k=1

∞∑
ik=ik−1
(
ik + 2k +
α
2 +
1
2
) (
ik + 2k − α2
)
(ik + 2k + 2)
(
ik + 2k +
3
2
) (−ϕ+ 2k)ik (ϕ+ 2k)ik (2k + 1)ik−1 (2k + 12)ik−1
(−ϕ+ 2k)ik−1 (ϕ+ 2k)ik−1 (2k + 1)ik
(
2k + 12
)
ik
}
×
∞∑
in=in−1
(−ϕ+ 2n)in (ϕ+ 2n)in (2n+ 1)in−1
(
2n+ 12
)
in−1
(−ϕ+ 2n)in−1 (ϕ+ 2n)in−1 (2n+ 1)in
(
2n + 12
)
in
ρin
 ηn (8.2.12)
Remark 8.2.4 The power series expansion of Lame equation in the algebraic form of the
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second kind for infinite series about x = a using R3TRF is
y(z) = LSR
(
a, b, c, α, q, ϕ =
√
α(α+ 1)a− q
4(2a − b− c) ; z = x− a, ρ = −
2a− b− c
(a− b)(a− c)z, η =
−z2
(a− b)(a− c)
)
= z
1
2
{ ∞∑
i0=0
(−ϕ+ 12)i0 (ϕ+ 12)i0(
3
2
)
i0
(1)i0
ρi0
+
{ ∞∑
i0=0
(
i0 +
α
2 + 1
) (
i0 − α2 + 12
)(
i0 +
5
2
)
(i0 + 2)
(−ϕ+ 12)i0 (ϕ+ 12)i0(
3
2
)
i0
(1)i0
×
∞∑
i1=i0
(−ϕ+ 52)i1 (ϕ+ 52)i1 (72)i0 (3)i0(−ϕ+ 52)i0 (ϕ+ 52)i0 (72)i1 (3)i1 ρi1
}
η
+
∞∑
n=2
{ ∞∑
i0=0
(
i0 +
α
2 + 1
) (
i0 − α2 + 12
)(
i0 +
5
2
)
(i0 + 2)
(−ϕ+ 12)i0 (ϕ+ 12)i0(
3
2
)
i0
(1)i0
×
n−1∏
k=1

∞∑
ik=ik−1
(
ik + 2k +
α
2 + 1
) (
ik + 2k − α2 + 12
)(
ik + 2k +
5
2
)
(ik + 2k + 2)
×
(−ϕ+ 2k + 12)ik (ϕ+ 2k + 12)ik (2k + 32)ik−1 (2k + 1)ik−1(−ϕ+ 2k + 12)ik−1 (ϕ+ 2k + 12)ik−1 (2k + 32)ik (2k + 1)ik
}
×
∞∑
in=in−1
(−ϕ+ 2n+ 12)in (ϕ+ 2n+ 12)in (2n + 32)in−1 (2n+ 1)in−1(−ϕ+ 2n+ 12)in−1 (ϕ+ 2n+ 12)in−1 (2n+ 32)in (2n + 1)in ρin
 ηn
 (8.2.13)
The infinite series in this chapter are equivalent to the infinite series in Ref.[12]. In this
chapter Bn is the leading term in sequence cn of the analytic function y(z). In Ref.[12]
An is the leading term in sequence cn of the analytic function y(z).
8.3 Integral formalism
Lame equation could not be built in a definite or contour integral form of any well-known
simple functions such as Gauss hypergeometric, Kummer functions and etc because of a
3-term recursive relation in its power series. The three term recurrence relation in the
power series expansion of Lame equation brings mathematical difficulty to be derived into
a direct or contour integral.
In place of analyzing Lame equation into its integral representation of any simple
functions, in earlier literature the integral equations of Lame equation were constructed
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by using simple kernels involving Legendre functions of the Jacobian elliptic function or
ellipsoidal harmonic functions: such integral relationships express one analytic solution in
terms of another analytic solution involving Jacobian elliptic functions. There are many
other forms of integral relations in Lame equation.[18, 19, 20, 21, 22, 23, 24, 25, 26]
In Ref.[12], I show the integral form (each sub-integral ym(x) where m = 0, 1, 2, · · · is
composed of 2m terms of definite integrals and m terms of contour integrals) of Lame
equation using 3TRF: a 2F1 function recurs in each of sub-integral forms of Lame
equation.
8.3.1 Polynomial of type 2
Now I consider the combined definite and contour integral representation of Lame
equation by using R3TRF. There is a generalized hypergeometric function which is given
by
Il =
ql∑
il=il−1
(−ql)il (ql + 4l + 2λ)il (2l + 1 + λ)il−1
(
2l + 12 + λ
)
il−1
(−ql)il−1 (ql + 4l + 2λ)il−1 (2l + 1 + λ)il
(
2l + 12 + λ
)
il
ρil (8.3.1)
= ρil−1
∞∑
j=0
B(il−1 + 2l + λ, j + 1)B
(
il−1 + 2l − 12 + λ, j + 1
)
(il−1 − ql)j (il−1 + ql + 4l + 2λ)j
(il−1 + 2l + λ)−1
(
il−1 + 2l − 12 + λ
)−1
(1)j j!
ρj
By using integral form of beta function,
B (il−1 + 2l + λ, j + 1) =
∫ 1
0
dtl t
il−1+2l−1+λ
l (1− tl)j (8.3.2a)
B
(
il−1 + 2l − 1
2
+ λ, j + 1
)
=
∫ 1
0
dul u
il−1+2l− 32+λ
l (1− ul)j (8.3.2b)
Substitute (8.3.2a) and (8.3.2b) into (8.3.1). And divide (il−1+2l+ λ)
(
il−1 + 2l − 12 + λ
)
into Il.
Kl =
1
(il−1 + 2l + λ)
(
il−1 + 2l − 12 + λ
)
×
ql∑
il=il−1
(−ql)il (ql + 4l + 2λ)il (2l + 1 + λ)il−1
(
2l + 12 + λ
)
il−1
(−ql)il−1 (ql + 4l + 2λ)il−1 (2l + 1 + λ)il
(
2l + 12 + λ
)
il
ρil
=
∫ 1
0
dtl t
2l−1+λ
l
∫ 1
0
dul u
2l− 3
2
+λ
l (ρtlul)
il−1
∞∑
j=0
(il−1 − ql)j (il−1 + ql + 4l + 2λ)j
(1)j j!
(ρ(1− tl)(1− ul))j
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The integral form of Gauss hypergeometric function is written by
2F1 (α, β; γ; z) =
∞∑
n=0
(α)n(β)n
(γ)n(n!)
zn
= − 1
2πi
Γ(1− α)Γ(γ)
Γ(γ − α)
∮
dvl (−vl)α−1(1− vl)γ−α−1(1− zvl)−β (8.3.3)
where Re(γ − α) > 0
replaced α, β, γ and z by il−1 − ql, il−1 + ql + 4l + 2λ, 1 and ρ(1− tl)(1− ul) in (8.3.3)
∞∑
j=0
(il−1 − ql)j(il−1 + ql + 4l + 2λ)j
(1)j j!
(ρ(1− tl)(1 − ul))j
=
1
2πi
∮
dvl
1
vl
(
vl − 1
vl
1
1− ρ(1− tl)(1 − ul)vl
)ql
(1− ρ(1− tl)(1− ul)vl)−(4l+2λ)
×
(
vl
vl − 1
1
1− ρ(1− tl)(1 − ul)vl
)il−1
(8.3.4)
Substitute (8.3.4) into Kl.
Kl =
1
(il−1 + 2l + λ)
(
il−1 + 2l − 12 + λ
)
×
ql∑
il=il−1
(−ql)il (ql + 4l + 2λ)il (2l + 1 + λ)il−1
(
2l + 12 + λ
)
il−1
(−ql)il−1 (ql + 4l + 2λ)il−1 (2l + 1 + λ)il
(
2l + 12 + λ
)
il
ρil
=
∫ 1
0
dtl t
2l−1+λ
l
∫ 1
0
dul u
2l− 3
2
+λ
l
1
2πi
∮
dvl
1
vl
(
vl − 1
vl
1
1− ρ(1− tl)(1− ul)vl
)ql
×(1− ρ(1− tl)(1 − ul)vl)−(4l+2λ)
(
vl
vl − 1
ρtlul
1− ρ(1− tl)(1− ul)vl
)il−1
(8.3.5)
Substitute (8.3.5) into (8.2.3) where l = 1, 2, 3, · · · ; apply K1 into the second summation
of sub-power series y1(z), apply K2 into the third summation and K1 into the second
summation of sub-power series y2(z), apply K3 into the forth summation, K2 into the
third summation and K1 into the second summation of sub-power series y3(z), etc.
4
Theorem 8.3.1 The general representation in the form of integral of the Lame
4y1(z) means the sub-power series in (8.2.3) contains one term of B
′
ns, y2(z) means the sub-power series
in (8.2.3) contains two terms of B′ns, y3(z) means the sub-power series in (8.2.3) contains three terms of
B′ns, etc.
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polynomial of type 2 in the algebraic form is given by
y(z) =
∞∑
n=0
yn(z) = y0(z) + y1(z) + y2(z) + y3(z) + · · ·
= c0z
λ
{
q0∑
i0=0
(−q0)i0 (q0 + 2λ)i0
(1 + λ)i0
(
1
2 + λ
)
i0
ρi0
+
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)−1+λ
n−k
∫ 1
0
dun−k u
2(n−k)− 3
2
+λ
n−k
× 1
2πi
∮
dvn−k
1
vn−k
(
vn−k − 1
vn−k
1
1−←→w n−k+1,n(1− tn−k)(1− un−k)vn−k
)qn−k
× (1−←→w n−k+1,n(1− tn−k)(1− un−k)vn−k)−(4(n−k)+2λ)
×←→w −(2(n−k)−
3
2
+α
2
+λ)
n−k,n
(←→w n−k,n∂←→w n−k,n)←→w α+ 12n−k,n (←→w n−k,n∂←→w n−k,n)←→w 2(n−k)−2−α2+λn−k,n
}
×
q0∑
i0=0
(−q0)i0 (q0 + 2λ)i0
(1 + λ)i0
(
1
2 + λ
)
i0
←→w i01,n
}
ηn
}
(8.3.6)
where
←→w i,j =

vi
(vi − 1)
←→w i+1,jtiui
1−←→w i+1,j(1− ti)(1− ui)vi where i ≤ j
ρ only if i > j
In the above, the first sub-integral form contains one term of B′ns, the second one
contains two terms of Bn’s, the third one contains three terms of Bn’s, etc.
Proof According to (8.2.3),
y(z) =
∞∑
n=0
yn(z) = y0(z) + y1(z) + y2(z) + y3(z) + · · · (8.3.7)
In the above, sub-power series y0(z), y1(z), y2(z) and y3(z) of the Lame polynomial using
R3TRF about x = a are given by
y0(z) = c0z
λ
q0∑
i0=0
(−q0)i0 (q0 + 2λ)i0
(1 + λ)i0
(
1
2 + λ
)
i0
ρi0 (8.3.8a)
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y1(z) = c0z
λ
{
q0∑
i0=0
(
i0 +
α
2 +
1
2 + λ
) (
i0 − α2 + λ
)
(i0 + 2 + λ)
(
i0 +
3
2 + λ
) (−q0)i0 (q0 + 2λ)i0
(1 + λ)i0
(
1
2 + λ
)
i0
×
q1∑
i1=i0
(−q1)i1 (q1 + 4 + 2λ)i1 (3 + λ)i0
(
5
2 + λ
)
i0
(−q1)i0 (q1 + 4 + 2λ)i0 (3 + λ)i1
(
5
2 + λ
)
i1
ρi1
}
η (8.3.8b)
y2(z) = c0z
λ
{
q0∑
i0=0
(
i0 +
α
2 +
1
2 + λ
) (
i0 − α2 + λ
)
(i0 + 2 + λ)
(
i0 +
3
2 + λ
) (−q0)i0 (q0 + 2λ)i0
(1 + λ)i0
(
1
2 + λ
)
i0
×
q1∑
i1=i0
(
i1 +
α
2 +
5
2 + λ
) (
i1 − α2 + 2 + λ
)
(i1 + 4 + λ)
(
i1 +
7
2 + λ
) (−q1)i1 (q1 + 4 + 2λ)i1 (3 + λ)i0 (52 + λ)i0
(−q1)i0 (q1 + 4 + 2λ)i0 (3 + λ)i1
(
5
2 + λ
)
i1
×
q2∑
i2=i1
(−q2)i2 (q2 + 8 + 2λ)i2 (5 + λ)i1
(
9
2 + λ
)
i1
(−q2)i1 (q2 + 8 + 2λ)i1 (5 + λ)i2
(
9
2 + λ
)
i2
ρi2
}
η2 (8.3.8c)
y3(z) = c0z
λ
{
q0∑
i0=0
(
i0 +
α
2 +
1
2 + λ
) (
i0 − α2 + λ
)
(i0 + 2 + λ)
(
i0 +
3
2 + λ
) (−q0)i0 (q0 + 2λ)i0
(1 + λ)i0
(
1
2 + λ
)
i0
×
q1∑
i1=i0
(
i1 +
α
2 +
5
2 + λ
) (
i1 − α2 + 2 + λ
)
(i1 + 4 + λ)
(
i1 +
7
2 + λ
) (−q1)i1 (q1 + 4 + 2λ)i1 (3 + λ)i0 (52 + λ)i0
(−q1)i0 (q1 + 4 + 2λ)i0 (3 + λ)i1
(
5
2 + λ
)
i1
×
q2∑
i2=i1
(
i2 +
α
2 +
9
2 + λ
) (
i2 − α2 + 4 + λ
)
(i2 + 6 + λ)
(
i2 +
11
2 + λ
) (−q2)i2 (q2 + 8 + 2λ)i2 (5 + λ)i1 (92 + λ)i1
(−q2)i1 (q2 + 8 + 2λ)i1 (5 + λ)i2
(
9
2 + λ
)
i2
×
q3∑
i3=i2
(−q3)i3 (q3 + 12 + 2λ)i3 (7 + λ)i2
(
13
2 + λ
)
i2
(−q3)i2 (q3 + 12 + 2λ)i3 (7 + λ)i3
(
13
2 + λ
)
i3
ρi3
}
η3 (8.3.8d)
Put l = 1 in (8.3.5). Take the new (8.3.5) into (8.3.8b).
y1(z) =
∫ 1
0
dt1 t
1+λ
1
∫ 1
0
du1 u
1
2
+λ
1
1
2πi
∮
dv1
1
v1
(
v1 − 1
v1
1
1− ρ(1− t1)(1− u1)v1
)q1
×(1− ρ(1− t1)(1− u1)v1)−(4+2λ)←→w −(
1
2
+α
2
+λ)
1,1
(←→w 1,1∂←→w 1,1)←→w α+ 121,1 (←→w 1,1∂←→w 1,1)←→w −α2+λ1,1
×
{
c0z
λ
q0∑
i0=0
(−q0)i0 (q0 + 2λ)i0
(1 + λ)i0
(
1
2 + λ
)
i0
←→w i01,1
}
η (8.3.9)
where
←→w 1,1 = v1
v1 − 1
ρt1u1
1− ρ(1− t1)(1 − u1)v1
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Put l = 2 in (8.3.5). Take the new (8.3.5) into (8.3.8c).
y2(z) = c0z
λ
∫ 1
0
dt2 t
3+λ
2
∫ 1
0
du2 u
5
2
+λ
2
1
2πi
∮
dv2
1
v2
(
v2 − 1
v2
1
1− ρ(1− t2)(1 − u2)v2
)q2
×(1− ρ(1− t2)(1− u2)v2)−(8+2λ)←→w −(
5
2
+α
2
+λ)
2,2
(←→w 2,2∂←→w 2,2)←→w α+ 122,2 (←→w 2,2∂←→w 2,2)←→w 2−α2+λ2,2
×
{
q0∑
i0=0
(
i0 +
α
2 +
1
2 + λ
) (
i0 − α2 + λ
)
(i0 + 2 + λ)
(
i0 +
3
2 + λ
) (−q0)i0 (q0 + 2λ)i0
(1 + λ)i0
(
1
2 + λ
)
i0
×
q1∑
i1=i0
(−q1)i1 (q1 + 4 + 2λ)i1 (3 + λ)i0
(
5
2 + λ
)
i0
(−q1)i0 (q1 + 4 + 2λ)i0 (3 + λ)i1
(
5
2 + λ
)
i1
←→w i12,2
}
η2 (8.3.10)
where
←→w 2,2 = v2
v2 − 1
ρt2u2
1− ρ(1− t2)(1 − u2)v2
Put l = 1 and ρ =←→w 2,2 in (8.3.5). Take the new (8.3.5) into (8.3.10).
y2(z) = c0z
λ
∫ 1
0
dt2 t
3+λ
2
∫ 1
0
du2 u
5
2
+λ
2
1
2πi
∮
dv2
1
v2
(
v2 − 1
v2
1
1− ρ(1− t2)(1 − u2)v2
)q2
×(1− ρ(1− t2)(1− u2)v2)−(8+2λ)←→w −(
5
2
+α
2
+λ)
2,2
(←→w 2,2∂←→w 2,2)←→w α+ 122,2 (←→w 2,2∂←→w 2,2)←→w 2−α2+λ2,2
×
∫ 1
0
dt1 t
1+λ
1
∫ 1
0
du1 u
1
2
+λ
1
1
2πi
∮
dv1
1
v1
(
v1 − 1
v1
1
1−←→w 2,2(1− t1)(1 − u1)v1
)q1
×(1−←→w 2,2(1− t1)(1− u1)v1)−(4+2λ)←→w −(
1
2
+α
2
+λ)
1,2
(←→w 1,2∂←→w 1,2)←→w α+ 121,2 (←→w 1,2∂←→w 1,2)←→w −α2+λ1,2
×
{
c0z
λ
q0∑
i0=0
(−q0)i0 (q0 + 2λ)i0
(1 + λ)i0
(
1
2 + λ
)
i0
←→w i01,2
}
η2 (8.3.11)
where
←→w 1,2 = v1
v1 − 1
←→w 2,2t1u1
1−←→w 2,2(1− t1)(1− u1)v1
By using similar process for the previous cases of integral forms of y1(z) and y2(z), the
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integral form of sub-power series expansion of y3(z) is given by
y3(z) =
∫ 1
0
dt3 t
5+λ
3
∫ 1
0
du3 u
9
2
+λ
3
1
2πi
∮
dv3
1
v3
(
v3 − 1
v3
1
1− ρ(1− t3)(1− u3)v3
)q3
× (1− ρ(1− t3)(1− u3)v3)−(12+2λ)←→w −(
9
2
+α
2
+λ)
3,3
(←→w 3,3∂←→w 3,3)←→w α+ 123,3 (←→w 3,3∂←→w 3,3)←→w 4−α2+λ3,3
×
∫ 1
0
dt2 t
3+λ
2
∫ 1
0
du2 u
5
2
+λ
2
1
2πi
∮
dv2
1
v2
(
v2 − 1
v2
1
1−←→w 3,3(1− t2)(1 − u2)v2
)q2
× (1−←→w 3,3(1− t2)(1 − u2)v2)−(8+2λ)←→w −(
5
2
+α
2
+λ)
2,3
(←→w 2,3∂←→w 2,3)←→w α+ 122,3 (←→w 2,3∂←→w 2,3)←→w 2−α2+λ2,3
×
∫ 1
0
dt1 t
1+λ
1
∫ 1
0
du1 u
1
2
+λ
1
1
2πi
∮
dv1
1
v1
(
v1 − 1
v1
1
1−←→w 2,3(1− t1)(1 − u1)v1
)q1
× (1−←→w 2,3(1− t1)(1 − u1)v1)−(4+2λ)←→w −(
1
2
+α
2
+λ)
1,3
(←→w 1,3∂←→w 1,3)←→w α+ 121,3 (←→w 1,3∂←→w 1,3)←→w −α2+λ1,3
×
{
c0z
λ
q0∑
i0=0
(−q0)i0 (q0 + 2λ)i0
(1 + λ)i0
(
1
2 + λ
)
i0
←→w i01,3
}
η3 (8.3.12)
where 
←→w 3,3 = v3v3−1
ρt3u3
1−ρ(1−t3)(1−u3)v3←→w 2,3 = v2v2−1
←→w 3,3t2u2
1−←→w 3,3(1−t2)(1−u2)v2←→w 1,3 = v1v1−1
←→w 2,3t1u1
1−←→w 2,3(1−t1)(1−u1)v1
By repeating this process for all higher terms of integral forms of sub-summation ym(x)
terms where m ≥ 4, we obtain every integral forms of ym(x) terms. Since we substitute
(8.3.8a), (8.3.9), (8.3.11), (8.3.12) and including all integral forms of ym(x) terms where
m ≥ 4 into (8.3.7), we obtain (8.3.6).
Put c0= 1 as λ = 0 for the first kind of independent solutions of Lame equation and
λ = 12 for the second one in (8.3.6).
Remark 8.3.2 The integral representation of Lame equation in the algebraic form of the
first kind for polynomial of type 2 about x = a as q = α(α+ 1)a− 4(2a − b− c)(qj + 2j)2
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where j, qj ∈ N0 is
y(z) = LFRqj
(
a, b, c, α, q = α(α+ 1)a− 4(2a − b− c)(qj + 2j)2; z = x− a, ρ = − 2a− b− c
(a− b)(a− c)z
, η =
−z2
(a− b)(a− c)
)
= 2F1
(
−q0, q0; 1
2
; ρ
)
+
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)−1
n−k
∫ 1
0
dun−k u
2(n−k)− 3
2
n−k
× 1
2πi
∮
dvn−k
1
vn−k
(
vn−k − 1
vn−k
1
1−←→w n−k+1,n(1− tn−k)(1− un−k)vn−k
)qn−k
× (1−←→w n−k+1,n(1− tn−k)(1− un−k)vn−k)−4(n−k)
×←→w −(2(n−k)−
3
2
+α
2
)
n−k,n
(←→w n−k,n∂←→w n−k,n)←→w α+ 12n−k,n (←→w n−k,n∂←→w n−k,n)←→w 2(n−k)−2−α2n−k,n
}
× 2F1
(
−q0, q0; 1
2
;←→w 1,n
)}
ηn (8.3.13)
Remark 8.3.3 The integral representation of Lame equation in the algebraic form of the
second kind for polynomial of type 2 about x = a as
q = α(α + 1)a− 4(2a − b− c) (qj + 2j + 12)2 where j, qj ∈ N0 is
y(z) = LSRqj
(
a, b, c, α, q = α(α + 1)a− 4(2a − b− c)
(
qj + 2j +
1
2
)2
; z = x− a, ρ = − 2a− b− c
(a− b)(a− c)z
, η =
−z2
(a− b)(a− c)
)
= z
1
2
{
2F1
(
−q0, q0 + 1; 3
2
; ρ
)
+
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)− 1
2
n−k
∫ 1
0
dun−k u
2(n−k)−1
n−k
× 1
2πi
∮
dvn−k
1
vn−k
(
vn−k − 1
vn−k
1
1−←→w n−k+1,n(1− tn−k)(1− un−k)vn−k
)qn−k
× (1−←→w n−k+1,n(1− tn−k)(1− un−k)vn−k)−(4(n−k)+1)
×←→w −(2(n−k)−1+
α
2
)
n−k,n
(←→w n−k,n∂←→w n−k,n)←→w α+ 12n−k,n (←→w n−k,n∂←→w n−k,n)←→w 2(n−k)− 32−α2n−k,n
}
× 2F1
(
−q0, q0 + 1; 3
2
;←→w 1,n
)}
ηn
}
(8.3.14)
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8.3.2 Infinite series
Let’s consider the integral representation of Lame equation about x = 0 for infinite series
by applying R3TRF. There is a generalized hypergeometric function which is written by
Ml =
∞∑
il=il−1
(−ϕ+ 2l + λ)il (ϕ+ 2l + λ)il (2l + 1 + λ)il−1
(
2l + 12 + λ
)
il−1
(−ϕ+ 2l + λ)il−1 (ϕ+ 2l + λ)il−1 (2l + 1 + λ)il
(
2l + 12 + λ
)
il
ρil
= ρil−1
∞∑
j=0
B(il−1 + 2l + λ, j + 1)B
(
il−1 + 2l − 12 + λ, j + 1
)
(il−1 + 2l + λ)−1
(
il−1 + 2l − 12 + λ
)−1
×(−ϕ+ 2l + λ+ il−1)j (ϕ+ 2l + λ+ il−1)j
(1)j j!
ρj (8.3.15)
Substitute (8.3.2a) and (8.3.2b) into (8.3.15). And divide
(il−1 + 2l + λ)
(
il−1 + 2l − 12 + λ
)
into the new (8.3.15).
Vl =
1
(il−1 + 2l + λ)
(
il−1 + 2l − 12 + λ
)
×
∞∑
il=il−1
(−ϕ+ 2l + λ)il (ϕ+ 2l + λ)il (2l + 1 + λ)il−1
(
2l + 12 + λ
)
il−1
(−ϕ+ 2l + λ)il−1 (ϕ+ 2l + λ)il−1 (2l + 1 + λ)il
(
2l + 12 + λ
)
il
ρil
=
∫ 1
0
dtl t
2l−1+λ
l
∫ 1
0
dul u
2l− 3
2
+λ
l (ρtlul)
il−1
×
∞∑
j=0
(−ϕ+ 2l + λ+ il−1)j (ϕ+ 2l + λ+ il−1)j
(1)j j!
(ρ(1− tl)(1− ul))j
The hypergeometric function is defined by
2F1 (α, β; γ; z) =
∞∑
n=0
(α)n(β)n
(γ)n(n!)
zn
=
1
2πi
Γ(1 + α− γ)
Γ(α)
∫ (1+)
0
dvl (−1)γ(−vl)α−1(1− vl)γ−α−1(1− zvl)−β (8.3.16)
where γ − α 6= 1, 2, 3, · · · , Re(α) > 0
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Replace α, β, γ and z by −ϕ+ 2l + λ+ il−1, ϕ+ 2l + λ+ il−1, 1 and ρ(1− tl)(1− ul) in
(8.3.16). Take the new (8.3.16) into Vl.
Vl =
1
(il−1 + 2l + λ)
(
il−1 + 2l − 12 + λ
)
×
∞∑
il=il−1
(−ϕ+ 2l + λ)il (ϕ+ 2l + λ)il (2l + 1 + λ)il−1
(
2l + 12 + λ
)
il−1
(−ϕ+ 2l + λ)il−1 (ϕ+ 2l + λ)il−1 (2l + 1 + λ)il
(
2l + 12 + λ
)
il
ρil
=
∫ 1
0
dtl t
2l−1+λ
l
∫ 1
0
dul u
2l− 3
2
+λ
l
1
2πi
∮
dvl
1
vl
(
vl − 1
vl
)ϕ−(2l+λ)
×(1− ρ(1− tl)(1 − ul)vl)−ϕ−(2l+λ)
(
vl
vl − 1
ρtlul
1− ρ(1− tl)(1 − ul)vl
)il−1
(8.3.17)
Substitute (8.3.17) into (8.2.11) where l = 1, 2, 3, · · · ; apply V1 into the second summation
of sub-power series y1(z), apply V2 into the third summation and V1 into the second
summation of sub-power series y2(z), apply V3 into the forth summation, V2 into the
third summation and V1 into the second summation of sub-power series y3(z), etc.
5
Theorem 8.3.4 The general expression of an integral form of Lame equation in the
algebraic form for infinite series about x = 0 using R3TRF is given by
y(z) =
∞∑
n=0
yn(z) = y0(z) + y1(z) + y2(z) + y3(z) + · · ·
= c0z
λ
{ ∞∑
i0=0
(−ϕ+ λ)i0 (ϕ+ λ)i0
(1 + λ)i0
(
1
2 + λ
)
i0
ρi0
+
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)−1+λ
n−k
∫ 1
0
dun−k u
2(n−k)− 3
2
+λ
n−k
× 1
2πi
∮
dvn−k
1
vn−k
(
vn−k − 1
vn−k
)ϕ−2(n−k)−λ
× (1−←→w n−k+1,n(1− tn−k)(1− un−k)vn−k)−ϕ−2(n−k)−λ
× ←→w −(2(n−k)−
3
2
+α
2
+λ)
n−k,n
(←→w n−k,n∂←→w n−k,n)←→w α+ 12n−k,n (←→w n−k,n∂←→w n−k,n)←→w 2(n−k)−2−α2+λn−k,n
}
×
∞∑
i0=0
(−ϕ+ λ)i0 (ϕ+ λ)i0
(1 + λ)i0
(
1
2 + λ
)
i0
←→w i01,n
}
ηn
}
(8.3.18)
5y1(z) means the sub-power series in (8.2.11) contains one term of B
′
ns, y2(z) means the sub-power series
in (8.2.11) contains two terms of B′ns, y3(z) means the sub-power series in (8.2.11) contains three terms of
B′ns, etc.
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In the above, the first sub-integral form contains one term of B′ns, the second one
contains two terms of Bn’s, the third one contains three terms of Bn’s, etc.
Proof In (8.2.11) sub-power series y0(z), y1(z), y2(z) and y3(z) of the Lame equation for
infinite series about x = a using R3TRF are given by
y0(z) = c0z
λ
∞∑
i0=0
(−ϕ+ λ)i0 (ϕ+ λ)i0
(1 + λ)i0
(
1
2 + λ
)
i0
ρi0 (8.3.19a)
y1(z) = c0z
λ
{ ∞∑
i0=0
(
i0 +
α
2 +
1
2 + λ
) (
i0 − α2 + λ
)
(i0 + 2 + λ)
(
i0 +
3
2 + λ
) (−ϕ+ λ)i0 (ϕ+ λ)i0
(1 + λ)i0
(
1
2 + λ
)
i0
×
∞∑
i1=i0
(−ϕ+ 2 + λ)i1 (ϕ+ 2 + λ)i1 (3 + λ)i0
(
5
2 + λ
)
i0
(−ϕ+ 2 + λ)i0 (ϕ+ 2 + λ)i0 (3 + λ)i1
(
5
2 + λ
)
i1
ρi1
}
η (8.3.19b)
y2(z) = c0z
λ
{ ∞∑
i0=0
(
i0 +
α
2 +
1
2 + λ
) (
i0 − α2 + λ
)
(i0 + 2 + λ)
(
i0 +
3
2 + λ
) (−ϕ+ λ)i0 (ϕ+ λ)i0
(1 + λ)i0
(
1
2 + λ
)
i0
×
∞∑
i1=i0
(
i1 +
α
2 +
5
2 + λ
) (
i1 − α2 + 2 + λ
)
(i1 + 4 + λ)
(
i1 +
7
2 + λ
) (−ϕ+ 2 + λ)i1 (ϕ+ 2 + λ)i1 (3 + λ)i0 (52 + λ)i0
(−ϕ+ 2 + λ)i0 (ϕ+ 2 + λ)i0 (3 + λ)i1
(
5
2 + λ
)
i1
×
∞∑
i2=i1
(−ϕ+ 4 + λ)i2 (ϕ+ 4 + λ)i2 (5 + λ)i1
(
9
2 + λ
)
i1
(−ϕ+ 4 + λ)i1 (ϕ+ 4 + λ)i1 (5 + λ)i2
(
9
2 + λ
)
i2
ρi2
}
η2 (8.3.19c)
y3(z) = c0z
λ
{ ∞∑
i0=0
(
i0 +
α
2 +
1
2 + λ
) (
i0 − α2 + λ
)
(i0 + 2 + λ)
(
i0 +
3
2 + λ
) (−ϕ+ λ)i0 (ϕ+ λ)i0
(1 + λ)i0
(
1
2 + λ
)
i0
×
∞∑
i1=i0
(
i1 +
α
2 +
5
2 + λ
) (
i1 − α2 + 2 + λ
)
(i1 + 4 + λ)
(
i1 +
7
2 + λ
) (−ϕ+ 2 + λ)i1 (ϕ+ 2 + λ)i1 (3 + λ)i0 (52 + λ)i0
(−ϕ+ 2 + λ)i0 (ϕ+ 2 + λ)i0 (3 + λ)i1
(
5
2 + λ
)
i1
×
∞∑
i2=i1
(
i2 +
α
2 +
9
2 + λ
) (
i2 − α2 + 4 + λ
)
(i2 + 6 + λ)
(
i2 +
11
2 + λ
) (−ϕ+ 4 + λ)i2 (ϕ+ 4 + λ)i2 (5 + λ)i1 (92 + λ)i1
(−ϕ+ 4 + λ)i1 (ϕ+ 4 + λ)i1 (5 + λ)i2
(
9
2 + λ
)
i2
×
∞∑
i3=i2
(−ϕ+ 6 + λ)i3 (ϕ+ 6 + λ)i3 (7 + λ)i2
(
13
2 + λ
)
i2
(−ϕ+ 6 + λ)i2 (ϕ+ 6 + λ)i3 (7 + λ)i3
(
13
2 + λ
)
i3
ρi3
}
η3 (8.3.19d)
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Put l = 1 in (8.3.17). Take the new (8.3.17) into (8.3.19b).
y1(z) =
∫ 1
0
dt1 t
1+λ
1
∫ 1
0
du1 u
1
2
+λ
1
1
2πi
∮
dv1
1
v1
(
v1 − 1
v1
)ϕ−(2+λ)
×(1− ρ(1− t1)(1− u1)v1)−ϕ−(2+λ)←→w −(
1
2
+α
2
+λ)
1,1
(←→w 1,1∂←→w 1,1)←→w α+ 121,1 (←→w 1,1∂←→w 1,1)←→w −α2+λ1,1
×
{
c0z
λ
∞∑
i0=0
(−ϕ+ λ)i0 (ϕ+ λ)i0
(1 + λ)i0
(
1
2 + λ
)
i0
←→w i01,1
}
η (8.3.20)
where
←→w 1,1 = v1
v1 − 1
ρt1u1
1− ρ(1− t1)(1 − u1)v1
Put l = 2 in (8.3.17). Take the new (8.3.17) into (8.3.19c).
y2(z) = c0z
λ
∫ 1
0
dt2 t
3+λ
2
∫ 1
0
du2 u
5
2
+λ
2
1
2πi
∮
dv2
1
v2
(
v2 − 1
v2
)ϕ−(4+λ)
×(1− ρ(1− t2)(1− u2)v2)−ϕ−(4+λ)←→w −(
5
2
+α
2
+λ)
2,2
(←→w 2,2∂←→w 2,2)←→w α+ 122,2 (←→w 2,2∂←→w 2,2)←→w 2−α2+λ2,2
×
{ ∞∑
i0=0
(
i0 +
α
2 +
1
2 + λ
) (
i0 − α2 + λ
)
(i0 + 2 + λ)
(
i0 +
3
2 + λ
) (−ϕ+ λ)i0 (ϕ+ λ)i0
(1 + λ)i0
(
1
2 + λ
)
i0
×
∞∑
i1=i0
(−ϕ+ 2 + λ)i1 (ϕ+ 2 + λ)i1 (3 + λ)i0
(
5
2 + λ
)
i0
(−ϕ+ 2 + λ)i0 (ϕ+ 2 + λ)i0 (3 + λ)i1
(
5
2 + λ
)
i1
←→w i12,2
}
η2 (8.3.21)
where
←→w 2,2 = v2
v2 − 1
ρt2u2
1− ρ(1− t2)(1 − u2)v2
Put l = 1 and ρ =←→w 2,2 in (8.3.17). Take the new (8.3.17) into (8.3.21).
y2(z) = c0z
λ
∫ 1
0
dt2 t
3+λ
2
∫ 1
0
du2 u
5
2
+λ
2
1
2πi
∮
dv2
1
v2
(
v2 − 1
v2
)ϕ−(4+λ)
×(1− ρ(1− t2)(1− u2)v2)−ϕ−(4+λ)←→w −(
5
2
+α
2
+λ)
2,2
(←→w 2,2∂←→w 2,2)←→w α+ 122,2 (←→w 2,2∂←→w 2,2)←→w 2−α2+λ2,2
×
∫ 1
0
dt1 t
1+λ
1
∫ 1
0
du1 u
1
2
+λ
1
1
2πi
∮
dv1
1
v1
(
v1 − 1
v1
)ϕ−(2+λ)
×(1−←→w 2,2(1− t1)(1− u1)v1)−ϕ−(2+λ)←→w −(
1
2
+α
2
+λ)
1,2
(←→w 1,2∂←→w 1,2)←→w α+ 121,2 (←→w 1,2∂←→w 1,2)←→w −α2+λ1,2
×
{
c0z
λ
∞∑
i0=0
(−ϕ+ λ)i0 (ϕ+ λ)i0
(1 + λ)i0
(
1
2 + λ
)
i0
←→w i01,2
}
η2 (8.3.22)
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where
←→w 1,2 = v1
v1 − 1
←→w 2,2t1u1
1−←→w 2,2(1− t1)(1− u1)v1
By using similar process for the previous cases of integral forms of y1(z) and y2(z), the
integral form of sub-power series expansion of y3(z) is given by
y3(z) =
∫ 1
0
dt3 t
5+λ
3
∫ 1
0
du3 u
9
2
+λ
3
1
2πi
∮
dv3
1
v3
(
v3 − 1
v3
)ϕ−(6+λ)
×(1− ρ(1− t3)(1− u3)v3)−ϕ−(6+λ)
×←→w −(
9
2
+α
2
+λ)
3,3
(←→w 3,3∂←→w 3,3)←→w α+ 123,3 (←→w 3,3∂←→w 3,3)←→w 4−α2+λ3,3
×
∫ 1
0
dt2 t
3+λ
2
∫ 1
0
du2 u
5
2
+λ
2
1
2πi
∮
dv2
1
v2
(
v2 − 1
v2
)ϕ−(4+λ)
×(1−←→w 3,3(1− t2)(1 − u2)v2)−ϕ−(4+λ)
×←→w −(
5
2
+α
2
+λ)
2,3
(←→w 2,3∂←→w 2,3)←→w α+ 122,3 (←→w 2,3∂←→w 2,3)←→w 2−α2+λ2,3
×
∫ 1
0
dt1 t
1+λ
1
∫ 1
0
du1 u
1
2
+λ
1
1
2πi
∮
dv1
1
v1
(
v1 − 1
v1
)ϕ−(2+λ)
×(1−←→w 2,3(1− t1)(1 − u1)v1)−ϕ−(2+λ)
×←→w −(
1
2
+α
2
+λ)
1,3
(←→w 1,3∂←→w 1,3)←→w α+ 121,3 (←→w 1,3∂←→w 1,3)←→w −α2+λ1,3
×
{
c0z
λ
∞∑
i0=0
(−ϕ+ λ)i0 (ϕ+ λ)i0
(1 + λ)i0
(
1
2 + λ
)
i0
←→w i01,3
}
η3 (8.3.23)
where 
←→w 3,3 = v3v3−1
ρt3u3
1−ρ(1−t3)(1−u3)v3←→w 2,3 = v2v2−1
←→w 3,3t2u2
1−←→w 3,3(1−t2)(1−u2)v2←→w 1,3 = v1v1−1
←→w 2,3t1u1
1−←→w 2,3(1−t1)(1−u1)v1
By repeating this process for all higher terms of integral forms of sub-summation ym(x)
terms where m ≥ 4, we obtain every integral forms of ym(x) terms. Since we substitute
(8.3.19a), (8.3.20), (8.3.22), (8.3.23) and including all integral forms of ym(x) terms where
m ≥ 4 into (8.2.11), we obtain (8.3.18).6
Put c0= 1 as λ = 0 for the first independent solution of Lame equation and λ =
1
2 for the
second one in (8.3.18).
6Or replace the finite summation with an interval [0, q0] by infinite summation with an interval [0,∞]
in (8.3.6). Replace q0 and qn−k by ϕ − λ and ϕ − 2(n − k) − λ into the new (8.3.6). Its solution is also
equivalent to (8.3.18)
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Remark 8.3.5 The integral representation of Lame equation in the algebraic form of the
first kind for infinite series about x = a using R3TRF is
y(z) = LFR
(
a, b, c, α, q, ϕ =
√
α(α+ 1)a− q
4(2a − b− c) ; z = x− a, ρ = −
2a− b− c
(a− b)(a− c)z, η =
−z2
(a− b)(a− c)
)
= 2F1
(
−ϕ,ϕ; 1
2
; ρ
)
+
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)−1
n−k
∫ 1
0
dun−k u
2(n−k)− 3
2
n−k
× 1
2πi
∮
dvn−k
1
vn−k
(
vn−k − 1
vn−k
)ϕ−2(n−k)
(1−←→w n−k+1,n(1− tn−k)(1 − un−k)vn−k)−ϕ−2(n−k)
× ←→w −(2(n−k)−
3
2
+α
2
)
n−k,n
(←→w n−k,n∂←→w n−k,n)←→w α+ 12n−k,n (←→w n−k,n∂←→w n−k,n)←→w 2(n−k)−2−α2n−k,n
}
× 2F1
(
−ϕ,ϕ; 1
2
;←→w 1,n
)}
ηn (8.3.24)
Remark 8.3.6 The integral representation of Lame equation in the algebraic form of the
second kind for infinite series about x = a using R3TRF is
y(z) = LSR
(
a, b, c, α, q, ϕ =
√
α(α+ 1)a− q
4(2a − b− c) ; z = x− a, ρ = −
2a− b− c
(a− b)(a− c)z, η =
−z2
(a− b)(a− c)
)
= z
1
2
{
2F1
(
−ϕ+ 1
2
, ϕ+
1
2
;
3
2
; ρ
)
+
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)− 1
2
n−k
∫ 1
0
dun−k u
2(n−k)−1
n−k
× 1
2πi
∮
dvn−k
1
vn−k
(
vn−k − 1
vn−k
)ϕ−2(n−k)− 1
2
(1−←→w n−k+1,n(1− tn−k)(1− un−k)vn−k)−ϕ−2(n−k)−
1
2
× ←→w −(2(n−k)−1+
α
2
)
n−k,n
(←→w n−k,n∂←→w n−k,n)←→w α+ 12n−k,n (←→w n−k,n∂←→w n−k,n)←→w 2(n−k)− 32+α2n−k,n
}
× 2F1
(
−ϕ+ 1
2
, ϕ+
1
2
;
3
2
;←→w 1,n
)}
ηn
}
(8.3.25)
8.4 Generating function for the Lame polynomial of type 2
I consider the generating function for the Lame polynomial of type 2 in the algebriac
form by applying R3TRF. Since the generating function for the Lame polynomial is
derived, we might be possible to construct orthogonal relations of it.7
7In the next series, I will construct the generating function for the type 3 Lame polynomial. For the
type 3 polynomial, I treat α and q as fixed values.
376 CHAPTER 8. LAME FUNCTION IN THE ALGEBRAIC FORM USING R3TRF
Lemma 8.4.1 The generating function for the Jacobi polynomial using hypergeometric
functions is given by
∞∑
q0=0
(γ)q0
q0!
wq0 2F1(−q0, q0 +A; γ;x) (8.4.1)
= 2A−1
(
1− w +
√
w2 − 2(1− 2x)w + 1
)1−γ (
1 + w +
√
w2 − 2(1− 2x)w + 1
)γ−A
√
w2 − 2(1− 2x)w + 1
where |w| < 1
Proof The proof of this lemma is given in Lemma 3.2.1
Definition 8.4.2 I define that
sa,b =
{
sa · sa+1 · sa+2 · · · sb−2 · sb−1 · sb if a > b
sa if a = b
w˜i,j =

w˜i+1,j tiui {1 + (si + 2w˜i+1,j(1− ti)(1 − ui))si}
2(1 − w˜i+1,j(1− ti)(1− ui))2si
−
w˜i+1,j tiui(1 + si)
√
s2i − 2(1− 2w˜i+1,j(1− ti)(1− ui))si + 1
2(1 − w˜i+1,j(1− ti)(1− ui))2si where i < j
ρtiui {1 + (si,∞ + 2ρ(1− ti)(1 − ui))si,∞}
2(1− ρ(1− ti)(1− ui))2si,∞
−
ρtiui(1 + si,∞)
√
s2i,∞ − 2(1 − 2ρ(1− ti)(1− ui))si,∞ + 1
2(1− ρ(1− ti)(1 − ui))2si,∞ where i = j
(8.4.2)
where
a, b, i, j ∈ N0
And we have ∞∑
qi=qj
rqii =
r
qj
i
(1− ri) (8.4.3)
Acting the summation operator
∞∑
q0=0
(γ′)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
 on (8.3.6) where |si| < 1
as i = 0, 1, 2, · · · by using (8.4.2) and (8.4.3),
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Theorem 8.4.3 The general expression of the generating function for the Lame
polynomial of type 2 in the algebraic form is given by
∞∑
q0=0
(γ′)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
 y(z)
=
∞∏
l=1
1
(1− sl,∞)
Υ(λ; s0,∞; ρ)
+
{ ∞∏
l=2
1
(1− sl,∞)
∫ 1
0
dt1 t
1+λ
1
∫ 1
0
du1 u
1
2
+λ
1
(
s21,∞ − 2(1− 2ρ(1 − t1)(1− u1))s1,∞ + 1
)− 1
2
×
1 + s1,∞ +
√
s21,∞ − 2(1− 2ρ(1− t1)(1− u1))s1,∞ + 1
2
−(3+2λ)
×w˜−(
1
2
+α
2
+λ)
1,1
(
w˜1,1∂w˜1,1
)
w˜
α+ 1
2
1,1
(
w˜1,1∂w˜1,1
)
w˜
−α
2
+λ
1,1 Υ(λ; s0; w˜1,1)
}
η
+
∞∑
n=2
{ ∞∏
l=n+1
1
(1− sl,∞)
∫ 1
0
dtn t
2n−1+λ
n
∫ 1
0
dun u
2n− 3
2
+λ
n
× (s2n,∞ − 2(1 − 2ρ(1− tn)(1− un))sn,∞ + 1)− 12
×
1 + sn,∞ +
√
s2n,∞ − 2(1− 2ρ(1− tn)(1 − un))sn,∞ + 1
2
−(4n−1+2λ)
×w˜−(2n−
3
2
+α
2
+λ)
n,n
(
w˜n,n∂w˜n,n
)
w˜
α+ 1
2
n,n
(
w˜n,n∂w˜n,n
)
w˜
2(n−1)−α
2
+λ
n,n
×
n−1∏
k=1
{∫ 1
0
dtn−k t
2(n−k)−1+λ
n−k
∫ 1
0
dun−k u
2(n−k)− 3
2
+λ
n−k (8.4.4)
× (s2n−k − 2(1− 2w˜n−k+1,n(1− tn−k)(1− un−k))sn−k + 1)− 12
×
1 + sn−k +
√
s2n−k − 2(1 − 2w˜n−k+1,n(1− tn−k)(1− un−k))sn−k + 1
2
−(4(n−k)−1+2λ)
×w˜−(2(n−k)−
3
2
+α
2
+λ)
n−k,n
(
w˜n−k,n∂w˜n−k,n
)
w˜
α+ 1
2
n−k,n
(
w˜n−k,n∂w˜n−k,n
)
w˜
2(n−k−1)−α
2
+λ
n−k,n
}
Υ(λ; s0; w˜1,n)
}
ηn
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where

Υ(λ; s0,∞; ρ) =
∞∑
q0=0
(γ′)q0
q0!
sq00,∞
(
c0z
λ
q0∑
i0=0
(−q0)i0 (q0 + 2λ)i0
(1 + λ)i0
(
1
2 + λ
)
i0
ρi0
)
Υ(λ; s0; w˜1,1) =
∞∑
q0=0
(γ′)q0
q0!
sq00
(
c0z
λ
q0∑
i0=0
(−q0)i0 (q0 + 2λ)i0
(1 + λ)i0
(
1
2 + λ
)
i0
w˜i01,1
)
Υ(λ; s0; w˜1,n) =
∞∑
q0=0
(γ′)q0
q0!
sq00
(
c0z
λ
q0∑
i0=0
(−q0)i0 (q0 + 2λ)i0
(1 + λ)i0
(
1
2 + λ
)
i0
w˜i01,n
)
Proof Acting the summation operator
∞∑
q0=0
(γ′)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
 on the form of
integrals of Lame equation of type 2 y(z),
∞∑
α0=0
(γ′)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
 y(z) (8.4.5)
=
∞∑
q0=0
(γ′)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
{y0(z) + y1(z) + y2(z) + y3(z) + · · ·}
Acting the summation operator
∞∑
q0=0
(γ′)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
 on (8.3.8a),
∞∑
q0=0
(γ′)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
 y0(z)
=
∞∏
l=1
1
(1− sl,∞)
∞∑
q0=0
(γ′)q0
q0!
sq00,∞
(
c0z
λ
q0∑
i0=0
(−q0)i0 (q0 + 2λ)i0
(1 + λ)i0
(
1
2 + λ
)
i0
ρi0
)
(8.4.6)
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Acting the summation operator
∞∑
q0=0
(γ′)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
 on (8.3.9),
∞∑
q0=0
(γ′)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
 y1(z)
=
∞∏
l=2
1
(1− sl,∞)
∫ 1
0
dt1 t
1+λ
1
∫ 1
0
du1 u
1
2
+λ
1
1
2πi
∮
dv1
1
v1
(1− ρ(1− t1)(1− u1)v1)−(4+2λ)
×
∞∑
q1=q0
(
v1 − 1
v1
s1,∞
1− ρ(1− t1)(1− u1)v1
)q1←→w −( 12+α2+λ)1,1 (←→w 1,1∂←→w 1,1)←→w α+ 121,1 (←→w 1,1∂←→w 1,1)←→w −α2+λ1,1
×
∞∑
q0=0
(γ′)q0
q0!
sq00
(
c0z
λ
q0∑
i0=0
(−q0)i0 (q0 + 2λ)i0
(1 + λ)i0
(
1
2 + λ
)
i0
←→w i01,1
)
η (8.4.7)
Replace qi, qj and ri by q1, q0 and
v1 − 1
v1
s1,∞
1− ρ(1− t1)(1 − u1)v1 in (8.4.3). Take the new
(8.4.3) into (8.4.7).
∞∑
q0=0
(γ′)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
 y1(z)
=
∞∏
l=2
1
(1− sl,∞)
∫ 1
0
dt1 t
1+λ
1
∫ 1
0
du1 u
1
2
+λ
1
1
2πi
∮
dv1
(1− ρ(1− t1)(1 − u1)v1)−(3+2λ)
−ρ(1− t1)(1 − u1)v21 + (1− s1,∞)v1 + s1,∞
×←→w −(
1
2
+α
2
+λ)
1,1
(←→w 1,1∂←→w 1,1)←→w α+ 121,1 (←→w 1,1∂←→w 1,1)←→w −α2+λ1,1
×
∞∑
q0=0
(γ′)q0
q0!
(
v1 − 1
v1
s0,∞
1− ρ(1− t1)(1 − u1)v1
)q0 (
c0z
λ
q0∑
i0=0
(−q0)i0 (q0 + 2λ)i0
(1 + λ)i0
(
1
2 + λ
)
i0
←→w i01,1
)
η (8.4.8)
By using Cauchy’s integral formula, the contour integrand has poles at
v1 =
1− s1,∞ −
√
(1− s1,∞)2 + 4ρ(1− t1)(1 − u1)s1,∞
2ρ(1 − t1)(1− u1)
or
1− s1,∞ +
√
(1− s1,∞)2 + 4ρ(1 − t1)(1− u1)s1,∞
2ρ(1− t1)(1− u1) and
1− s1,∞ −
√
(1− s1,∞)2 + 4ρ(1− t1)(1 − u1)s1,∞
2ρ(1− t1)(1 − u1) is only inside the unit circle. As we
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compute the residue there in (8.4.8) we obtain
∞∑
q0=0
(γ′)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
 y1(z)
=
∞∏
l=2
1
(1− sl,∞)
∫ 1
0
dt1 t
1+λ
1
∫ 1
0
du1 u
1
2
+λ
1
(
s21,∞ − 2(1− 2ρ(1− t1)(1− u1))s1,∞ + 1
)− 1
2
×
1 + s1,∞ +
√
s21,∞ − 2(1− 2ρ(1− t1)(1− u1))s1,∞ + 1
2
−(3+2λ)
×w˜−(
1
2
+α
2
+λ)
1,1
(
w˜1,1∂w˜1,1
)
w˜
α+ 1
2
1,1
(
w˜1,1∂w˜1,1
)
w˜
−α
2
+λ
1,1
×
∞∑
q0=0
(γ′)q0
q0!
sq00
(
c0z
λ
q0∑
i0=0
(−q0)i0 (q0 + 2λ)i0
(1 + λ)i0
(
1
2 + λ
)
i0
w˜i01,1
)
η (8.4.9)
where
w˜1,1 =
v1
(v1 − 1)
ρt1u1
1− ρ(1− t1)(1− u1)v1
∣∣∣∣∣
v1=
1−s1,∞−
√
(1−s1,∞)
2+4ρ(1−t1)(1−u1)s1,∞
2ρ(1−t1)(1−u1)
=
ρt1u1 {1 + (s1,∞ + 2ρ(1 − t1)(1− u1))s1,∞}
2(1 − ρ(1− t1)(1− u1))2s1,∞
−
ρt1u1(1 + s1,∞)
√
s21,∞ − 2(1 − 2ρ(1 − t1)(1− u1))s1,∞ + 1
2(1 − ρ(1 − t1)(1− u1))2s1,∞
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Acting the summation operator
∞∑
q0=0
(γ′)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
 on (8.3.11),
∞∑
q0=0
(γ′)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
 y2(z)
=
∞∏
l=3
1
(1− sl,∞)
∫ 1
0
dt2 t
3+λ
2
∫ 1
0
du2 u
5
2
+λ
2
1
2πi
∮
dv2
1
v2
(1− ρ(1− t2)(1− u2)v2)−(8+2λ)
×
∞∑
q2=q1
(
v2 − 1
v2
s2,∞
1− ρ(1− t2)(1− u2)v2
)q2←→w −( 52+α2+λ)2,2 (←→w 2,2∂←→w 2,2)←→w α+ 122,2 (←→w 2,2∂←→w 2,2)←→w 2−α2+λ2,2
×
∫ 1
0
dt1 t
1+λ
1
∫ 1
0
du1 u
1
2
+λ
1
1
2πi
∮
dv1
1
v1
(1−←→w 2,2(1− t1)(1− u1)v1)−(4+2λ)
×
∞∑
q1=q0
(
v1 − 1
v1
s1
1−←→w 2,2(1− t1)(1 − u1)v1
)q1
×←→w −(
1
2
+α
2
+λ)
1,2
(←→w 1,2∂←→w 1,2)←→w α+ 121,2 (←→w 1,2∂←→w 1,2)←→w −α2+λ1,2
×
∞∑
q0=0
(γ′)q0
q0!
sq00
(
c0z
λ
q0∑
i0=0
(−q0)i0 (q0 + 2λ)i0
(1 + λ)i0
(
1
2 + λ
)
i0
←→w i01,2
)
η2 (8.4.10)
Replace qi, qj and ri by q2, q1 and
v2 − 1
v2
s2,∞
1− ρ(1− t2)(1 − u2)v2 in (8.4.3). Take the new
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(8.4.3) into (8.4.10).
∞∑
q0=0
(γ′)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
 y2(z)
=
∞∏
l=3
1
(1− sl,∞)
∫ 1
0
dt2 t
3+λ
2
∫ 1
0
du2 u
5
2
+λ
2
1
2πi
∮
dv2
(1− ρ(1− t2)(1 − u2)v2)−(7+2λ)
−ρ(1− t2)(1 − u2)v22 + (1− s2,∞)v2 + s2,∞
×←→w −(
5
2
+α
2
+λ)
2,2
(←→w 2,2∂←→w 2,2)←→w α+ 122,2 (←→w 2,2∂←→w 2,2)←→w 2−α2+λ2,2
×
∫ 1
0
dt1 t
1+λ
1
∫ 1
0
du1 u
1
2
+λ
1
1
2πi
∮
dv1
1
v1
(1−←→w 2,2(1− t1)(1− u1)v1)−(4+2λ)
×
∞∑
q1=q0
(
v2 − 1
v2
s1,∞
1− ρ(1− t2)(1− u2)v2
v1 − 1
v1
1
1−←→w 2,2(1− t1)(1 − u1)v1
)q1
×←→w −(
1
2
+α
2
+λ)
1,2
(←→w 1,2∂←→w 1,2)←→w α+ 121,2 (←→w 1,2∂←→w 1,2)←→w −α2+λ1,2
×
∞∑
q0=0
(γ′)q0
q0!
sq00
(
c0z
λ
q0∑
i0=0
(−q0)i0 (q0 + 2λ)i0
(1 + λ)i0
(
1
2 + λ
)
i0
←→w i01,2
)
η2 (8.4.11)
By using Cauchy’s integral formula, the contour integrand has poles at
v2 =
1− s2,∞ −
√
(1 − s2,∞)2 + 4ρ(1− t2)(1 − u2)s2,∞
2ρ(1 − t2)(1− u2)
or
1− s2,∞ +
√
(1− s2,∞)2 + 4ρ(1− t2)(1− u2)s2,∞
2ρ(1− t2)(1 − u2) and
1− s2,∞ −
√
(1− s2,∞)2 + 4ρ(1− t2)(1 − u2)s2,∞
2ρ(1− t2)(1 − u2) is only inside the unit circle. As we
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compute the residue there in (8.4.11) we obtain
∞∑
q0=0
(γ′)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
 y2(z)
=
∞∏
l=3
1
(1− sl,∞)
∫ 1
0
dt2 t
3+λ
2
∫ 1
0
du2 u
5
2
+λ
2
(
s22,∞ − 2(1− 2ρ(1− t2)(1− u2))s2,∞ + 1
)− 1
2
×
1 + s2,∞ +
√
s22,∞ − 2(1− 2ρ(1− t2)(1− u2))s2,∞ + 1
2
−(7+2λ)
×w˜−(
5
2
+α
2
+λ)
2,2
(
w˜2,2∂w˜2,2
)
w˜
α+ 1
2
2,2
(
w˜2,2∂w˜2,2
)
w˜
2−α
2
+λ
2,2
×
∫ 1
0
dt1 t
1+λ
1
∫ 1
0
du1 u
1
2
+λ
1
1
2πi
∮
dv1
1
v1
(1− w˜2,2(1− t1)(1− u1)v1)−(4+2λ)
×
∞∑
q1=q0
(
v1 − 1
v1
s1
1− w˜2,2(1− t1)(1 − u1)v1
)q1
w¨
−( 1
2
+α
2
+λ)
1,2
(
w¨1,2∂w¨1,2
)
w¨
α+ 1
2
1,2
(
w¨1,2∂w¨1,2
)
w¨
−α
2
+λ
1,2
×
∞∑
q0=0
(γ′)q0
q0!
sq00
(
c0z
λ
q0∑
i0=0
(−q0)i0 (q0 + 2λ)i0
(1 + λ)i0
(
1
2 + λ
)
i0
w¨i01,2
)
η2 (8.4.12)
where
w˜2,2 =
v2
(v2 − 1)
ρt2u2
1− ρ(1− t2)(1− u2)v2
∣∣∣∣∣
v2=
1−s2,∞−
√
(1−s2,∞)
2+4ρ(1−t2)(1−u2)s2,∞
2ρ(1−t2)(1−u2)
=
ρt2u2 {1 + (s2,∞ + 2ρ(1 − t2)(1− u2))s2,∞}
2(1 − ρ(1− t2)(1− u2))2s2,∞
−
ρt2u2(1 + s2,∞)
√
s22,∞ − 2(1 − 2ρ(1− t2)(1 − u2))s2,∞ + 1
2(1 − ρ(1− t2)(1− u2))2s2,∞
and
w¨1,2 =
v1
(v1 − 1)
w˜2,2t1u1
1− w˜2,2(1− t1)(1− u1)v1
Replace qi, qj and ri by q1, q0 and
v1 − 1
v1
s1
1− w˜2,2(1− t1)(1− u1)v1 in (8.4.3). Take the
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new (8.4.3) into (8.4.12).
∞∑
q0=0
(γ′)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
 y2(z)
=
∞∏
l=3
1
(1− sl,∞)
∫ 1
0
dt2 t
3+λ
2
∫ 1
0
du2 u
5
2
+λ
2
(
s22,∞ − 2(1− 2ρ(1− t2)(1− u2))s2,∞ + 1
)− 1
2
×
1 + s2,∞ +
√
s22,∞ − 2(1− 2ρ(1− t2)(1− u2))s2,∞ + 1
2
−(7+2λ)
×w˜−(
5
2
+α
2
+λ)
2,2
(
w˜2,2∂w˜2,2
)
w˜
α+ 1
2
2,2
(
w˜2,2∂w˜2,2
)
w˜
2−α
2
+λ
2,2
×
∫ 1
0
dt1 t
1+λ
1
∫ 1
0
du1 u
1
2
+λ
1
1
2πi
∮
dv1
(1− w˜2,2(1− t1)(1− u1)v1)−(3+2λ)
−w˜2,2(1− t1)(1 − u1)v21 + (1− s1)v1 + s1
×w¨−(
1
2
+α
2
+λ)
1,2
(
w¨1,2∂w¨1,2
)
w¨
α+ 1
2
1,2
(
w¨1,2∂w¨1,2
)
w¨
−α
2
+λ
1,2
∞∑
q0=0
(γ′)q0
q0!
(
v1 − 1
v1
s0,1
1− w˜2,2(1− t1)(1− u1)v1
)q0
×
(
c0z
λ
q0∑
i0=0
(−q0)i0 (q0 + 2λ)i0
(1 + λ)i0
(
1
2 + λ
)
i0
w¨i01,2
)
η2 (8.4.13)
By using Cauchy’s integral formula, the contour integrand has poles at
v1 =
1− s1 −
√
(1− s1)2 + 4w˜2,2(1− t1)(1 − u1)s1
2w˜2,2(1− t1)(1− u1)
or
1− s1 +
√
(1− s1)2 + 4w˜2,2(1− t1)(1− u1)s1
2w˜2,2(1− t1)(1− u1) and
1− s1 −
√
(1− s1)2 + 4w˜2,2(1− t1)(1− u1)s1
2w˜2,2(1− t1)(1 − u1) is only inside the unit circle. As we
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compute the residue there in (8.4.13) we obtain
∞∑
q0=0
(γ′)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
 y2(z)
=
∞∏
l=3
1
(1− sl,∞)
∫ 1
0
dt2 t
3+λ
2
∫ 1
0
du2 u
5
2
+λ
2
(
s22,∞ − 2(1− 2ρ(1− t2)(1− u2))s2,∞ + 1
)− 1
2
×
1 + s2,∞ +
√
s22,∞ − 2(1− 2ρ(1− t2)(1− u2))s2,∞ + 1
2
−(7+2λ)
×w˜−(
5
2
+α
2
+λ)
2,2
(
w˜2,2∂w˜2,2
)
w˜
α+ 1
2
2,2
(
w˜2,2∂w˜2,2
)
w˜
2−α
2
+λ
2,2
×
∫ 1
0
dt1 t
1+λ
1
∫ 1
0
du1 u
1
2
+λ
1
(
s21 − 2(1− 2w˜2,2(1− t1)(1 − u1))s1 + 1
)− 1
2
×
(
1 + s1 +
√
s21 − 2(1− 2w˜2,2(1− t1)(1− u1))s1 + 1
2
)−(3+2λ)
×w˜−(
1
2
+α
2
+λ)
1,2
(
w˜1,2∂w˜1,2
)
w˜
α+ 1
2
1,2
(
w˜1,2∂w˜1,2
)
w˜
−α
2
+λ
1,2
×
∞∑
q0=0
(γ′)q0
q0!
sq00
(
c0z
λ
q0∑
i0=0
(−q0)i0 (q0 + 2λ)i0
(1 + λ)i0
(
1
2 + λ
)
i0
w˜i01,2
)
η2 (8.4.14)
where
w˜1,2 =
v1
(v1 − 1)
w˜2,2t1u1
1− w˜2,2(1− t1)(1 − u1)v1
∣∣∣∣∣
v1=
1−s1−
√
(1−s1)
2+4w˜2,2(1−t1)(1−u1)s1
2w˜2,2(1−t1)(1−u1)
=
w˜2,2t1u1 {1 + (s1 + 2w˜2,2(1− t1)(1− u1))s1}
2(1− w˜2,2(1− t1)(1 − u1))2s1
− w˜2,2t1u1(1 + s1)
√
s21 − 2(1− 2w˜2,2(1− t1)(1− u1))s1 + 1
2(1− w˜2,2(1− t1)(1− u1))2s1
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Acting the summation operator
∞∑
q0=0
(γ′)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
 on (8.3.12),
∞∑
q0=0
(γ′)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
 y3(z)
=
∞∏
l=4
1
(1− sl,∞)
∫ 1
0
dt3 t
5+λ
3
∫ 1
0
du3 u
9
2
+λ
3
(
s23,∞ − 2(1− 2ρ(1− t3)(1− u3))s3,∞ + 1
)− 1
2
×
1 + s3,∞ +
√
s23,∞ − 2(1− 2ρ(1− t3)(1− u3))s3,∞ + 1
2
−(11+2λ)
×w˜−(
9
2
+α
2
+λ)
3,3
(
w˜3,3∂w˜3,3
)
w˜
α+ 1
2
3,3
(
w˜3,3∂w˜3,3
)
w˜
4−α
2
+λ
3,3
×
∫ 1
0
dt2 t
3+λ
2
∫ 1
0
du2 u
5
2
+λ
2
(
s22 − 2(1− 2w˜3,3(1− t2)(1 − u2))s2 + 1
)− 1
2
×
(
1 + s2 +
√
s22 − 2(1− 2w˜3,3(1− t2)(1− u2))s2 + 1
2
)−(7+2λ)
×w˜−(
5
2
+α
2
+λ)
2,3
(
w˜2,3∂w˜2,3
)
w˜
α+ 1
2
2,3
(
w˜2,3∂w˜2,3
)
w˜
2−α
2
+λ
2,3
×
∫ 1
0
dt1 t
1+λ
1
∫ 1
0
du1 u
1
2
+λ
1
(
s21 − 2(1− 2w˜2,3(1− t1)(1 − u1))s1 + 1
)− 1
2
×
(
1 + s1 +
√
s21 − 2(1− 2w˜2,3(1− t1)(1− u1))s1 + 1
2
)−(3+2λ)
×w˜−(
1
2
+α
2
+λ)
1,3
(
w˜1,3∂w˜1,3
)
w˜
α+ 1
2
1,3
(
w˜1,3∂w˜1,3
)
w˜
−α
2
+λ
1,3
×
∞∑
q0=0
(γ′)q0
q0!
sq00
(
c0z
λ
q0∑
i0=0
(−q0)i0 (q0 + 2λ)i0
(1 + λ)i0
(
1
2 + λ
)
i0
w˜i01,3
)
η3 (8.4.15)
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where
w˜3,3 =
v3
(v3 − 1)
ρt3u3
1− ρ(1− t3)(1− u3)v3
∣∣∣∣∣
v3=
1−s3,∞−
√
(1−s3,∞)
2+4ρ(1−t3)(1−u3)s3,∞
2ρ(1−t3)(1−u3)
=
ρt3u3 {1 + (s3,∞ + 2ρ(1 − t3)(1− u3))s3,∞}
2(1 − ρ(1− t3)(1− u3))2s3,∞
−
ρt3u3(1 + s3,∞)
√
s23,∞ − 2(1 − 2ρ(1− t3)(1 − u3))s3,∞ + 1
2(1 − ρ(1− t3)(1− u3))2s3,∞
w˜2,3 =
v2
(v2 − 1)
w˜3,3t2u2
1− w˜3,3(1− t2)(1 − u2)v2
∣∣∣∣∣
v2=
1−s2−
√
(1−s2)
2+4w˜3,3(1−t2)(1−u2)s2
2w˜3,3(1−t2)(1−u2)
=
w˜3,3t2u2 {1 + (s2 + 2w˜3,3(1− t2)(1− u2))s2}
2(1− w˜3,3(1− t2)(1 − u2))2s2
− w˜3,3t2u2(1 + s2)
√
s22 − 2(1− 2w˜3,3(1− t2)(1− u2))s2 + 1
2(1− w˜3,3(1− t2)(1− u2))2s2
w˜1,3 =
v1
(v1 − 1)
w˜2,3t1u1
1− w˜2,3(1− t1)(1 − u1)v1
∣∣∣∣∣
v1=
1−s1−
√
(1−s1)
2+4w˜2,3(1−t1)(1−u1)s1
2w˜2,3(1−t1)(1−u1)
=
w˜2,3t1u1 {1 + (s1 + 2w˜2,3(1− t1)(1− u1))s1}
2(1− w˜2,3(1− t1)(1 − u1))2s1
− w˜2,3t1u1(1 + s1)
√
s21 − 2(1− 2w˜2,3(1− t1)(1− u1))s1 + 1
2(1− w˜2,3(1− t1)(1− u1))2s1
By repeating this process for all higher terms of integral forms of sub-summation ym(z)
terms where m ≥ 4, I obtain every
∞∑
q0=0
(γ′)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
ym(z) terms.
Substitute (8.4.6), (8.4.9), (8.4.14), (8.4.15) and including all
∞∑
q0=0
(γ′)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
ym(z) terms where m > 3 into (8.4.5).
Remark 8.4.4 The generating function for the Lame polynomial of type 2 in the
algebraic form of the first kind about x = a as q = α(α+ 1)a− 4(2a − b− c)(qj + 2j)2
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where j, qj ∈ N0 is
∞∑
q0=0
(12 )q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
LFRqj
(
a, b, c, α, q = α(α+ 1)a− 4(2a − b− c)(qj + 2j)2
; z = x− a, ρ = − 2a− b− c
(a− b)(a− c)z, η =
−z2
(a− b)(a− c)
)
= 2−1
{ ∞∏
l=1
1
(1− sl,∞)A (s0,∞; ρ) +
{ ∞∏
l=2
1
(1− sl,∞)
∫ 1
0
dt1 t1
∫ 1
0
du1 u
1
2
1
←→
Γ 1 (s1,∞; t1, u1, ρ)
×w˜−
1
2
(1+α)
1,1
(
w˜1,1∂w˜1,1
)
w˜
α+ 1
2
1,1
(
w˜1,1∂w˜1,1
)
w˜
−α
2
1,1 A (s0; w˜1,1)
}
η
+
∞∑
n=2
{ ∞∏
l=n+1
1
(1− sl,∞)
∫ 1
0
dtn t
2n−1
n
∫ 1
0
dun u
2n− 3
2
n
←→
Γ n (sn,∞; tn, un, ρ)
×w˜−
1
2
(4n−3+α)
n,n
(
w˜n,n∂w˜n,n
)
w˜
α+ 1
2
n,n
(
w˜n,n∂w˜n,n
)
w˜
1
2
(4(n−1)−α)
n,n
×
n−1∏
k=1
{∫ 1
0
dtn−k t
2(n−k)−1
n−k
∫ 1
0
dun−k u
2(n−k)− 3
2
n−k
←→
Γ n−k (sn−k; tn−k, un−k, w˜n−k+1,n) (8.4.16)
×w˜−
1
2
(4(n−k)−3+α)
n−k,n
(
w˜n−k,n∂w˜n−k,n
)
w˜
α+ 1
2
n−k,n
(
w˜n−k,n∂w˜n−k,n
)
w˜
1
2
(4(n−k−1)−α)
n−k,n
}
A (s0; w˜1,n)
}
ηn
}
where

←→
Γ 1 (s1,∞; t1, u1, ρ) =
(
1+s1,∞+
√
s21,∞−2(1−2ρ(1−t1)(1−u1))s1,∞+1
2
)−3
√
s21,∞ − 2(1 − 2ρ(1− t1)(1 − u1))s1,∞ + 1
←→
Γ n (sn,∞; tn, un, ρ) =
(
1+sn,∞+
√
s2n,∞−2(1−2ρ(1−tn)(1−un))sn,∞+1
2
)−(4n−1)
√
s2n,∞ − 2(1 − 2ρ(1− tn)(1− un))sn,∞ + 1
←→
Γ n−k (sn−k; tn−k, un−k, w˜n−k+1,n) =
(
1+sn−k+
√
s2n−k−2(1−2w˜n−k+1,n(1−tn−k)(1−un−k))sn−k+1
2
)−(4(n−k)−1)
√
s2n−k − 2(1 − 2w˜n−k+1,n(1− tn−k)(1− un−k))sn−k + 1
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and
A (s0,∞; ρ) =
(
1− s0,∞ +
√
s20,∞ − 2(1 − 2ρ)s0,∞ + 1
) 1
2
(
1 + s0,∞ +
√
s20,∞ − 2(1 − 2ρ)s0,∞ + 1
) 1
2√
s20,∞ − 2(1− 2ρ)s0,∞ + 1
A (s0; w˜1,1) =
(
1− s0 +
√
s20 − 2(1− 2w˜1,1)s0 + 1
) 1
2
(
1 + s0 +
√
s20 − 2(1 − 2w˜1,1)s0 + 1
) 1
2√
s20 − 2(1− 2w˜1,1)s0 + 1
A (s0; w˜1,n) =
(
1− s0 +
√
s20 − 2(1− 2w˜1,n)s0 + 1
) 1
2
(
1 + s0 +
√
s20 − 2(1 − 2w˜1,n)s0 + 1
) 1
2√
s20 − 2(1− 2w˜1,n)s0 + 1
Proof Replace w, γ, A and x by s0,∞, 12 , 0 and ρ in (8.4.1).
∞∑
q0=0
(12 )q0
q0!
sq00,∞ 2F1
(
−q0, q0; 1
2
; ρ
)
(8.4.17)
=
(
1− s0,∞ +
√
s20,∞ − 2(1 − 2ρ)s0,∞ + 1
) 1
2
(
1 + s0,∞ +
√
s20,∞ − 2(1− 2ρ)s0,∞ + 1
) 1
2
2
√
s20,∞ − 2(1− 2ρ)s0,∞ + 1
Replace s0,∞ and ρ by s0 and w˜1,1 in (8.4.17).
∞∑
q0=0
(12)q0
q0!
sq00 2F1
(
−q0, q0; 1
2
; w˜1,1
)
(8.4.18)
=
(
1− s0 +
√
s20 − 2(1 − 2w˜1,1)s0 + 1
) 1
2
(
1 + s0 +
√
s20 − 2(1− 2w˜1,1)s0 + 1
) 1
2
2
√
s20 − 2(1− 2w˜1,1)s0 + 1
Replace w˜1,1 by w˜1,n in (8.4.18).
∞∑
q0=0
(12 )q0
q0!
sq00 2F1
(
−q0, q0; 1
2
; w˜1,n
)
(8.4.19)
=
(
1− s0 +
√
s20 − 2(1− 2w˜1,n)s0 + 1
) 1
2
(
1 + s0 +
√
s20 − 2(1− 2w˜1,n)s0 + 1
) 1
2
2
√
s20 − 2(1− 2w˜1,n)s0 + 1
Put c0= 1, λ = 0 and γ
′ = 12 in (8.4.4). Substitute (8.4.17), (8.4.18) and (8.4.19) into the
new (8.4.4).
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Remark 8.4.5 The generating function for the Lame polynomial of type 2 in the
algebraic form of the second kind about x = a as
q = α(α + 1)a− 4(2a − b− c) (qj + 2j + 12)2 where j, αj ∈ N0 is
∞∑
q0=0
(32 )q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
LSRqj
(
a, b, c, α, q = α(α + 1)a− 4(2a− b− c)
(
qj + 2j +
1
2
)2
; z = x− a, ρ = − 2a− b− c
(a− b)(a− c)z, η =
−z2
(a− b)(a− c)
)
= z
1
2
{ ∞∏
l=1
1
(1− sl,∞)B (s0,∞; ρ) +
{ ∞∏
l=2
1
(1− sl,∞)
∫ 1
0
dt1 t
3
2
1
∫ 1
0
du1 u1
←→
Ψ 1 (s1,∞; t1, u1, ρ)
×w˜−
1
2
(2+α)
1,1
(
w˜1,1∂w˜1,1
)
w˜
α+ 1
2
1,1
(
w˜1,1∂w˜1,1
)
w˜
1
2
(1−α)
1,1 B (s0; w˜1,1)
}
η
+
∞∑
n=2
{ ∞∏
l=n+1
1
(1− sl,∞)
∫ 1
0
dtn t
2n− 1
2
n
∫ 1
0
dun u
2n−1
n
←→
Ψ n (sn,∞; tn, un, ρ)
×w˜−
1
2
(4n−2+α)
n,n
(
w˜n,n∂w˜n,n
)
w˜
α+ 1
2
n,n
(
w˜n,n∂w˜n,n
)
w˜
1
2
(4n−3−α)
n,n
×
n−1∏
k=1
{∫ 1
0
dtn−k t
2(n−k)− 1
2
n−k
∫ 1
0
dun−k u
2(n−k)−1
n−k
←→
Ψ n−k (sn−k; tn−k, un−k, w˜n−k+1,n) (8.4.20)
×w˜−
1
2
(4(n−k)−2+α)
n−k,n
(
w˜n−k,n∂w˜n−k,n
)
w˜
α+ 1
2
n−k,n
(
w˜n−k,n∂w˜n−k,n
)
w˜
1
2
(4(n−k)−3−α)
n−k,n
}
B (s0; w˜1,n)
}
ηn
}
where

←→
Ψ 1 (s1,∞; t1, u1, ρ) =
(
1+s1,∞+
√
s21,∞−2(1−2ρ(1−t1)(1−u1))s1,∞+1
2
)−4
√
s21,∞ − 2(1 − 2ρ(1− t1)(1 − u1))s1,∞ + 1
←→
Ψ n (sn,∞; tn, un, ρ) =
(
1+sn,∞+
√
s2n,∞−2(1−2ρ(1−tn)(1−un))sn,∞+1
2
)−4n
√
s2n,∞ − 2(1− 2ρ(1 − tn)(1 − un))sn,∞ + 1
←→
Ψ n−k (sn−k; tn−k, un−k, w˜n−k+1,n) =
(
1+sn−k+
√
s2n−k−2(1−2w˜n−k+1,n(1−tn−k)(1−un−k))sn−k+1
2
)−4(n−k)
√
s2n−k − 2(1− 2w˜n−k+1,n(1− tn−k)(1− un−k))sn−k + 1
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and
B (s0,∞; ρ) =
(
1− s0,∞ +
√
s20,∞ − 2(1 − 2ρ)s0,∞ + 1
)− 1
2
(
1 + s0,∞ +
√
s20,∞ − 2(1− 2ρ)s0,∞ + 1
) 1
2√
s20,∞ − 2(1 − 2ρ)s0,∞ + 1
B (s0; w˜1,1) =
(
1− s0 +
√
s20 − 2(1 − 2w˜1,1)s0 + 1
)− 1
2
(
1 + s0 +
√
s20 − 2(1 − 2w˜1,1)s0 + 1
) 1
2√
s20 − 2(1 − 2w˜1,1)s0 + 1
B (s0; w˜1,n) =
(
1− s0 +
√
s20 − 2(1− 2w˜1,n)s0 + 1
)− 1
2
(
1 + s0 +
√
s20 − 2(1− 2w˜1,n)s0 + 1
) 1
2√
s20 − 2(1− 2w˜1,n)s0 + 1
Proof Replace w, γ, A and x by s0,∞, 32 , 1 and ρ in (8.4.1).
∞∑
q0=0
(32 )q0
q0!
sq00,∞ 2F1
(
−q0, q0 + 1; 3
2
; ρ
)
(8.4.21)
=
(
1− s0,∞ +
√
s20,∞ − 2(1 − 2ρ)s0,∞ + 1
)− 1
2
(
1 + s0,∞ +
√
s20,∞ − 2(1− 2ρ)s0,∞ + 1
) 1
2√
s20,∞ − 2(1 − 2ρ)s0,∞ + 1
Replace s0,∞ and ρ by s0 and w˜1,1 in (8.4.21).
∞∑
q0=0
(32 )q0
q0!
sq00 2F1
(
−q0, q0 + 1; 3
2
; w˜1,1
)
(8.4.22)
=
(
1− s0 +
√
s20 − 2(1− 2w˜1,1)s0 + 1
)− 1
2
(
1 + s0 +
√
s20 − 2(1 − 2w˜1,1)s0 + 1
) 1
2√
s20 − 2(1− 2w˜1,1)s0 + 1
Replace w˜1,1 by w˜1,n in (8.4.22).
∞∑
q0=0
(32)q0
q0!
sq00 2F1
(
−q0, q0 + 1; 3
2
; w˜1,n
)
(8.4.23)
=
(
1− s0 +
√
s20 − 2(1 − 2w˜1,n)s0 + 1
)− 1
2
(
1 + s0 +
√
s20 − 2(1 − 2w˜1,n)s0 + 1
) 1
2√
s20 − 2(1 − 2w˜1,n)s0 + 1
Put c0 = 1, λ =
1
2 and γ
′ = 32 in (8.4.4). Substitute (8.4.21), (8.4.22) and (8.4.23) into the
new (8.4.4).
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8.5 Summary
Lame equation represented either in the algebraic form or in Weierstrass’s form has a
recursive relation between a 3-term in the power series of its equation as we see
(8.1.6)–(8.1.7c). Lame equation could not be described in the form of a definite or
contour integral of any elementary functions because of its three term recurrence relation
in its power series. The 3-term recursive relation between successive coefficients creates
complex mathematical calculations in order to obtain analytic solutions of it in closed
forms.
In Ref.[12] I show how to obtain the power series expansion in closed forms and its
integral form of Lame equation in the algebraic form (for infinite series and polynomial of
type 1 including all higher terms of An’s) by applying 3TRF. This was done by letting An
in sequence cn is the leading term in the analytic function y(z): the sequence cn consists
of combinations An and Bn. For polynomial of type 1, I treat q as a free variable and a
fixed value of α.
In this chapter I show how to construct the power series expansion and its integral form
of Lame equation in the algebraic form for infinite series and polynomial of type 2
including all higher terms of Bn’s by applying R3TRF. This is done by letting Bn in
sequence cn is the leading term in a analytic function y(z). For polynomial of type 2, I
treat α as a free variable and a fixed value of q.
The Frobenius solution and its integral form of Lame equation (ellipsoidal harmonics
equation) for infinite series about x = a in this chapter are equivalent to infinite series of
Lame equation in Ref.[12]. In this chapter Bn is the leading term in sequence cn in an
analytic function y(z). In Ref.[12] An is the leading term in sequence cn in the analytic
function y(z).
In Ref.[12] and this chapter, as we see the power series expansions of Lame equation
about x = a for either polynomial or infinite series, the denominators and numerators in
all An or Bn terms of y(z) arise with Pochhammer symbol. Since we construct the power
series expansions with Pochhammer symbols in numerators and denominators, we are
able to describe integral representations of Lame equation analytically. As we observe
representations in closed form integrals of Lame equation by applying either 3TRF or
R3TRF, a 2F1 function recurs in each of sub-integral forms of the y(z) (each sub-integral
ym(z) where m = 0, 1, 2, · · · is composed of 2m terms of definite integrals and m terms of
contour integrals). We are able to transform the Lame function into any well-known
special functions having two recurrence relation in its power series of any linear
differential equations because of a 2F1 function in each of sub-integral forms of Lame
function. After we replace 2F1 function in its integral forms to other special functions
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(such as Bessel function, Kummer function, hypergeometric function, Laguerre function
and etc), we are able to rebuild the Frobenius solution of Lame equation in a backward.
In this chapter I show how to construct the generating function for the type 2 Lame
polynomial from its integral representation. We are able to derive orthogonal relations,
recursion relations and expectation values of physical quantities from the generating
function: the processes in order to obtain orthogonal and recursion relations of the Lame
polynomials are similar as the case of a normalized wave function for the hydrogen-like
atoms.
Mathematical structure of the power series expansions, integral representations and
generating functions for Lame equation closely resembles the case of Heun equation using
3TRF and R3TRF. (1) If γ, δ, ǫ→ 12 , 1→ b− a, a→ c− a, α→ 12 (α+ 1), β → −12α,
q → −q + 14α(α + 1)a and x→ z in the power series expansions and its integral forms of
Heun equation using 3TRF in Ref.[10, 11], its analytic solutions are correspondent to the
Frobenius solutions and integral representations of Lame equation in the algebraic form
in Ref.[12]; compare (10), (11), (18) and (19) in Ref.[10] with remarks 1–4 in Ref.[12].
And make a comparison between remarks 1, 2, 5 and 6 in Ref.[11] and remarks 5–8 in
Ref.[12]. (2) By similar reason, putting (8.1.4) into the power series, integral
representations and generating functions of Heun equation using R3TRF in chapters 2
and 3, its analytic solutions are equivalent to the Frobenius solutions, integral forms and
generating functions of Lame equation using R3TRF in this chapter; compare remarks
2.2.1–2.2.4, 2.3.2–2.3.4 in chapter 2 and remarks 3.2.5–3.2.6 in chapter 3 with remarks
8.2.1–8.2.4, 8.3.2–8.3.5, 8.4.4-8.4.5 in this chapter.
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Chapter 9
Lame function in Weierstrass’s
form using reversible three-term
recurrence formula
Lame ordinary differential equation in Weierstrass’s form and Heun equation are of
Fuchsian types with the four regular singularities. Lame equation in Weierstrass’s form is
derived from Heun equation by changing all coefficients γ = δ = ǫ = 12 , a = ρ
−2,
α = 12(α+ 1), β = −12α, q = −14hρ−2 and an independent variable x = sn2(z, ρ). [1, 2]
In Ref.[10, 11] I construct the power series expansion in closed forms, its integral form
and the generating function of Lame equation in Weierstrass’s form by applying three
term recurrence formula (3TRF)[6]; analytic solutions of Lame equation is derived for
infinite series and polynomial of type 11 including all higher terms of An’s.
2
In this chapter I will apply reversible three term recurrence formula (R3TRF) in chapter
1 to (1) the Frobenius solution in closed forms, (2) its integral form of Lame equation in
Weierstrass’s form for infinite series and polynomial of type 23 including all higher terms
of Bn’s
4, (3) the generating function for the Lame polynomial of type 2.
Nine examples of 192 local solutions of the Heun equation (Maier, 2007) are provided in
1polynomial of type 1 is a polynomial which makes Bn term terminated in three term recursion relation
of the power series in a linear differential equation.
2“ higher terms of An’s” means at least two terms of An’s.
3polynomial of type 2 is a polynomial which makes An term terminated in three term recursion relation
of the power series in a linear differential equation.
4“ higher terms of Bn’s” means at least two terms of Bn’s.
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the appendix. For each example, I show how to convert local solutions of Heun equation
by applying R3TRF to analytic solutions of Lame equation in Weierstrass’s form.
9.1 Introduction
In general, there are two types of Lame equation which are described in the algebraic
form and in Weierstrass’s form. For computational practice, Jacobian (Weierstrass’s)
form is more convenient. For the general mathematical properties of analytic solutions of
Lame equation, the algebraic form is better; especially for the asymptotic expansion of
Lame equation, the algebraic form is much better and its asymptotic solutions are more
various because of three different singularity parameters. In contrast, the Jacobian form
only has two singularity parameters which are 1 and the modulus of the elliptic function
sn z. Various authors have worked on the boundary value problems in ellipsoidal
geometry with Lame equation in Weierstrass’s form rather than the algebraic form of it.
Many great mathematicians/physicists attempted to describe Lame equation in a definite
or contour integral form of any well-known simple functions such as Gauss
hypergeometric, Kummer functions, and etc. Due to its mathematical complexity there
are no analytic solutions in closed forms of the Lame function[17, 4, 5]. Because Lame
equation represented either in the algebraic form or in Weierstrass’s form is a form of the
power series that is expressed as three term recurrence relation[4, 5]. In contrast, most of
well-known special functions consist of two term recursion relation (Hypergeometric,
Bessel, Legendre, Kummer functions, etc). They just left analytic solutions of Lame
equation as solutions of recurrences because of a 3-term recursive relation between
successive coefficients in its power series expansion. Three or more terms recursion
relation in the power series of any linear ordinary differential equations creates the
complex mathematical calculation.
In Ref.[9] I construct the power series expansion in closed forms and its integral
representation of Lame equation in the algebraic form by applying 3TRF [6]: analytic
solutions of Lame equation are derived for infinite series and polynomial of type 1
including all higher terms of An’s. One interesting observation resulting from calculations
is the fact that a 2F1 function recurs in each of sub-integral forms: the first sub-integral
form contains zero term of A′ns, the second one contains one term of An’s, the third one
contains two terms of An’s, etc. Also asymptotic expansions of the Lame function for
infinite series are derived analytically including for special cases as |2a− b− c| ≫ 1 and
2a− b− c ≈ 0.
In Ref.[10], by changing all coefficients in the general expression of the power series and
its integral representation of Lame equation in the algebraic form, I obtain the Frobenius
9.1. INTRODUCTION 399
solution and its integral form of Lame equation in Weierstrass’s form for infinite series
and polynomial of type 1. In Ref.[11] I construct the generating function for the Lame
polynomial of type 1 in Weierstrass’s form from the general expression of an integral
representation of Lame equation in Weierstrass’s form by applying the generating
function for the Jacobi polynomial using hypergeometric functions.
In chapter 8, by applying R3TRF, I derive (1) the power series expansion, (2) its integral
form of Lame equation in the algebraic form for infinite series and polynomial of type 2
including all higher terms of Bn’s and (3) the generating function for the Lame
polynomial of type 2.
In this chapter, by changing all coefficients in the general expression of power series, its
integral representation and the generating function of Heun equation in chapter 2 and 3, I
consider (1) the power series expansion in closed forms of Lame equation in Weierstrass’s
form (for infinite series and polynomial of type 2 including all higher terms of Bn’s), (2)
its integral representation and (3) the generating function for the Lame polynomial of
type 2 analytically.5 Especially we are able to obtain a mathematical construction for an
orthogonal relation of Lame equation in Weierstrass’s form for polynomial of type 1 or 2
from the generating function for the Lame polynomial. After that, we might be possible
to build recurrence relations of the Lame polynomial, a normalized constant of any wave
functions for Laplace equation in ellipsoidal coordinates, an expectation value of its
physical quantities and etc. For an example, a normalized wave function of hydrogen-like
atoms is derived from the generating function for associated Laguerre polynomials in
explicit mathematical calculations. Also the expectation value of physical quantities such
as position and momentum is constructed by applying the recursive relation of associated
Laguerre polynomials.
I show how to transform nine examples of 192 local solutions of Heun equation [27] to
analytic solutions of Lame equation in Weierstrass’s form in the appendix. For each
example, I convert local solutions of Heun equation by applying R3TRF to analytic
solutions of Lame equation in Weierstrass’s form; the Frobenius solution in closed form of
Lame equation, its integral representation and the generating function of it are derived
from changing all coefficients and an independent variable in Heun equation.
Lame equation in Weierstrass’s form is given by
d2y
dz2
= {α(α + 1)ρ2 sn2(z, ρ)− h}y(z) (9.1.1)
where ρ, α and h are real parameters such that 0 < ρ < 1 and α ≥ −12 . If we take
5Or we can obtain analytic solutions of Lame equation in Weierstrass’s form by applying R3TRF directly.
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sn2(z, ρ) = ξ as an independent variable, Lame equation becomes
d2y
dξ2
+
1
2
(
1
ξ
+
1
ξ − 1 +
1
ξ − ρ−2
)
dy
dξ
+
−α(α+ 1)ξ + hρ−2
4ξ(ξ − 1)(ξ − ρ−2) y(ξ) = 0 (9.1.2)
This is an equation of Fuchsian type with the four regular singularities: ξ = 0, 1, ρ−2,∞.
The first three, namely 0, 1, ρ−2, have the property that the corresponding exponents are
0, 12 which is the same as the case of Lame equation in the algebraic form.
Lame equation is a second-order linear ordinary differential equation of the algebraic
form[3, 13, 15]
d2y
dx2
+
1
2
(
1
x− a +
1
x− b +
1
x− c
)
dy
dx
+
−α(α+ 1)x+ q
4(x− a)(x− b)(x− c)y = 0 (9.1.3)
Lame equation has four regular singular points: a, b, c and ∞; the exponents at the first
three are all 0 and 12 , and those at infinity are −12α and 12(α+ 1).[14, 16]
As we compare (9.1.2) with (9.1.3), all coefficients on the above are correspondent to the
following way.
a −→ 0
b −→ 1
c −→ ρ−2
q −→ hρ−2
x −→ ξ = sn2(z, ρ)
(9.1.4)
Also (9.1.2) is a special case of Heuns equation. Heun equation is a second-order linear
ordinary differential equation of the form [1].
d2y
dx2
+
(
γ
x
+
δ
x− 1 +
ǫ
x− a
)
dy
dx
+
αβx− q
x(x− 1)(x− a)y = 0 (9.1.5)
With the condition ǫ = α+ β − γ − δ + 1. The parameters play different roles: a 6= 0 is
the singularity parameter, α, β, γ, δ, ǫ are exponent parameters, q is the accessory
parameter which in many physical applications appears as a spectral parameter. Also, α
and β are identical to each other. The total number of free parameters is six. It has four
regular singular points which are 0, 1, a and ∞ with exponents {0, 1 − γ}, {0, 1 − δ},
{0, 1 − ǫ} and {α, β}.
As we compare (9.1.2) with (9.1.5), all coefficients on the above are correspondent to the
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following way.
γ, δ, ǫ←→ 1
2
a←→ ρ−2
α←→ 1
2
(α+ 1)
β ←→ −1
2
α
q ←→ −1
4
hρ−2
x←→ ξ = sn2(z, ρ)
(9.1.6)
9.2 Power series
9.2.1 Polynomial of type 2
In general Lame (spectral) polynomial represented either in the algebraic form or in
Weierstrass’s form is defined as polynomial of type 3.6 Lame polynomial comes from a
Lame equation that has a fixed integer value of α, just as it has a fixed value of h. In
three-term recurrence formula, polynomial of type 3 I categorize as complete polynomial.
In future papers I will derive the type 3 Lame polynomial. In Ref.[10, 11] I derive the
Frobenius solution, its integral form and the generating function for the Lame polynomial
of type 1: I treat h as a free variable and α as a fixed value. In this chapter I construct
the power series expansion and its integral representation of the Lame polynomial of type
2: I treat α as a free variable and h as a fixed value. Also the generating function for the
lame polynomial of type 2 is constructed analytically.
In chapter 2 the general expression of power series of Heun equation about x = 0 for
6polynomial of type 3 is a polynomial which makes An and Bn terms terminated at the same time in
three term recursion relation of the power series in a linear differential equation. If An and Bn terms are
not terminated, it turns to be infinite series.
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polynomial of type 2 is given by
y(x) =
∞∑
n=0
yn(x) = y0(x) + y1(x) + y2(x) + y3(x) + · · ·
= c0x
λ

q0∑
i0=0
(−q0)i0
(
q0 +
ϕ+2(1+a)λ
(1+a)
)
i0
(1 + λ)i0(γ + λ)i0
ηi0
+

q0∑
i0=0
(i0 + λ+ α)(i0 + λ+ β)
(i0 + λ+ 2)(i0 + λ+ 1 + γ)
(−q0)i0
(
q0 +
ϕ+2(1+a)λ
(1+a)
)
i0
(1 + λ)i0(γ + λ)i0
×
q1∑
i1=i0
(−q1)i1
(
q1 + 4 +
ϕ+2(1+a)λ
(1+a)
)
i1
(3 + λ)i0(2 + γ + λ)i0
(−q1)i0
(
q1 + 4 +
ϕ+2(1+a)λ
(1+a)
)
i0
(3 + λ)i1(2 + γ + λ)i1
ηi1
 z
+
∞∑
n=2

q0∑
i0=0
(i0 + λ+ α)(i0 + λ+ β)
(i0 + λ+ 2)(i0 + λ+ 1 + γ)
(−q0)i0
(
q0 +
ϕ+2(1+a)λ
(1+a)
)
i0
(1 + λ)i0(γ + λ)i0
×
n−1∏
k=1

qk∑
ik=ik−1
(ik + 2k + λ+ α)(ik + 2k + λ+ β)
(ik + 2(k + 1) + λ)(ik + 2k + 1 + γ + λ)
×
(−qk)ik
(
qk + 4k +
ϕ+2(1+a)λ
(1+a)
)
ik
(2k + 1 + λ)ik−1(2k + γ + λ)ik−1
(−qk)ik−1
(
qk + 4k +
ϕ+2(1+a)λ
(1+a)
)
ik−1
(2k + 1 + λ)ik(2k + γ + λ)ik
 (9.2.1)
×
qn∑
in=in−1
(−qn)in
(
qn + 4n+
ϕ+2(1+a)λ
(1+a)
)
in
(2n + 1 + λ)in−1(2n+ γ + λ)in−1
(−qn)in−1
(
qn + 4n+
ϕ+2(1+a)λ
(1+a)
)
in−1
(2n + 1 + λ)in(2n + γ + λ)in
ηin
 zn

where 
z = − 1ax2
η = (1+a)a x
ϕ = α+ β − δ + a(δ + γ − 1)
q = −(qj + 2j + λ){ϕ + (1 + a)(qj + 2j + λ)} as j, qj ∈ N0
qi ≤ qj only if i ≤ j where i, j ∈ N0
In the above, We have two indicial roots which are λ = 0 and 1− γ.
Put (9.1.6) in (9.2.1) with replacing qi by hi where hi ∈ N0. Take c0= 1 as λ = 0 for the
first independent solution of Lame equation and λ = 12 for the second one into the new
(9.2.1).
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Remark 9.2.1 The power series expansion of Lame equation in Weierstrass’s form of
the first kind for polynomial of type 2 about ξ = 0 as h = 4(1 + ρ2)(hj + 2j)
2 where
j, hj ∈ N0 is
y(ξ) = LFRhj
(
ρ, α, h = 4(1 + ρ2)(hj + 2j)
2; ξ = sn2(z, ρ), η = (1 + ρ2)ξ, z = −ρ2ξ2)
=
h0∑
i0=0
(−h0)i0 (h0)i0
(1)i0
(
1
2
)
i0
ηi0
+
{
h0∑
i0=0
(
i0 +
α
2 +
1
2
) (
i0 − α2
)
(i0 + 2)
(
i0 +
3
2
) (−h0)i0 (h0)i0
(1)i0
(
1
2
)
i0
h1∑
i1=i0
(−h1)i1 (h1 + 4)i1 (3)i0
(
5
2
)
i0
(−h1)i0 (h1 + 4)i0 (3)i1
(
5
2
)
i1
ηi1
}
z
+
∞∑
n=2
{
h0∑
i0=0
(
i0 +
α
2 +
1
2
) (
i0 − α2
)
(i0 + 2)
(
i0 +
3
2
) (−h0)i0 (h0)i0
(1)i0
(
1
2
)
i0
×
n−1∏
k=1

hk∑
ik=ik−1
(
ik + 2k +
α
2 +
1
2
) (
ik + 2k − α2
)
(ik + 2k + 2)
(
ik + 2k +
3
2
) (−hk)ik (hk + 4k)ik (2k + 1)ik−1 (2k + 12)ik−1
(−hk)ik−1 (hk + 4k)ik−1 (2k + 1)ik
(
2k + 12
)
ik
}
×
hn∑
in=in−1
(−hn)in (hn + 4n)in (2n + 1)in−1
(
2n + 12
)
in−1
(−hn)in−1 (hn + 4n)in−1 (2n+ 1)in
(
2n+ 12
)
in
ηin
 zn (9.2.2)
For the minimum value of Lame equation in Weierstrass’s form of the first kind for
polynomial of type 2 about ξ = 0, put h0 = h1 = h2 = · · · = 0 in (9.2.2).
y(ξ) = LFR0
(
ρ, α, h = 16(1 + ρ2)j2; ξ = sn2(z, ρ), η = (1 + ρ2)ξ, z = −ρ2ξ2)
= 2F1
(
−α
4
,
α
4
+
1
4
,
3
4
, z
)
where |z| < 1 (9.2.3)
Remark 9.2.2 The power series expansion of Lame equation in Weierstrass’s form of
the second kind for polynomial of type 2 about ξ = 0 as h = 4(1 + ρ2)
(
hj + 2j +
1
2
)2
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where j, hj ∈ N0 is
y(ξ) = LSRhj
(
ρ, α, h = 4(1 + ρ2)
(
hj + 2j +
1
2
)2
; ξ = sn2(z, ρ), η = (1 + ρ2)ξ, z = −ρ2ξ2
)
= ξ
1
2
{
h0∑
i0=0
(−h0)i0 (h0 + 1)i0(
3
2
)
i0
(1)i0
ηi0
+
{
h0∑
i0=0
(
i0 +
α
2 + 1
) (
i0 − α2 + 12
)(
i0 +
5
2
)
(i0 + 2)
(−h0)i0 (h0 + 1)i0(
3
2
)
i0
(1)i0
h1∑
i1=i0
(−h1)i1 (h1 + 5)i1
(
7
2
)
i0
(3)i0
(−h1)i0 (h1 + 5)i0
(
7
2
)
i1
(3)i1
ηi1
}
z
+
∞∑
n=2
{
h0∑
i0=0
(
i0 +
α
2 + 1
) (
i0 − α2 + 12
)(
i0 +
5
2
)
(i0 + 2)
(−h0)i0 (h0 + 1)i0(
3
2
)
i0
(1)i0
×
n−1∏
k=1

hk∑
ik=ik−1
(
ik + 2k +
α
2 + 1
) (
ik + 2k − α2 + 12
)(
ik + 2k +
5
2
)
(ik + 2k + 2)
×
(−hk)ik (hk + 4k + 1)ik
(
2k + 32
)
ik−1
(2k + 1)ik−1
(−hk)ik−1 (hk + 4k + 1)ik−1
(
2k + 32
)
ik
(2k + 1)ik
}
×
hn∑
in=in−1
(−hn)in (hn + 4n+ 1)in
(
2n + 32
)
in−1
(2n+ 1)in−1
(−hn)in−1 (hn + 4n + 1)in−1
(
2n+ 32
)
in
(2n + 1)in
ηin
 zn
 (9.2.4)
For the minimum value of Lame equation in Weierstrass’s form of the second kind for
polynomial of type 2 about ξ = 0, put h0 = h1 = h2 = · · · = 0 in (9.2.4).
y(ξ) = LSR0
(
ρ, α, h = 4(1 + ρ2)
(
2j +
1
2
)2
; ξ = sn2(z, ρ), η = (1 + ρ2)ξ, z = −ρ2ξ2
)
= ξ
1
2 2F1
(
−α
4
+
1
4
,
α
4
+
1
2
,
5
4
, z
)
where |z| < 1 (9.2.5)
In (9.2.3) and (9.2.5), a polynomial of type 2 requires
∣∣z = −ρ2ξ2∣∣ < 1 for the convergence
of the radius. For more details about this issue, it is explained in chapter 3 and 4 [12].
In Ref.[10, 11] I treat α as a fixed value and h as a free variable to construct Lame
polynomial of type 1 in Weierstrass’s: (1) if α = 2(2αj + j) or −2(2αj + j)− 1 where
j, αj ∈ N0, an analytic solution of Lame equation turns to be the first kind of
independent solutions of the Lame polynomial of type 1. (2) if α = 2(2αj + j) + 1 or
−2(2αj + j + 1), an analytic solution of Lame equation turns to be the second kind of
independent solutions of the Lame polynomial of type 1.7
7If we take α ≥ − 1
2
, α = −2(2αj + j)− 1 and −2(2αj + j + 1) are not available any more. I consider α
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In this chapter I treat h as a fixed value and α as a free variable to construct the Lame
polynomial of type 2 in Weierstrass’s form : (1) if h = 4(1 + ρ2)(hj + 2j)
2 where
j, hj ∈ N0, an analytic solution of Lame equation turns to be the first kind of independent
solutions of the Lame polynomial of type 2. (2) if h = 4(1 + ρ2)
(
hj + 2j +
1
2
)2
, an
analytic solution of the Lame equation turns to be the second kind of independent
solutions of the Lame polynomial of type 2.
9.2.2 Infinite series
In chapter 2 the general expression of power series of Heun equation for infinite series
about x = 0 by applying R3TRF is given by
y(x) =
∞∑
n=0
yn(x) = y0(x) + y1(x) + y2(x) + y3(x) + · · ·
= c0x
λ
{ ∞∑
i0=0
(
∆−0
)
i0
(
∆+0
)
i0
(1 + λ)i0(γ + λ)i0
ηi0
+
{ ∞∑
i0=0
(i0 + λ+ α)(i0 + λ+ β)
(i0 + λ+ 2)(i0 + λ+ 1 + γ)
(
∆−0
)
i0
(
∆+0
)
i0
(1 + λ)i0(γ + λ)i0
×
∞∑
i1=i0
(
∆−1
)
i1
(
∆+1
)
i1
(3 + λ)i0(2 + γ + λ)i0(
∆−1
)
i0
(
∆+1
)
i0
(3 + λ)i1(2 + γ + λ)i1
ηi1
}
z
+
∞∑
n=2
{ ∞∑
i0=0
(i0 + λ+ α)(i0 + λ+ β)
(i0 + λ+ 2)(i0 + λ+ 1 + γ)
(
∆−0
)
i0
(
∆+0
)
i0
(1 + λ)i0(γ + λ)i0
×
n−1∏
k=1

∞∑
ik=ik−1
(ik + 2k + λ+ α)(ik + 2k + λ+ β)
(ik + 2(k + 1) + λ)(ik + 2k + 1 + γ + λ)
×
(
∆−k
)
ik
(
∆+k
)
ik
(2k + 1 + λ)ik−1(2k + γ + λ)ik−1(
∆−k
)
ik−1
(
∆+k
)
ik−1
(2k + 1 + λ)ik(2k + γ + λ)ik
}
×
∞∑
in=in−1
(∆−n )in (∆
+
n )in (2n + 1 + λ)in−1(2n+ γ + λ)in−1(
∆−n
)
in−1
(
∆+n
)
in−1
(2n+ 1 + λ)in(2n+ γ + λ)in
ηin
 zn
 (9.2.6)
as arbitrary.
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where 
∆±0 =
{ϕ+2(1+a)λ}±
√
ϕ2−4(1+a)q
2(1+a)
∆±1 =
{ϕ+2(1+a)(λ+2)}±
√
ϕ2−4(1+a)q
2(1+a)
∆±k =
{ϕ+2(1+a)(λ+2k)}±
√
ϕ2−4(1+a)q
2(1+a)
∆±n =
{ϕ+2(1+a)(λ+2n)}±
√
ϕ2−4(1+a)q
2(1+a)
Put (9.1.6) in (9.2.6). Take c0= 1 as λ = 0 for the first independent solution of Lame
equation and λ = 12 for the second one into the new (9.2.6).
Remark 9.2.3 The power series expansion of Lame equation in Weierstrass’s form of
the first kind for infinite series about ξ = 0 using R3TRF is given by
y(ξ) = LFR
(
ρ, α, h; ξ = sn2(z, ρ), η = (1 + ρ2)ξ, z = −ρ2ξ2)
=
∞∑
i0=0
(
∆−0
)
i0
(
∆+0
)
i0
(1)i0
(
1
2
)
i0
ηi0
+
{ ∞∑
i0=0
(
i0 +
α
2 +
1
2
) (
i0 − α2
)
(i0 + 2)
(
i0 +
3
2
) (∆−0 )i0 (∆+0 )i0
(1)i0
(
1
2
)
i0
∞∑
i1=i0
(
∆−1
)
i1
(
∆+1
)
i1
(3)i0
(
5
2
)
i0(
∆−1
)
i0
(
∆+1
)
i0
(3)i1
(
5
2
)
i1
ηi1
}
z
+
∞∑
n=2
{ ∞∑
i0=0
(
i0 +
α
2 +
1
2
) (
i0 − α2
)
(i0 + 2)
(
i0 +
3
2
) (∆−0 )i0 (∆+0 )i0
(1)i0
(
1
2
)
i0
×
n−1∏
k=1

∞∑
ik=ik−1
(
ik + 2k +
α
2 +
1
2
) (
ik + 2k − α2
)
(ik + 2k + 2)
(
ik + 2k +
3
2
) (∆−k )ik (∆+k )ik (2k + 1)ik−1 (2k + 12)ik−1(
∆−k
)
ik−1
(
∆+k
)
ik−1
(2k + 1)ik
(
2k + 12
)
ik

×
∞∑
in=in−1
(∆−n )in (∆
+
n )in (2n + 1)in−1
(
2n+ 12
)
in−1(
∆−n
)
in−1
(
∆+n
)
in−1
(2n + 1)in
(
2n+ 12
)
in
ηin
 zn (9.2.7)
where 
∆±0 = ±
√
h
4(1+ρ2)
∆±1 = 2±
√
h
4(1+ρ2)
∆±k = 2k ±
√
h
4(1+ρ2)
∆±n = 2n±
√
h
4(1+ρ2)
Remark 9.2.4 The power series expansion of Lame equation in Weierstrass’s form of
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the second kind for infinite series about ξ = 0 using R3TRF is given by
y(ξ) = LSR
(
ρ, α, h; ξ = sn2(z, ρ), η = (1 + ρ2)ξ, z = −ρ2ξ2)
= ξ
1
2
{ ∞∑
i0=0
(
∆−0
)
i0
(
∆+0
)
i0(
3
2
)
i0
(1)i0
ηi0
+
{ ∞∑
i0=0
(
i0 +
α
2 + 1
) (
i0 − α2 + 12
)(
i0 +
5
2
)
(i0 + 2)
(
∆−0
)
i0
(
∆+0
)
i0(
3
2
)
i0
(1)i0
∞∑
i1=i0
(
∆−1
)
i1
(
∆+1
)
i1
(
7
2
)
i0
(3)i0(
∆−1
)
i0
(
∆+1
)
i0
(
7
2
)
i1
(3)i1
ηi1
}
z
+
∞∑
n=2
{ ∞∑
i0=0
(
i0 +
α
2 + 1
) (
i0 − α2 + 12
)(
i0 +
5
2
)
(i0 + 2)
(
∆−0
)
i0
(
∆+0
)
i0(
3
2
)
i0
(1)i0
×
n−1∏
k=1

∞∑
ik=ik−1
(
ik + 2k +
α
2 + 1
)
(ik + 2k − α2 + 12)(
ik + 2k +
5
2
)
(ik + 2k + 2)
(
∆−k
)
ik
(
∆+k
)
ik
(
2k + 32
)
ik−1
(2k + 1)ik−1(
∆−k
)
ik−1
(
∆+k
)
ik−1
(
2k + 32
)
ik
(2k + 1)ik

×
∞∑
in=in−1
(∆−n )in (∆
+
n )in
(
2n+ 32
)
in−1
(2n+ 1)in−1(
∆−n
)
in−1
(
∆+n
)
in−1
(
2n+ 32
)
in
(2n+ 1)in
ηin
 zn
 (9.2.8)
where 
∆±0 =
1
2 ±
√
h
4(1+ρ2)
∆±1 =
5
2 ±
√
h
4(1+ρ2)
∆±k = 2k +
1
2 ±
√
h
4(1+ρ2)
∆±n = 2n+
1
2 ±
√
h
4(1+ρ2)
The infinite series in this chapter are equivalent to the infinite series in Ref.[10]. In this
chapter Bn is the leading term in sequence cn of the analytic function y(ξ). In Ref.[10]
An is the leading term in sequence cn of the analytic function y(ξ).
9.3 Integral formalism
Lame equation could not be built in a definite or contour integral form of any well-known
simple functions such as Gauss hypergeometric, Kummer functions and etc. According to
Erdelyi (1940[18]), “there is no corresponding representation of simple integral
formalisms of the solutions in ordinary linear differential equations with four regular
singularities; Heun equation, Lame equation and Mathieu equation. It appears that the
theory of integral equations connected with periodic solutions of Lame equation is not as
complete as the corresponding theory of integral representations of, say, Legendre
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functions.” Because Heun, Lame and Mathieu equations are composed of a 3-term
recursive relation in the power series expansion. The three term recurrence relation in
their power series creates complicated mathematical calculations to be constructed into
its direct or contour integrals.
Instead of analyzing Lame equation into its integral representation of any simple
functions, in earlier literature the integral equations of Lame equation were constructed
by using simple kernels involving Legendre functions of Jacobian elliptic function or
ellipsoidal harmonic functions: such integral relationships express one analytic solution in
terms of another analytic solution involving Jacobian elliptic functions. There are many
other forms of integral relations in the Lame equation.[17, 19, 20, 21, 22, 23, 24, 25, 26]
In Ref.[10], I show integral forms (each sub-integral ym(ξ) where m = 0, 1, 2, · · · is
composed of 2m terms of definite integrals and m terms of contour integrals) of Lame
equation in Weierstrass’s form by changing all coefficients and an independent variable in
the general expression of the integral form of Lame equation in the algebraic form in
Ref.[9]: a 2F1 function recurs in each of sub-integral forms of Lame equation. Now I
consider integral representations of Lame equation by changing all coefficients and an
independent variable in the general expression of Heun equation in chapter 2.
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9.3.1 Polynomial of type 2
In chapter 2 the general representation in the form of integral of Heun polynomial of type
2 about x = 0 is given by
y(x) =
∞∑
n=0
yn(x) = y0(x) + y1(x) + y2(x) + y3(x) + · · ·
= c0x
λ
{
q0∑
i0=0
(−q0)i0
(
q0 +
ϕ+2(1+a)λ
(1+a)
)
i0
(1 + λ)i0(γ + λ)i0
ηi0
+
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)−1+λ
n−k
∫ 1
0
dun−k u
2(n−k−1)+γ+λ
n−k
× 1
2πi
∮
dvn−k
1
vn−k
(
vn−k − 1
vn−k
1
1−←→w n−k+1,n(1− tn−k)(1− un−k)vn−k
)qn−k
× (1−←→w n−k+1,n(1− tn−k)(1 − un−k)vn−k)−
(
4(n−k)+ϕ+2(1+a)λ
(1+a)
)
×←→w −(2(n−k−1)+α+λ)n−k,n
(←→w n−k,n∂←→w n−k,n)←→w α−βn−k,n (←→w n−k,n∂←→w n−k,n)←→w 2(n−k−1)+β+λn−k,n
}
×
q0∑
i0=0
(−q0)i0
(
q0 +
ϕ+2(1+a)λ
(1+a)
)
i0
(1 + λ)i0(γ + λ)i0
←→w i01,n
}
zn
}
(9.3.1)
where 
z = − 1ax2
η = (1+a)a x
ϕ = α+ β − δ + a(δ + γ − 1)
q = −(qj + 2j + λ){ϕ + (1 + a)(qj + 2j + λ)} as j, qj ∈ N0
qi ≤ qj only if i ≤ j where i, j ∈ N0
and
←→w i,j =

vi
(vi − 1)
←→w i+1,jtiui
1−←→w i+1,jvi(1− ti)(1− ui) where i ≤ j
η only if i > j
In the above, the first sub-integral form contains one term of B′ns, the second one
contains two terms of Bn’s, the third one contains three terms of Bn’s, etc.
Put (9.1.6) in (9.3.1) with replacing qi by hi where hi ∈ N0. Take c0= 1 as λ = 0 for the
first independent solution of Lame equation and λ = 12 for the second one into the new
(9.3.1).
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Remark 9.3.1 The integral representation of Lame equation in Weierstrass’s form of
the first kind for polynomial of type 2 about ξ = 0 as h = 4(1 + ρ2)(hj + 2j)
2 where
j, hj ∈ N0 is
y(ξ) = LFRhj
(
ρ, α, h = 4(1 + ρ2)(hj + 2j)
2; ξ = sn2(z, ρ), η = (1 + ρ2)ξ, z = −ρ2ξ2)
= 2F1
(
−h0, h0; 1
2
; η
)
+
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)−1
n−k
∫ 1
0
dun−k u
2(n−k)− 3
2
n−k
× 1
2πi
∮
dvn−k
1
vn−k
(
vn−k − 1
vn−k
1
1−←→w n−k+1,n(1− tn−k)(1− un−k)vn−k
)hn−k
× (1−←→w n−k+1,n(1− tn−k)(1 − un−k)vn−k)−4(n−k)
×←→w −(2(n−k)−
3
2
+α
2
)
n−k,n
(←→w n−k,n∂←→w n−k,n)←→w α+ 12n−k,n (←→w n−k,n∂←→w n−k,n)←→w 2(n−k)−2−α2n−k,n
}
× 2F1
(
−h0, h0; 1
2
;←→w 1,n
)}
zn (9.3.2)
Remark 9.3.2 The integral representation of Lame equation in Weierstrass’s form of
the second kind for polynomial of type 2 about ξ = 0 as h = 4(1 + ρ2)
(
hj + 2j +
1
2
)2
where j, hj ∈ N0 is
y(ξ) = LSRhj
(
ρ, α, h = 4(1 + ρ2)
(
hj + 2j +
1
2
)2
; ξ = sn2(z, ρ), η = (1 + ρ2)ξ, z = −ρ2ξ2
)
= ξ
1
2
{
2F1
(
−h0, h0 + 1; 3
2
; η
)
+
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)− 1
2
n−k
∫ 1
0
dun−k u
2(n−k)−1
n−k
× 1
2πi
∮
dvn−k
1
vn−k
(
vn−k − 1
vn−k
1
1−←→w n−k+1,n(1− tn−k)(1− un−k)vn−k
)hn−k
× (1−←→w n−k+1,n(1− tn−k)(1 − un−k)vn−k)−(4(n−k)+1)
×←→w −(2(n−k)−1+
α
2
)
n−k,n
(←→w n−k,n∂←→w n−k,n)←→w α+ 12n−k,n (←→w n−k,n∂←→w n−k,n)←→w 2(n−k)− 32−α2n−k,n
}
× 2F1
(
−h0, h0 + 1; 3
2
;←→w 1,n
)}
zn
}
(9.3.3)
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9.3.2 Infinite series
In chapter 2 the general representation in the form of integral of Heun equation for
infinite series about x = 0 using R3TRF is given by
y(x) =
∞∑
n=0
yn(x) = y0(x) + y1(x) + y2(x) + y3(x) + · · ·
= c0x
λ
{ ∞∑
i0=0
(
∆−0
)
i0
(
∆+0
)
i0
(1 + λ)i0(γ + λ)i0
ηi0 +
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)−1+λ
n−k
∫ 1
0
dun−k u
2(n−k−1)+γ+λ
n−k
× 1
2πi
∮
dvn−k
1
vn−k
(
vn−k − 1
vn−k
)−∆−n−k
(1−←→w n−k+1,n(1− tn−k)(1− un−k)vn−k)−∆
+
n−k
× ←→w −(2(n−k−1)+α+λ)n−k,n
(←→w n−k,n∂←→w n−k,n)←→w α−βn−k,n (←→w n−k,n∂←→w n−k,n)←→w 2(n−k−1)+β+λn−k,n
}
×
∞∑
i0=0
(
∆−0
)
i0
(
∆+0
)
i0
(1 + λ)i0(γ + λ)i0
←→w i01,n
}
zn
}
(9.3.4)
where ∆
±
0 =
ϕ+2(1+a)λ±
√
ϕ2−4(1+a)q
2(1+a)
∆±n−k =
ϕ+2(1+a)(λ+2(n−k))±
√
ϕ2−4(1+a)q
2(1+a)
Put (9.1.6) in (9.3.4). Take c0= 1 as λ = 0 for the first independent solution of Lame
equation and λ = 12 for the second one into the new (9.3.4).
Remark 9.3.3 The integral representation of Lame equation in Weierstrass’s form of
the first kind for infinite series about ξ = 0 using R3TRF is
y(ξ) = LFR
(
ρ, α, h; ξ = sn2(z, ρ), η = (1 + ρ2)ξ, z = −ρ2ξ2)
= 2F1
(
∆−0 ,∆
+
0 ;
1
2
; η
)
+
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)−1
n−k
∫ 1
0
dun−k u
2(n−k)− 3
2
n−k
× 1
2πi
∮
dvn−k
1
vn−k
(
vn−k − 1
vn−k
)−∆−n−k
(1−←→w n−k+1,n(1− tn−k)(1− un−k)vn−k)−∆
+
n−k
× ←→w −(2(n−k)−
3
2
+α
2
)
n−k,n
(←→w n−k,n∂←→w n−k,n)←→w α+ 12n−k,n (←→w n−k,n∂←→w n−k,n)←→w 2(n−k)−2−α2n−k,n
}
× 2F1
(
∆−0 ,∆
+
0 ;
1
2
;←→w 1,n
)}
zn (9.3.5)
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where
∆
±
0 = ±
√
h
4(1+ρ2)
∆±n−k = 2(n− k)±
√
h
4(1+ρ2)
Remark 9.3.4 The integral representation of Lame equation in Weierstrass’s form of
the second kind for infinite series about ξ = 0 using R3TRF is
y(ξ) = LSR
(
ρ, α, h; ξ = sn2(z, ρ), η = (1 + ρ2)ξ, z = −ρ2ξ2)
= ξ
1
2
{
2F1
(
∆−0 ,∆
+
0 ;
3
2
; η
)
+
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)− 1
2
n−k
∫ 1
0
dun−k u
2(n−k)−1
n−k
× 1
2πi
∮
dvn−k
1
vn−k
(
vn−k − 1
vn−k
)−∆−n−k
(1−←→w n−k+1,n(1− tn−k)(1− un−k)vn−k)−∆
+
n−k
× ←→w −(2(n−k)−1+
α
2
)
n−k,n
(←→w n−k,n∂←→w n−k,n)←→w α+ 12n−k,n (←→w n−k,n∂←→w n−k,n)←→w 2(n−k)− 32−α2n−k,n
}
× 2F1
(
∆−0 ,∆
+
0 ;
3
2
;←→w 1,n
)}
zn
}
(9.3.6)
where
∆
±
0 =
1
2 ±
√
h
4(1+ρ2)
∆±n−k = 2(n− k) + 12 ±
√
h
4(1+ρ2)
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9.4 Generating function for the Lame polynomial of type 2
Definition 9.4.1 I define that

sa,b =
{
sa · sa+1 · sa+2 · · · sb−2 · sb−1 · sb if a > b
sa if a = b
w˜i,j =

w˜i+1,j tiui {1 + (si + 2w˜i+1,j(1− ti)(1 − ui))si}
2(1 − w˜i+1,j(1− ti)(1− ui))2si
−
w˜i+1,j tiui(1 + si)
√
s2i − 2(1− 2w˜i+1,j(1− ti)(1− ui))si + 1
2(1 − w˜i+1,j(1− ti)(1− ui))2si where i < j
ηtiui {1 + (si,∞ + 2η(1 − ti)(1 − ui))si,∞}
2(1 − η(1− ti)(1− ui))2si,∞
−
ηtiui(1 + si,∞)
√
s2i,∞ − 2(1− 2η(1 − ti)(1− ui))si,∞ + 1
2(1− η(1− ti)(1 − ui))2si,∞ where i = j
where
a, b, i, j ∈ N0
In chapter 3 the generating function for the Heun polynomial of type 2 of the first kind
about x = 0 as q = −(qj + 2j){α + β − δ + a(δ + γ − 1) + (1 + a)(qj + 2j)} where
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j, qj ∈ N0 is given by
∞∑
q0=0
(γ)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
HFRqj
(
qj =
−ϕ±
√
ϕ2 − 4(1 + a)q
2(1 + a)
− 2j
, ϕ = α+ β − δ + a(δ + γ − 1),Ω1 = ϕ
(1 + a)
; η =
(1 + a)
a
x; z = −1
a
x2
)
= 2
ϕ
(1+a)
−1
{ ∞∏
l=1
1
(1− sl,∞)A (s0,∞; η) +
{ ∞∏
l=2
1
(1− sl,∞)
∫ 1
0
dt1 t1
∫ 1
0
du1 u
γ
1
←→
Γ 1 (s1,∞; t1, u1, η)
×w˜−α1,1
(
w˜1,1∂w˜1,1
)
w˜α−β1,1
(
w˜1,1∂w˜1,1
)
w˜β1,1A (s0; w˜1,1)
}
z
+
∞∑
n=2
{ ∞∏
l=n+1
1
(1− sl,∞)
∫ 1
0
dtn t
2n−1
n
∫ 1
0
dun u
2(n−1)+γ
n
←→
Γ n (sn,∞; tn, un, η)
×w˜−(2(n−1)+α)n,n
(
w˜n,n∂w˜n,n
)
w˜α−βn,n
(
w˜n,n∂w˜n,n
)
w˜2(n−1)+βn,n
×
n−1∏
k=1
{∫ 1
0
dtn−k t
2(n−k)−1
n−k
∫ 1
0
dun−k u
2(n−k−1)+γ
n−k
←→
Γ n−k (sn−k; tn−k, un−k, w˜n−k+1,n) (9.4.1)
×w˜−(2(n−k−1)+α)n−k,n
(
w˜n−k,n∂w˜n−k,n
)
w˜α−βn−k,n
(
w˜n−k,n∂w˜n−k,n
)
w˜
2(n−k−1)+β
n−k,n
}
A (s0; w˜1,n)
}
zn
}
where

←→
Γ 1 (s1,∞; t1, u1, η) =
(
1+s1,∞+
√
s21,∞−2(1−2η(1−t1)(1−u1))s1,∞+1
2
)−(3+Ω1)
√
s21,∞ − 2(1− 2η(1 − t1)(1− u1))s1,∞ + 1
←→
Γ n (sn,∞; tn, un, η) =
(
1+sn,∞+
√
s2n,∞−2(1−2η(1−tn)(1−un))sn,∞+1
2
)−(4n−1+Ω1)
√
s2n,∞ − 2(1− 2η(1 − tn)(1− un))sn,∞ + 1←→
Γ n−k (sn−k; tn−k, un−k, w˜n−k+1,n)
=
(
1+sn−k+
√
s2n−k−2(1−2w˜n−k+1,n(1−tn−k)(1−un−k))sn−k+1
2
)−(4(n−k)−1+Ω1)
√
s2n−k − 2(1− 2w˜n−k+1,n(1− tn−k)(1− un−k))sn−k + 1
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and
A (s0,∞; η)
=
(
1− s0,∞ +
√
s20,∞ − 2(1 − 2η)s0,∞ + 1
)1−γ (
1 + s0,∞ +
√
s20,∞ − 2(1 − 2η)s0,∞ + 1
)γ−Ω1√
s20,∞ − 2(1− 2η)s0,∞ + 1
A (s0; w˜1,1) =
(
1− s0 +
√
s20 − 2(1− 2w˜1,1)s0 + 1
)1−γ (
1 + s0 +
√
s20 − 2(1 − 2w˜1,1)s0 + 1
)γ−Ω1√
s20 − 2(1− 2w˜1,1)s0 + 1
A (s0; w˜1,n) =
(
1− s0 +
√
s20 − 2(1− 2w˜1,n)s0 + 1
)1−γ (
1 + s0 +
√
s20 − 2(1 − 2w˜1,n)s0 + 1
)γ−Ω1√
s20 − 2(1− 2w˜1,n)s0 + 1
In chapter 3 the generating function for the Heun polynomial of type 2 of the second kind
about x = 0 as q = −(qj + 2j + 1− γ){α+ β + 1− γ − (1− a)δ + (1 + a)(qj + 2j)} where
j, qj ∈ N0 with replacing c0 =
(
1+a
a
)1−γ
by 1 is
∞∑
q0=0
(2− γ)q0
q0!
sq00
∞∏
n=1

∞∑
qn=qn−1
sqnn
HSRqj
(
qj =
−{ϕ+ 2(1 + a)(1 − γ)} ±
√
ϕ2 − 4(1 + a)q
2(1 + a)
− 2j
, ϕ = α+ β − δ + a(δ + γ − 1),Ω2 = ϕ+ 2(1 + a)(1− γ)
(1 + a)
; η =
(1 + a)
a
x; z = −1
a
x2
)
= 2
ϕ+2(1+a)(1/2−γ)
(1+a) x1−γ
{ ∞∏
l=1
1
(1− sl,∞)B (s0,∞; η)
+
{ ∞∏
l=2
1
(1− sl,∞)
∫ 1
0
dt1 t
2−γ
1
∫ 1
0
du1 u1
←→
Ψ 1 (s1,∞; t1, u1, η)
×w˜−(α−γ+1)1,1
(
w˜1,1∂w˜1,1
)
w˜α−β1,1
(
w˜1,1∂w˜1,1
)
w˜β−γ+11,1 B (s0; w˜1,1)
}
z
+
∞∑
n=2
{ ∞∏
l=n+1
1
(1− sl,∞)
∫ 1
0
dtn t
2n−γ
n
∫ 1
0
dun u
2n−1
n
←→
Ψ n (sn,∞; tn, un, η)
×w˜−(2n−1+α−γ)n,n
(
w˜n,n∂w˜n,n
)
w˜α−βn,n
(
w˜n,n∂w˜n,n
)
w˜2n−1+β−γn,n
×
n−1∏
k=1
{∫ 1
0
dtn−k t
2(n−k)−γ
n−k
∫ 1
0
dun−k u
2(n−k)−1
n−k
←→
Ψ n−k (sn−k; tn−k, un−k, w˜n−k+1,n) (9.4.2)
×w˜−(2(n−k)−1+α−γ)n−k,n
(
w˜n−k,n∂w˜n−k,n
)
w˜α−βn−k,n
(
w˜n−k,n∂w˜n−k,n
)
w˜
2(n−k)−1+β−γ
n−k,n
}
B (s0; w˜1,n)
}
zn
}
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where

←→
Ψ 1 (s1,∞; t1, u1, η) =
(
1+s1,∞+
√
s21,∞−2(1−2η(1−t1)(1−u1))s1,∞+1
2
)−(3+Ω2)
√
s21,∞ − 2(1− 2η(1 − t1)(1− u1))s1,∞ + 1
←→
Ψ n (sn,∞; tn, un, η) =
(
1+sn,∞+
√
s2n,∞−2(1−2η(1−tn)(1−un))sn,∞+1
2
)−(4n−1+Ω2)
√
s2n,∞ − 2(1− 2η(1 − tn)(1− un))sn,∞ + 1←→
Ψ n−k (sn−k; tn−k, un−k, w˜n−k+1,n)
=
(
(1+sn−k)+
√
s2n−k−2(1−2w˜n−k+1,n(1−tn−k)(1−un−k))sn−k+1
2
)−(4(n−k)−1+Ω2)
√
s2n−k − 2(1 − 2w˜n−k+1,n(1− tn−k)(1 − un−k))sn−k + 1
and

B (s0,∞; η) =
(
1 + s0,∞ +
√
s20,∞ − 2(1− 2η)s0,∞ + 1
)2−γ−Ω2
(
1− s0,∞ +
√
s20,∞ − 2(1− 2η)s0,∞ + 1
)1−γ√
s20,∞ − 2(1 − 2η)s0,∞ + 1
B (s0; w˜1,1) =
(
1 + s0 +
√
s20 − 2(1− 2w˜1,1)s0 + 1
)2−γ−Ω2
(
1− s0 +
√
s20 − 2(1 − 2w˜1,1)s0 + 1
)1−γ√
s20 − 2(1− 2w˜1,1)s0 + 1
B (s0; w˜1,n) =
(
1 + s0 +
√
s20 − 2(1 − 2w˜1,n)s0 + 1
)2−γ−Ω2
(
1− s0 +
√
s20 − 2(1− 2w˜1,n)s0 + 1
)1−γ√
s20 − 2(1− 2w˜1,n)s0 + 1
Put (9.1.6) in (9.4.1) and (9.4.2) with replacing qi by hi where hi ∈ N0 for the first and
second independent solutions of Lame equation.
Remark 9.4.2 The generating function for the Lame polynomial of type 2 in
Weierstrass’s form of the first kind about ξ = 0 as h = 4(1 + ρ2)(hj + 2j)
2 where
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j, hj ∈ N0 is given by
∞∑
h0=0
(12)h0
h0!
sh00
∞∏
n=1

∞∑
hn=hn−1
shnn
LFRhj (ρ, α, h = 4(1 + ρ2)(hj + 2j)2; ξ = sn2(z, ρ)
, η = (1 + ρ2)ξ, z = −ρ2ξ2)
= 2−1
{ ∞∏
l=1
1
(1− sl,∞)
A (s0,∞; η) +
{ ∞∏
l=2
1
(1− sl,∞)
∫ 1
0
dt1 t1
∫ 1
0
du1 u
1
2
1
←→
Γ 1 (s1,∞; t1, u1, η)
×w˜−
1
2
(1+α)
1,1
(
w˜1,1∂w˜1,1
)
w˜
α+ 1
2
1,1
(
w˜1,1∂w˜1,1
)
w˜
−α
2
1,1 A (s0; w˜1,1)
}
z
+
∞∑
n=2
{ ∞∏
l=n+1
1
(1− sl,∞)
∫ 1
0
dtn t
2n−1
n
∫ 1
0
dun u
2n− 3
2
n
←→
Γ n (sn,∞; tn, un, η)
×w˜−
1
2
(4n−3+α)
n,n
(
w˜n,n∂w˜n,n
)
w˜
α+ 1
2
n,n
(
w˜n,n∂w˜n,n
)
w˜
1
2
(4(n−1)−α)
n,n
×
n−1∏
k=1
{∫ 1
0
dtn−k t
2(n−k)−1
n−k
∫ 1
0
dun−k u
2(n−k)− 3
2
n−k
←→
Γ n−k (sn−k; tn−k, un−k, w˜n−k+1,n) (9.4.3)
×w˜−
1
2
(4(n−k)−3+α)
n−k,n
(
w˜n−k,n∂w˜n−k,n
)
w˜
α+ 1
2
n−k,n
(
w˜n−k,n∂w˜n−k,n
)
w˜
1
2
(4(n−k−1)−α)
n−k,n
}
A (s0; w˜1,n)
}
zn
}
where

←→
Γ 1 (s1,∞; t1, u1, η) =
(
1+s1,∞+
√
s21,∞−2(1−2η(1−t1)(1−u1))s1,∞+1
2
)−3
√
s21,∞ − 2(1− 2η(1 − t1)(1 − u1))s1,∞ + 1
←→
Γ n (sn,∞; tn, un, η) =
(
1+sn,∞+
√
s2n,∞−2(1−2η(1−tn)(1−un))sn,∞+1
2
)−4n+1
√
s2n,∞ − 2(1 − 2η(1 − tn)(1 − un))sn,∞ + 1
←→
Γ n−k (sn−k; tn−k, un−k, w˜n−k+1,n) =
(
1+sn−k+
√
s2n−k−2(1−2w˜n−k+1,n(1−tn−k)(1−un−k))sn−k+1
2
)−4(n−k)+1
√
s2n−k − 2(1− 2w˜n−k+1,n(1− tn−k)(1− un−k))sn−k + 1
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and

A (s0,∞; η) =
(
1− s0,∞ +
√
s20,∞ − 2(1− 2η)s0,∞ + 1
) 1
2
(
1 + s0,∞ +
√
s20,∞ − 2(1 − 2η)s0,∞ + 1
) 1
2√
s20,∞ − 2(1− 2η)s0,∞ + 1
A (s0; w˜1,1) =
(
1− s0 +
√
s20 − 2(1− 2w˜1,1)s0 + 1
) 1
2
(
1 + s0 +
√
s20 − 2(1 − 2w˜1,1)s0 + 1
) 1
2√
s20 − 2(1− 2w˜1,1)s0 + 1
A (s0; w˜1,n) =
(
1− s0 +
√
s20 − 2(1− 2w˜1,n)s0 + 1
) 1
2
(
1 + s0 +
√
s20 − 2(1 − 2w˜1,n)s0 + 1
) 1
2√
s20 − 2(1− 2w˜1,n)s0 + 1
Remark 9.4.3 The generating function for the Lame polynomial of type 2 in
Weierstrass’s form of the second kind about ξ = 0 as h = 4(1 + ρ2)
(
hj + 2j +
1
2
)2
where
j, hj ∈ N0 is given by
∞∑
h0=0
(32)h0
h0!
sh00
∞∏
n=1

∞∑
hn=hn−1
shnn
LSRhj
(
ρ, α, h = 4(1 + ρ2)
(
hj + 2j +
1
2
)2
; ξ = sn2(z, ρ)
, η = (1 + ρ2)ξ, z = −ρ2ξ2)
= ξ
1
2
{ ∞∏
l=1
1
(1− sl,∞)
B (s0,∞; η) +
{ ∞∏
l=2
1
(1− sl,∞)
∫ 1
0
dt1 t
3
2
1
∫ 1
0
du1 u1
←→
Ψ 1 (s1,∞; t1, u1, η)
×w˜−
1
2
(2+α)
1,1
(
w˜1,1∂w˜1,1
)
w˜
α+ 1
2
1,1
(
w˜1,1∂w˜1,1
)
w˜
1
2
(1−α)
1,1 B (s0; w˜1,1)
}
z
+
∞∑
n=2
{ ∞∏
l=n+1
1
(1− sl,∞)
∫ 1
0
dtn t
2n− 1
2
n
∫ 1
0
dun u
2n−1
n
←→
Ψ n (sn,∞; tn, un, η)
×w˜−
1
2
(4n−2+α)
n,n
(
w˜n,n∂w˜n,n
)
w˜
α+ 1
2
n,n
(
w˜n,n∂w˜n,n
)
w˜
1
2
(4n−3−α)
n,n
×
n−1∏
k=1
{∫ 1
0
dtn−k t
2(n−k)− 1
2
n−k
∫ 1
0
dun−k u
2(n−k)−1
n−k
←→
Ψ n−k (sn−k; tn−k, un−k, w˜n−k+1,n) (9.4.4)
×w˜−
1
2
(4(n−k)−2+α)
n−k,n
(
w˜n−k,n∂w˜n−k,n
)
w˜
α+ 1
2
n−k,n
(
w˜n−k,n∂w˜n−k,n
)
w˜
1
2
(4(n−k)−3−α)
n−k,n
}
B (s0; w˜1,n)
}
zn
}
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where
←→
Ψ 1 (s1,∞; t1, u1, η) =
(
1+s1,∞+
√
s21,∞−2(1−2η(1−t1)(1−u1))s1,∞+1
2
)−4
√
s21,∞ − 2(1− 2η(1 − t1)(1 − u1))s1,∞ + 1
←→
Ψ n (sn,∞; tn, un, η) =
(
1+sn,∞+
√
s2n,∞−2(1−2η(1−tn)(1−un))sn,∞+1
2
)−4n
√
s2n,∞ − 2(1 − 2η(1− tn)(1 − un))sn,∞ + 1
←→
Ψ n−k (sn−k; tn−k, un−k, w˜n−k+1,n) =
(
(1+sn−k)+
√
s2n−k−2(1−2w˜n−k+1,n(1−tn−k)(1−un−k))sn−k+1
2
)−4(n−k)
√
s2n−k − 2(1− 2w˜n−k+1,n(1− tn−k)(1− un−k))sn−k + 1
and
B (s0,∞; η) =
(
1 + s0,∞ +
√
s20,∞ − 2(1− 2η)s0,∞ + 1
)− 1
2
(
1− s0,∞ +
√
s20,∞ − 2(1 − 2η)s0,∞ + 1
) 1
2√
s20,∞ − 2(1 − 2η)s0,∞ + 1
B (s0; w˜1,1) =
(
1 + s0 +
√
s20 − 2(1 − 2w˜1,1)s0 + 1
)− 1
2
(
1− s0 +
√
s20 − 2(1 − 2w˜1,1)s0 + 1
) 1
2√
s20 − 2(1 − 2w˜1,1)s0 + 1
B (s0; w˜1,n) =
(
1 + s0 +
√
s20 − 2(1− 2w˜1,n)s0 + 1
)− 1
2
(
1− s0 +
√
s20 − 2(1− 2w˜1,n)s0 + 1
) 1
2√
s20 − 2(1− 2w˜1,n)s0 + 1
9.5 Summary
Lame equation represented either in the algebraic form or in Weierstrass’s form is the
special case of Heun’s differential equation. By changing all coefficients including an
independent variable in Heun equation, we obtain the Lame differential equation
(ellipsoidal harmonics equation).
In Ref.[9] I construct the power series expansion of Lame equation in the algebraic form
(for infinite series and polynomial of type 1) and its integral representation by applying
3TRF. In Ref.[10] I derive the Frobenius solution and its integral form of Lame equation
in Weierstrass’s form for infinite series and polynomial of type 1 by changing all
coefficients and a variable of Lame equation in the algebraic form in Ref.[9]. In Ref.[11] I
obtain the generating function for the Lame polynomial of type 1 in Weierstrass’s form
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by applying the generating function for the Jacobi polynomial using hypergeometric
functions into the general representation in closed form integrals of Lame equation in
Ref.[10].
In chapter 8 I build a mathematical structure of the power series expansion of Lame
equation in the algebraic form (for infinite series and polynomial of type 2), its integral
form and the generating function for the type 2 Lame polynomial by applying R3TRF. In
this chapter I construct analytic solutions of Lame equation in Weierstrass’s form for
infinite series and polynomial of type 2 by changing all coefficients and a variable in the
power series of Heun equation and its integral form in chapter 2. Also generating
functions for the type 2 Lame polynomial in Weierstrass’s form of the first and second
kinds is obtained by changing all coefficients and a variable of generating functions for
the type 2 Heun polynomial of the first and second kinds in chapter 3.
The Frobenius solutions and its integral forms of Lame equation in Weierstrass’s form for
infinite series about ξ = 0 in this chapter are equivalent to the infinite series of Lame
equation in Ref.[10]. In this chapter Bn is the leading term in sequence cn in an analytic
function y(ξ). In Ref.[10] An is the leading term in sequence cn in an analytic function
y(ξ).
As we see the power series expansions of Heun, Confluent Heun, GCH, Mathieu, Lame
equations for either polynomial or infinite series in series “Special functions and three
term recurrence formula (3TRF)”8 and every chapters in this series, the denominators
and numerators in all An or Bn terms in these analytic solutions arise with Pochhammer
symbol. Since we construct the power series expansions with Pochhammer symbols in
numerators and denominators, we are able to describe integral representations of all these
equations analytically. The mathematical technique to obtain integral forms of these
equations is also available for any linear ordinary differential equations having a 3-term
recursive relation in its power series. As we observe representations in closed form
integrals of these equations by applying either 3TRF or R3TRF, a 1F1 or 2F1 function
recurs in each of sub-integral forms of these equations (every integral forms of all these
equations are composed of the definite and contour integrals). We might be possible to
convert these equations into all other well-known special functions such as Legendre,
Bessel, Laguerre, Kummer functions and etc because a 1F1 or 2F1 function recurs in each
of sub-integral forms of these equations. We can rebuild other confluent forms of these
equations after we replace 1F1 or 2F1 function in integral forms of them to other special
functions. After that, we can reconstruct the power series expansion of confluent forms of
these equations in a backward from those remodeled integral forms. Indeed, generating
functions of all these equations are constructed analytically by applying the generating
function for the Jacobi polynomial using hypergeometric functions or for confluent
8It is available as arXiv.
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hypergeometric (Kummer’s) polynomial of the first kind into the general expression of
the integral representation of these equations. We can build orthogonal relations,
recursion relations and expectation values of any physical quantities from these
generating functions; i.e. the normalized wave function of hydrogen-like atoms and an
expectation value of measurable parameters in quantum physics are constructed by
applying the generating function for associated Laguerre polynomials.
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Appendix. Conversion from 9 out of 192 local solutions of
Heun equation to 9 local solutions of Lame´ equation in
Weierstrass’s form for an infinite series and a polynomial of
type 2
A machine-generated list of 192 (isomorphic to the Coxeter group of the Coxeter diagram
D4) local solutions of the Heun equation was obtained by Robert S. Maier(2007) [27]. In
appendix of Ref.[8], I apply 3TRF to series solutions and integrals of Heun equation (for
an infinite series and a polynomial of type 1) of nine out of the 192 local solution of Heun
equation in Table 2 [27].
In appendix of chapters 2 and 3, by applying R3TRF, I construct the fundamental power
series solutions and integrals of Heun equation (for an infinite series and a polynomial of
type 2) of the previous nine out of the 192 local solution of Heun equation in Table 2 [27],
including generating functions for the Heun polynomial of type 2.
In appendix of Ref.[10], by applying 3TRF, 9 local solutions of Lame equation in
Weierstrass’s form out of 192 local solutions of Heun equation are constructed: Power
series solutions and integrals of Lame equation are derived for an infinite series and a
polynomial of type 1 analytically.
In this appendix, by changing all coefficients and independent variables of the previous
nine examples of 192 local solutions of Heun equation into the first kind of independent
solutions of Heun equation by applying R3TRF in chapters 2 and 3, Frobenius solutions
and integrals of 9 local solutions of Lame equation in Weierstrass’s form are constructed
for an infinite series and a polynomial of type 2, including its generating functions for the
type 2 polynomial.
Infinite series by applying either 3TRF or R3TRF are equivalent to each other. For
infinite series by applying 3TRF, An is the leading term in sequence cn in all 9 local
solutions of Lame equation in appendix of Ref.[10]. For infinite series by applying
R3TRF, Bn is the leading term in sequence cn in all 9 local solutions of it in this
appendix.9
9In appendix of Ref.[10], I treat h as a free variable and a fixed value of α to construct polynomials of
type 1 for all 9 local solutions of Lame equation. In this appendix, I treat α as a free variable and a fixed
value of h to construct polynomials of type 2 for all 9 local solutions of it. And an independent variable
sn2(z, ρ) is denoted by ξ.
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.1 Power series
.1.1 (1− x)1−δHl(a, q − (δ − 1)γa;α− δ + 1, β − δ + 1, γ, 2− δ; x)
Polynomial of type 2
Replace coefficients q, α, β, δ, c0, λ and qj where j, qj ∈ N0 by q − (δ − 1)γa, α− δ + 1,
β − δ + 1, 2− δ, 1, zero and hj where hj ∈ N0 into (9.2.1). Multiply (1− x)1−δ and
(9.2.1) together. Put (9.1.6) into the new (9.2.1). 10
(1− ξ) 12 y(ξ)
= (1− ξ) 12Hl
(
ρ−2,−ρ−2(hj + 2j)[1 + (1 + ρ2)(hj + 2j)]; α
2
+ 1,−α
2
+
1
2
,
1
2
,
3
2
; ξ
)
= (1− ξ) 12
{
h0∑
i0=0
(−h0)i0 (h0 +Ωρ)i0
(1)i0
(
1
2
)
i0
ηi0
+
{
h0∑
i0=0
(
i0 + 1 +
α
2
) (
i0 +
1
2 − α2
)
(i0 + 2)
(
i0 +
3
2
) (−h0)i0 (h0 +Ωρ)i0
(1)i0
(
1
2
)
i0
h1∑
i1=i0
(−h1)i1 (h1 + 4 + Ωρ)i1 (3)i0
(
5
2
)
i0
(−h1)i0 (h1 + 4 + Ωρ)i0 (3)i1
(
5
2
)
i1
ηi1
}
z
+
∞∑
n=2
{
h0∑
i0=0
(
i0 + 1 +
α
2
) (
i0 +
1
2 − α2
)
(i0 + 2)
(
i0 +
3
2
) (−h0)i0 (h0 +Ωρ)i0
(1)i0
(
1
2
)
i0
×
n−1∏
k=1

hk∑
ik=ik−1
(
ik + 2k + 1 +
α
2
) (
ik + 2k +
1
2 − α2
)
(ik + 2k + 2)
(
ik + 2k +
3
2
)
×
(−hk)ik (hk + 4k +Ωρ)ik (2k + 1)ik−1
(
2k + 12
)
ik−1
(−hk)ik−1 (hk + 4k +Ωρ)ik−1 (2k + 1)ik
(
2k + 12
)
ik
}
×
hn∑
in=in−1
(−hn)in (hn + 4n+Ωρ)in (2n+ 1)in−1
(
2n+ 12
)
in−1
(−hn)in−1 (hn + 4n+Ωρ)in−1 (2n+ 1)in
(
2n + 12
)
in
ηin
 zn
 (.1.1)
where {
Ωρ =
1
1+ρ2
h = 4(hj + 2j)[1 + (1 + ρ
2)(hj + 2j)] + 1
10For all 9 local solutions of Lame equation for polynomial of type 2 in this appendix, hi ≤ hj only if
i ≤ j where i, j, hi, hj ∈ N0.
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Infinite series
Replace coefficients q, α, β, δ, c0 and λ by q− (δ − 1)γa, α− δ+1, β − δ+1, 2− δ, 1 and
zero into (9.2.6). Multiply (1 − x)1−δ and (9.2.6) together. Put (9.1.6) into the new
(9.2.6).
(1− ξ) 12 y(ξ)
= (1− ξ) 12Hl
(
ρ−2,−1
4
(h− 1)ρ−2; α
2
+ 1,−α
2
+
1
2
,
1
2
,
3
2
; ξ
)
= (1− ξ) 12
{ ∞∑
i0=0
(
∆−0
)
i0
(
∆+0
)
i0
(1)i0
(
1
2
)
i0
ηi0
+
{ ∞∑
i0=0
(
i0 + 1 +
α
2
) (
i0 +
1
2 − α2
)
(i0 + 2)
(
i0 +
3
2
) (∆−0 )i0 (∆+0 )i0
(1)i0
(
1
2
)
i0
∞∑
i1=i0
(
∆−1
)
i1
(
∆+1
)
i1
(3)i0
(
5
2
)
i0(
∆−1
)
i0
(
∆+1
)
i0
(3)i1
(
5
2
)
i1
ηi1
}
z
+
∞∑
n=2
{ ∞∑
i0=0
(
i0 + 1 +
α
2
) (
i0 +
1
2 − α2
)
(i0 + 2)
(
i0 +
3
2
) (∆−0 )i0 (∆+0 )i0
(1)i0
(
1
2
)
i0
×
n−1∏
k=1

∞∑
ik=ik−1
(
ik + 2k + 1 +
α
2
) (
ik + 2k +
1
2 − α2
)
(ik + 2k + 2)
(
ik + 2k +
3
2
) (∆−k )ik (∆+k )ik (2k + 1)ik−1 (2k + 12)ik−1(
∆−k
)
ik−1
(
∆+k
)
ik−1
(2k + 1)ik
(
2k + 12
)
ik

×
∞∑
in=in−1
(∆−n )in (∆
+
n )in (2n + 1)in−1
(
2n+ 12
)
in−1(
∆−n
)
in−1
(
∆+n
)
in−1
(2n+ 1)in
(
2n+ 12
)
in
ηin
 zn
 (.1.2)
where 
∆±0 =
1±
√
1+(1+ρ2)(h−1)
2(1+ρ2)
∆±1 = 2 +
1±
√
1+(1+ρ2)(h−1)
2(1+ρ2)
∆±k = 2k +
1±
√
1+(1+ρ2)(h−1)
2(1+ρ2)
∆±n = 2n+
1±
√
1+(1+ρ2)(h−1)
2(1+ρ2)
On (.1.1) and (.1.2), {
η = (1 + ρ2)ξ
z = −ρ2ξ2
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.1.2
x1−γ(1− x)1−δHl(a, q − (γ + δ − 2)a− (γ − 1)(α+ β − γ − δ + 1), α− γ − δ + 2, β − γ − δ + 2, 2− γ, 2− δ;x)
Polynomial of type 2
Replace coefficients q, α, β, γ, δ, c0, λ and qj where j, qj ∈ N0 by
q − (γ + δ − 2)a− (γ − 1)(α+ β − γ − δ + 1), α− γ − δ + 2, β − γ − δ + 2, 2− γ, 2− δ, 1,
zero and hj where hj ∈ N0 into (9.2.1). Multiply x1−γ(1− x)1−δ and (9.2.1) together.
Put (9.1.6) into the new (9.2.1).
ξ
1
2 (1− ξ) 12 y(ξ)
= ξ
1
2 (1− ξ) 12Hl
(
ρ−2,−ρ−2(hj + 2j)[2 + ρ2 + (1 + ρ2)(hj + 2j)]; α
2
+
3
2
,−α
2
+ 1,
3
2
,
3
2
; ξ
)
= ξ
1
2 (1− ξ) 12
{
h0∑
i0=0
(−h0)i0 (h0 +Ωρ)i0
(1)i0
(
3
2
)
i0
ηi0
+
{
h0∑
i0=0
(
i0 +
3
2 +
α
2
) (
i0 + 1− α2
)
(i0 + 2)
(
i0 +
5
2
) (−h0)i0 (h0 +Ωρ)i0
(1)i0
(
3
2
)
i0
h1∑
i1=i0
(−h1)i1 (h1 + 4 + Ωρ)i1 (3)i0
(
7
2
)
i0
(−h1)i0 (h1 + 4 + Ωρ)i0 (3)i1
(
7
2
)
i1
ηi1
}
z
+
∞∑
n=2
{
h0∑
i0=0
(
i0 +
3
2 +
α
2
) (
i0 + 1− α2
)
(i0 + 2)
(
i0 +
5
2
) (−h0)i0 (h0 +Ωρ)i0
(1)i0
(
3
2
)
i0
×
n−1∏
k=1

hk∑
ik=ik−1
(
ik + 2k +
3
2 +
α
2
) (
ik + 2k + 1− α2
)
(ik + 2k + 2)
(
ik + 2k +
5
2
)
×
(−hk)ik (hk + 4k +Ωρ)ik (2k + 1)ik−1
(
2k + 32
)
ik−1
(−hk)ik−1 (hk + 4k +Ωρ)ik−1 (2k + 1)ik
(
2k + 32
)
ik
}
×
hn∑
in=in−1
(−hn)in (hn + 4n+Ωρ)in (2n+ 1)in−1
(
2n+ 32
)
in−1
(−hn)in−1 (hn + 4n+Ωρ)in−1 (2n+ 1)in
(
2n + 32
)
in
ηin
 zn
 (.1.3)
where {
Ωρ =
2+ρ2
1+ρ2
h = 4 + ρ2 + 4(hj + 2j)[2 + ρ
2 + (1 + ρ2)(hj + 2j)]
Infinite series
Replace coefficients q, α, β, γ, δ, c0 and λ by q− (γ + δ− 2)a− (γ − 1)(α+ β − γ − δ+1),
α− γ − δ + 2, β − γ − δ + 2, 2− γ, 2− δ, 1 and zero into (9.2.6). Multiply x1−γ(1− x)1−δ
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and (9.2.6) together. Put (9.1.6) into the new (9.2.6).
ξ
1
2 (1− ξ) 12 y(ξ)
= ξ
1
2 (1− ξ) 12Hl
(
ρ−2,−1
4
(
(h− 4)ρ−2 − 1) ; α
2
+
3
2
,−α
2
+ 1,
3
2
,
3
2
; ξ
)
= ξ
1
2 (1− ξ) 12
{ ∞∑
i0=0
(
∆−0
)
i0
(
∆+0
)
i0
(1)i0
(
3
2
)
i0
ηi0
+
{ ∞∑
i0=0
(
i0 +
3
2 +
α
2
) (
i0 + 1− α2
)
(i0 + 2)
(
i0 +
5
2
) (∆−0 )i0 (∆+0 )i0
(1)i0
(
3
2
)
i0
∞∑
i1=i0
(
∆−1
)
i1
(
∆+1
)
i1
(3)i0
(
7
2
)
i0(
∆−1
)
i0
(
∆+1
)
i0
(3)i1
(
7
2
)
i1
ηi1
}
z
+
∞∑
n=2
{ ∞∑
i0=0
(
i0 +
3
2 +
α
2
) (
i0 + 1− α2
)
(i0 + 2)
(
i0 +
5
2
) (∆−0 )i0 (∆+0 )i0
(1)i0
(
3
2
)
i0
×
n−1∏
k=1

∞∑
ik=ik−1
(
ik + 2k +
3
2 +
α
2
) (
ik + 2k + 1− α2
)
(ik + 2k + 2)
(
ik + 2k +
5
2
) (∆−k )ik (∆+k )ik (2k + 1)ik−1 (2k + 32)ik−1(
∆−k
)
ik−1
(
∆+k
)
ik−1
(2k + 1)ik
(
2k + 32
)
ik

×
∞∑
in=in−1
(∆−n )in (∆
+
n )in (2n + 1)in−1
(
2n+ 32
)
in−1(
∆−n
)
in−1
(
∆+n
)
in−1
(2n+ 1)in
(
2n+ 32
)
in
ηin
 zn
 (.1.4)
where

∆±0 =
2+ρ2±
√
(h−1)ρ2+h
2(1+ρ2)
∆±1 = 2 +
2+ρ2±
√
(h−1)ρ2+h
2(1+ρ2)
∆±k = 2k +
2+ρ2±
√
(h−1)ρ2+h
2(1+ρ2)
∆±n = 2n+
2+ρ2±
√
(h−1)ρ2+h
2(1+ρ2)
On (.1.3) and (.1.4),
{
η = (1 + ρ2)ξ
z = −ρ2ξ2
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.1.3 Hl(1− a,−q + αβ;α, β, δ, γ; 1− x)
Polynomial of type 2
Replace coefficients a, q, γ, δ, x, c0, λ and qj where j, qj ∈ N0 by 1− a, −q + αβ, δ, γ,
1− x, 1, zero and hj where hj ∈ N0 into (9.2.1). Put (9.1.6) into the new (9.2.1).
y(ς) = Hl
(
1− ρ−2,−(2− ρ−2)(hj + 2j)2; α
2
+
1
2
,−α
2
,
1
2
,
1
2
; ς
)
=
h0∑
i0=0
(−h0)i0 (h0)i0
(1)i0
(
1
2
)
i0
ηi0
+
{
h0∑
i0=0
(
i0 +
1
2 +
α
2
) (
i0 − α2
)
(i0 + 2)
(
i0 +
3
2
) (−h0)i0 (h0)i0
(1)i0
(
1
2
)
i0
h1∑
i1=i0
(−h1)i1 (h1 + 4)i1 (3)i0
(
5
2
)
i0
(−h1)i0 (h1 + 4)i0 (3)i1
(
5
2
)
i1
ηi1
}
z
+
∞∑
n=2
{
h0∑
i0=0
(
i0 +
1
2 +
α
2
) (
i0 − α2
)
(i0 + 2)
(
i0 +
3
2
) (−h0)i0 (h0)i0
(1)i0
(
1
2
)
i0
×
n−1∏
k=1

hk∑
ik=ik−1
(
ik + 2k +
1
2 +
α
2
) (
ik + 2k − α2
)
(ik + 2k + 2)
(
ik + 2k +
3
2
) (−hk)ik (hk + 4k)ik (2k + 1)ik−1 (2k + 12)ik−1
(−hk)ik−1 (hk + 4k)ik−1 (2k + 1)ik
(
2k + 12
)
ik

×
hn∑
in=in−1
(−hn)in (hn + 4n)in (2n+ 1)in−1
(
2n+ 12
)
in−1
(−hn)in−1 (hn + 4n)in−1 (2n + 1)in
(
2n+ 12
)
in
ηin
 zn (.1.5)
where
h = ρ2
(
α(α+ 1)− 4(2 − ρ−2)(hj + 2j)2
)
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Infinite series
Replace coefficients a, q, γ, δ, x, c0 and λ by 1− a, −q + αβ, δ, γ, 1− x, 1 and zero into
(9.2.6). Put (9.1.6) into the new (9.2.6).
y(ς) = Hl
(
1− ρ−2, 1
4
(
hρ−2 − α(α+ 1)) ; α
2
+
1
2
,−α
2
,
1
2
,
1
2
; ς
)
=
∞∑
i0=0
(
∆−0
)
i0
(
∆+0
)
i0
(1)i0
(
1
2
)
i0
ηi0
+
{ ∞∑
i0=0
(
i0 +
1
2 +
α
2
) (
i0 − α2
)
(i0 + 2)
(
i0 +
3
2
) (∆−0 )i0 (∆+0 )i0
(1)i0
(
1
2
)
i0
∞∑
i1=i0
(
∆−1
)
i1
(
∆+1
)
i1
(3)i0
(
5
2
)
i0(
∆−1
)
i0
(
∆+1
)
i0
(3)i1
(
5
2
)
i1
ηi1
}
z
+
∞∑
n=2
{ ∞∑
i0=0
(
i0 +
1
2 +
α
2
) (
i0 − α2
)
(i0 + 2)
(
i0 +
3
2
) (∆−0 )i0 (∆+0 )i0
(1)i0
(
1
2
)
i0
×
n−1∏
k=1

∞∑
ik=ik−1
(
ik + 2k +
1
2 +
α
2
) (
ik + 2k − α2
)
(ik + 2k + 2)
(
ik + 2k +
3
2
) (∆−k )ik (∆+k )ik (2k + 1)ik−1 (2k + 12)ik−1(
∆−k
)
ik−1
(
∆+k
)
ik−1
(2k + 1)ik
(
2k + 12
)
ik

×
∞∑
in=in−1
(∆−n )in (∆
+
n )in (2n + 1)in−1
(
2n + 12
)
in−1(
∆−n
)
in−1
(
∆+n
)
in−1
(2n+ 1)in
(
2n + 12
)
in
ηin
 zn (.1.6)
where 
∆±0 = ±12
√
hρ−2+α(α+1)
2−ρ−2
∆±1 = 2± 12
√
hρ−2+α(α+1)
2−ρ−2
∆±k = 2k ± 12
√
hρ−2+α(α+1)
2−ρ−2
∆±n = 2n± 12
√
hρ−2+α(α+1)
2−ρ−2
On (.1.5) and (.1.6),

ς = 1− ξ
η = 2−ρ
−2
1−ρ−2 ς
z = −1
1−ρ−2 ς
2
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.1.4 (1− x)1−δHl(1− a,−q + (δ − 1)γa+ (α− δ + 1)(β − δ + 1);α− δ + 1, β − δ + 1, 2− δ, γ; 1− x)
Polynomial of type 2
Replace coefficients a, q, α, β, γ, δ, x, c0, λ and qj where j, qj ∈ N0 by 1− a,
−q + (δ − 1)γa+ (α− δ + 1)(β − δ + 1), α− δ + 1, β − δ + 1, 2− δ, γ, 1− x, 1, zero and
hj where hj ∈ N0 into (9.2.1). Multiply (1− x)1−δ and (9.2.1) together. Put (9.1.6) into
the new (9.2.1).
ς
1
2 y(ς)
= ς
1
2Hl
(
1− ρ−2,−(2− ρ−2)(hj + 2j)(hj + 2j + 1); α
2
+ 1,−α
2
+
1
2
,
3
2
,
1
2
; ς
)
= ς
1
2
{
h0∑
i0=0
(−h0)i0 (h0 + 1)i0
(1)i0
(
3
2
)
i0
ηi0
+
{
h0∑
i0=0
(
i0 + 1 +
α
2
) (
i0 +
1
2 − α2
)
(i0 + 2)
(
i0 +
5
2
) (−h0)i0 (h0 + 1)i0
(1)i0
(
3
2
)
i0
h1∑
i1=i0
(−h1)i1 (h1 + 5)i1 (3)i0
(
7
2
)
i0
(−h1)i0 (h1 + 5)i0 (3)i1
(
7
2
)
i1
ηi1
}
z
+
∞∑
n=2
{
h0∑
i0=0
(
i0 + 1 +
α
2
) (
i0 +
1
2 − α2
)
(i0 + 2)
(
i0 +
5
2
) (−h0)i0 (h0 + 1)i0
(1)i0
(
3
2
)
i0
×
n−1∏
k=1

hk∑
ik=ik−1
(
ik + 2k + 1 +
α
2
) (
ik + 2k +
1
2 − α2
)
(ik + 2k + 2)
(
ik + 2k +
5
2
)
×
(−hk)ik (hk + 4k + 1)ik (2k + 1)ik−1
(
2k + 32
)
ik−1
(−hk)ik−1 (hk + 4k + 1)ik−1 (2k + 1)ik
(
2k + 32
)
ik
}
×
hn∑
in=in−1
(−hn)in (hn + 4n+ 1)in (2n + 1)in−1
(
2n + 32
)
in−1
(−hn)in−1 (hn + 4n+ 1)in−1 (2n + 1)in
(
2n+ 32
)
in
ηin
 zn
 (.1.7)
where
h = 4(2ρ2 − 1)(hj + 2j)(hj + 2j + 1)− ρ2(α− 1)(α + 2)− 1
Infinite series
Replace coefficients a, q, α, β, γ, δ, x, c0 and λ by 1− a,
−q + (δ − 1)γa+ (α− δ + 1)(β − δ + 1), α− δ + 1, β − δ + 1, 2− δ, γ, 1− x, 1 and zero
.1. POWER SERIES 433
into (9.2.6). Multiply (1− x)1−δ and (9.2.6) together. Put (9.1.6) into the new (9.2.6).
ς
1
2 y(ς)
= ς
1
2Hl
(
1− ρ−2,−1
4
(
(1 + h)ρ−2 + (α− 1)(α + 2)) ; α
2
+ 1,−α
2
+
1
2
,
3
2
,
1
2
; ς
)
= ς
1
2
{ ∞∑
i0=0
(
∆−0
)
i0
(
∆+0
)
i0
(1)i0
(
3
2
)
i0
ηi0
+
{ ∞∑
i0=0
(
i0 + 1 +
α
2
) (
i0 +
1
2 − α2
)
(i0 + 2)
(
i0 +
5
2
) (∆−0 )i0 (∆+0 )i0
(1)i0
(
3
2
)
i0
∞∑
i1=i0
(
∆−1
)
i1
(
∆+1
)
i1
(3)i0
(
7
2
)
i0(
∆−1
)
i0
(
∆+1
)
i0
(3)i1
(
7
2
)
i1
ηi1
}
z
+
∞∑
n=2
{ ∞∑
i0=0
(
i0 + 1 +
α
2
) (
i0 +
1
2 − α2
)
(i0 + 2)
(
i0 +
5
2
) (∆−0 )i0 (∆+0 )i0
(1)i0
(
3
2
)
i0
×
n−1∏
k=1

∞∑
ik=ik−1
(
ik + 2k + 1 +
α
2
) (
ik + 2k +
1
2 − α2
)
(ik + 2k + 2)
(
ik + 2k +
5
2
) (∆−k )ik (∆+k )ik (2k + 1)ik−1 (2k + 32)ik−1(
∆−k
)
ik−1
(
∆+k
)
ik−1
(2k + 1)ik
(
2k + 32
)
ik

×
∞∑
in=in−1
(∆−n )in (∆
+
n )in (2n + 1)in−1
(
2n+ 32
)
in−1(
∆−n
)
in−1
(
∆+n
)
in−1
(2n+ 1)in
(
2n+ 32
)
in
ηin
 zn
 (.1.8)
where 
∆±0 =
1
2 ± 12
√
hρ−2+α(α+1)
2−ρ−2
∆±1 =
5
2 ± 12
√
hρ−2+α(α+1)
2−ρ−2
∆±k = 2k +
1
2 ± 12
√
hρ−2+α(α+1)
2−ρ−2
∆±n = 2n+
1
2 ± 12
√
hρ−2+α(α+1)
2−ρ−2
On (.1.7) and (.1.8), 
ς = 1− ξ
η = 2−ρ
−2
1−ρ−2 ς
z = −1
1−ρ−2 ς
2
.1.5 x−αHl
(
1
a
,
q + α[(α− γ − δ + 1)a− β + δ]
a
;α, α− γ + 1, α− β + 1, δ; 1
x
)
Polynomial of type 2
Replace coefficients a, q, β, γ, x, c0, λ and qj where j, qj ∈ N0 by 1a , q+α[(α−γ−δ+1)a−β+δ]a ,
α− γ + 1, α− β + 1, 1x , 1, zero and hj where hj ∈ N0 into (9.2.1). Multiply x−α and
434
(9.2.1) together. Put (9.1.6) into the new (9.2.1).
ς
1
2
(α+1)y(ς)
= ς
1
2
(α+1)Hl
(
ρ2,−(1 + ρ2)(hj + 2j)(hj + 2j + 1 + α); α
2
+
1
2
,
α
2
+ 1, α +
3
2
,
1
2
; ς
)
= ς
1
2
(α+1)
{
h0∑
i0=0
(−h0)i0 (h0 + 1 + α)i0
(1)i0
(
α+ 32
)
i0
ηi0
+
{
h0∑
i0=0
(
i0 +
1
2 +
α
2
) (
i0 + 1 +
α
2
)
(i0 + 2)
(
i0 +
5
2 + α
) (−h0)i0 (h0 + 1 + α)i0
(1)i0
(
α+ 32
)
i0
×
h1∑
i1=i0
(−h1)i1 (h1 + 5 + α)i1 (3)i0
(
α+ 72
)
i0
(−h1)i0 (h1 + 5 + α)i0 (3)i1
(
α+ 72
)
i1
ηi1
}
z
+
∞∑
n=2
{
h0∑
i0=0
(
i0 +
1
2 +
α
2
) (
i0 + 1 +
α
2
)
(i0 + 2)
(
i0 +
5
2 + α
) (−h0)i0 (h0 + 1 + α)i0
(1)i0
(
α+ 32
)
i0
×
n−1∏
k=1

hk∑
ik=ik−1
(
ik + 2k +
1
2 +
α
2
) (
ik + 2k + 1− α2
)
(ik + 2k + 2)
(
ik + 2k +
5
2 + α
)
×
(−hk)ik (hk + 4k + 1 + α)ik (2k + 1)ik−1
(
2k + 32 + α
)
ik−1
(−hk)ik−1 (hk + 4k + 1 + α)ik−1 (2k + 1)ik
(
2k + 32 + α
)
ik
}
×
hn∑
in=in−1
(−hn)in (hn + 4n+ 1 + α)in (2n + 1)in−1
(
2n + 32 + α
)
in−1
(−hn)in−1 (hn + 4n+ 1 + α)in−1 (2n + 1)in
(
2n+ 32 + α
)
in
ηin
 zn
 (.1.9)
where
h = (1 + ρ2) (2(hj + 2j) + 1 + α)
2
Infinite series
Replace coefficients a, q, β, γ, x, c0 and λ by
1
a ,
q+α[(α−γ−δ+1)a−β+δ]
a , α− γ + 1,
α− β + 1, 1x , 1 and zero into (9.2.6). Multiply x−α and (9.2.6) together. Put (9.1.6) into
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the new (9.2.6).
ς
1
2
(α+1)y(ς)
= ς
1
2
(α+1)Hl
(
ρ2,−1
4
(
h− (1 + ρ2)(α + 1)2) ; α
2
+
1
2
,
α
2
+ 1, α +
3
2
,
1
2
; ς
)
= ς
1
2
(α+1)
{ ∞∑
i0=0
(
∆−0
)
i0
(
∆+0
)
i0
(1)i0
(
α+ 32
)
i0
ηi0
+
{ ∞∑
i0=0
(
i0 +
1
2 +
α
2
) (
i0 + 1 +
α
2
)
(i0 + 2)
(
i0 +
5
2 + α
) (∆−0 )i0 (∆+0 )i0
(1)i0
(
α+ 32
)
i0
∞∑
i1=i0
(
∆−1
)
i1
(
∆+1
)
i1
(3)i0
(
α+ 72
)
i0(
∆−1
)
i0
(
∆+1
)
i0
(3)i1
(
α+ 72
)
i1
ηi1
}
z
+
∞∑
n=2
{ ∞∑
i0=0
(
i0 +
1
2 +
α
2
) (
i0 + 1 +
α
2
)
(i0 + 2)
(
i0 +
5
2 + α
) (∆−0 )i0 (∆+0 )i0
(1)i0
(
α+ 32
)
i0
×
n−1∏
k=1

∞∑
ik=ik−1
(
ik + 2k +
1
2 +
α
2
) (
ik + 2k + 1 +
α
2
)
(ik + 2k + 2)
(
ik + 2k +
5
2 + α
) (∆−k )ik (∆+k )ik (2k + 1)ik−1 (2k + 32 + α)ik−1(
∆−k
)
ik−1
(
∆+k
)
ik−1
(2k + 1)ik
(
2k + 32 + α
)
ik

×
∞∑
in=in−1
(∆−n )in (∆
+
n )in (2n + 1)in−1
(
2n+ 32 + α
)
in−1(
∆−n
)
in−1
(
∆+n
)
in−1
(2n+ 1)in
(
2n+ 32 + α
)
in
ηin
 zn
 (.1.10)
where 
∆±0 =
1
2 (α+ 1)± 12
√
h
1+ρ2
∆±1 =
1
2 (α+ 5)± 12
√
h
1+ρ2
∆±k =
1
2 (α+ 4k + 1)± 12
√
h
1+ρ2
∆±n =
1
2 (α+ 4n+ 1)± 12
√
h
1+ρ2
On (.1.9) and (.1.10), 
ς = ξ−1
η = (1 + ρ−2)ς
z = −ρ−2ς2
.1.6
(
1− x
a
)−β
Hl
(
1− a,−q + γβ;−α + γ + δ, β, γ, δ; (1− a)x
x− a
)
Polynomial of type 2
Replace coefficients a, q, α, x, c0, λ and qj where j, qj ∈ N0 by 1− a, −q + γβ,
−α+ γ + δ, (1−a)xx−a , 1, zero and hj where hj ∈ N0 into (9.2.1). Multiply
(
1− xa
)−β
and
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(9.2.1) together. Put (9.1.6) into the new (9.2.1).
(1− ρ2ξ)α2 y(ς)
= (1− ρ2ξ)α2Hl
(
1− ρ−2, (hj + 2j)
(
α− (2− ρ−2)(hj + 2j)
)
;−α
2
+
1
2
,−α
2
,
1
2
,
1
2
; ς
)
= (1− ρ2ξ)α2
{
h0∑
i0=0
(−h0)i0 (h0 − Ωρ)i0
(1)i0
(
1
2
)
i0
ηi0
+
{
h0∑
i0=0
(
i0 +
1
2 − α2
) (
i0 − α2
)
(i0 + 2)
(
i0 +
3
2
) (−h0)i0 (h0 − Ωρ)i0
(1)i0
(
1
2
)
i0
h1∑
i1=i0
(−h1)i1 (h1 + 4− Ωρ)i1 (3)i0
(
5
2
)
i0
(−h1)i0 (h1 + 4− Ωρ)i0 (3)i1
(
5
2
)
i1
ηi1
}
z
+
∞∑
n=2
{
h0∑
i0=0
(
i0 +
1
2 − α2
) (
i0 − α2
)
(i0 + 2)
(
i0 +
3
2
) (−h0)i0 (h0 − Ωρ)i0
(1)i0
(
1
2
)
i0
×
n−1∏
k=1

hk∑
ik=ik−1
(
ik + 2k +
1
2 − α2
) (
ik + 2k − α2
)
(ik + 2k + 2)
(
ik + 2k +
3
2
) (−hk)ik (hk + 4k − Ωρ)ik (2k + 1)ik−1 (2k + 12)ik−1
(−hk)ik−1 (hk + 4k − Ωρ)ik−1 (2k + 1)ik
(
2k + 12
)
ik

×
hn∑
in=in−1
(−hn)in (hn + 4n− Ωρ)in (2n+ 1)in−1
(
2n+ 12
)
in−1
(−hn)in−1 (hn + 4n− Ωρ)in−1 (2n+ 1)in
(
2n + 12
)
in
ηin
 zn
 (.1.11)
where
{
Ωρ =
α
2−ρ−2
h = 4ρ2
(
α
(
hj + 2j +
1
4
)− (2− ρ−2)(hj + 2j)2)
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Infinite series
Replace coefficients a, q, α, x, c0 and λ by 1− a, −q + γβ, −α+ γ + δ, (1−a)xx−a , 1 and zero
into (9.2.6). Multiply
(
1− xa
)−β
and (9.2.6) together. Put (9.1.6) into the new (9.2.6).
(1− ρ2ξ)α2 y(ς)
= (1− ρ2ξ)α2Hl
(
1− ρ−2, 1
4
(
hρ−2 − α) ;−α
2
+
1
2
,−α
2
,
1
2
,
1
2
; ς
)
= (1− ρ2ξ)α2
{ ∞∑
i0=0
(
∆−0
)
i0
(
∆+0
)
i0
(1)i0
(
1
2
)
i0
ηi0
+
{ ∞∑
i0=0
(
i0 +
1
2 − α2
) (
i0 − α2
)
(i0 + 2)
(
i0 +
3
2
) (∆−0 )i0 (∆+0 )i0
(1)i0
(
1
2
)
i0
∞∑
i1=i0
(
∆−1
)
i1
(
∆+1
)
i1
(3)i0
(
5
2
)
i0(
∆−1
)
i0
(
∆+1
)
i0
(3)i1
(
5
2
)
i1
ηi1
}
z
+
∞∑
n=2
{ ∞∑
i0=0
(
i0 +
1
2 − α2
) (
i0 − α2
)
(i0 + 2)
(
i0 +
3
2
) (∆−0 )i0 (∆+0 )i0
(1)i0
(
1
2
)
i0
×
n−1∏
k=1

∞∑
ik=ik−1
(
ik + 2k +
1
2 − α2
) (
ik + 2k − α2
)
(ik + 2k + 2)
(
ik + 2k +
3
2
) (∆−k )ik (∆+k )ik (2k + 1)ik−1 (2k + 12)ik−1(
∆−k
)
ik−1
(
∆+k
)
ik−1
(2k + 1)ik
(
2k + 12
)
ik

×
∞∑
in=in−1
(∆−n )in (∆
+
n )in (2n + 1)in−1
(
2n+ 12
)
in−1(
∆−n
)
in−1
(
∆+n
)
in−1
(2n+ 1)in
(
2n+ 12
)
in
ηin
 zn
 (.1.12)
where 
∆±0 =
−α±
√
α2−(2−ρ−2)(hρ−2−α)
2(2−ρ−2)
∆±1 = 2 +
−α±
√
α2−(2−ρ−2)(hρ−2−α)
2(2−ρ−2)
∆±k = 2k +
−α±
√
α2−(2−ρ−2)(hρ−2−α)
2(2−ρ−2)
∆±n = 2n+
−α±
√
α2−(2−ρ−2)(hρ−2−α)
2(2−ρ−2)
On (.1.11) and (.1.12), 
ς = (1−ρ
−2)ξ
ξ−ρ−2
η = 2−ρ
−2
1−ρ−2 ς
z = − 1
1−ρ−2 ς
2
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.1.7
(1− x)1−δ
(
1− x
a
)
−β+δ−1
Hl
(
1− a,−q + γ[(δ − 1)a+ β − δ + 1];−α+ γ + 1, β − δ + 1, γ, 2− δ; (1− a)x
x− a
)
Polynomial of type 2
Replace coefficients a, q, α, β, δ, x, c0, λ and qj where j, qj ∈ N0 by 1− a,
−q + γ[(δ − 1)a+ β − δ + 1], −α+ γ + 1, β − δ + 1, 2− δ, (1−a)xx−a , 1, zero and hj where
hj ∈ N0 into (9.2.1). Multiply (1− x)1−δ
(
1− xa
)−β+δ−1
and (9.2.1) together. Put (9.1.6)
into the new (9.2.1).
(1− ξ) 12 (1− ρ2ξ) 12 (α−1)y(ς)
= (1− ξ) 12 (1− ρ2ξ) 12 (α−1)Hl
(
1− ρ−2, (hj + 2j)
(
α+ 1− (2− ρ−2)(hj + 2j + 1)
)
;−α
2
+ 1,
−α
2
+
1
2
,
1
2
,
3
2
; ς
)
= (1− ξ) 12 (1− ρ2ξ) 12 (α−1)
{
h0∑
i0=0
(−h0)i0 (h0 +Ωρ)i0
(1)i0
(
1
2
)
i0
ηi0
+
{
h0∑
i0=0
(
i0 + 1− α2
) (
i0 +
1
2 − α2
)
(i0 + 2)
(
i0 +
3
2
) (−h0)i0 (h0 +Ωρ)i0
(1)i0
(
1
2
)
i0
×
h1∑
i1=i0
(−h1)i1 (h1 + 4 + Ωρ)i1 (3)i0
(
5
2
)
i0
(−h1)i0 (h1 + 4 + Ωρ)i0 (3)i1
(
5
2
)
i1
ηi1
}
z
+
∞∑
n=2
{
h0∑
i0=0
(
i0 + 1− α2
) (
i0 +
1
2 − α2
)
(i0 + 2)
(
i0 +
3
2
) (−h0)i0 (h0 +Ωρ)i0
(1)i0
(
1
2
)
i0
×
n−1∏
k=1

hk∑
ik=ik−1
(
ik + 2k + 1− α2
) (
ik + 2k +
1
2 − α2
)
(ik + 2k + 2)
(
ik + 2k +
3
2
)
×
(−hk)ik (hk + 4k +Ωρ)ik (2k + 1)ik−1
(
2k + 12
)
ik−1
(−hk)ik−1 (hk + 4k +Ωρ)ik−1 (2k + 1)ik
(
2k + 12
)
ik
}
×
hn∑
in=in−1
(−hn)in (hn + 4n+Ωρ)in (2n+ 1)in−1
(
2n+ 12
)
in−1
(−hn)in−1 (hn + 4n+Ωρ)in−1 (2n+ 1)in
(
2n + 12
)
in
ηin
 zn
 (.1.13)
where {
Ωρ =
−α+1−ρ−2
2−ρ−2
h = 4(hj + 2j)
(
(α+ 1)ρ2 + (1− 2ρ2)(hj + 2j + 1)
)
+ (α− 1)ρ2 + 1
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Infinite series
Replace coefficients a, q, α, β, δ, x, c0 and λ by 1− a, −q + γ[(δ − 1)a + β − δ + 1],
−α+ γ + 1, β − δ + 1, 2− δ, (1−a)xx−a , 1 and zero into (9.2.6). Multiply
(1− x)1−δ (1− xa)−β+δ−1 and (9.2.6) together. Put (9.1.6) into the new (9.2.6).
(1− ξ) 12 (1− ρ2ξ) 12 (α−1)y(ς)
= (1− ξ) 12 (1− ρ2ξ) 12 (α−1)Hl
(
1− ρ−2, 1
4
(
(h− 1)ρ−2 + 1− α) ;−α
2
+ 1,−α
2
+
1
2
,
1
2
,
3
2
; ς
)
= (1− ξ) 12 (1− ρ2ξ) 12 (α−1)
{ ∞∑
i0=0
(
∆−0
)
i0
(
∆+0
)
i0
(1)i0
(
1
2
)
i0
ηi0
+
{ ∞∑
i0=0
(
i0 + 1− α2
) (
i0 +
1
2 − α2
)
(i0 + 2)
(
i0 +
3
2
) (∆−0 )i0 (∆+0 )i0
(1)i0
(
1
2
)
i0
∞∑
i1=i0
(
∆−1
)
i1
(
∆+1
)
i1
(3)i0
(
5
2
)
i0(
∆−1
)
i0
(
∆+1
)
i0
(3)i1
(
5
2
)
i1
ηi1
}
z
+
∞∑
n=2
{ ∞∑
i0=0
(
i0 + 1− α2
) (
i0 +
1
2 − α2
)
(i0 + 2)
(
i0 +
3
2
) (∆−0 )i0 (∆+0 )i0
(1)i0
(
1
2
)
i0
×
n−1∏
k=1

∞∑
ik=ik−1
(
ik + 2k + 1− α2
) (
ik + 2k +
1
2 − α2
)
(ik + 2k + 2)
(
ik + 2k +
3
2
) (∆−k )ik (∆+k )ik (2k + 1)ik−1 (2k + 12)ik−1(
∆−k
)
ik−1
(
∆+k
)
ik−1
(2k + 1)ik
(
2k + 12
)
ik

×
∞∑
in=in−1
(∆−n )in (∆
+
n )in (2n + 1)in−1
(
2n+ 12
)
in−1(
∆−n
)
in−1
(
∆+n
)
in−1
(2n+ 1)in
(
2n+ 12
)
in
ηin
 zn
 (.1.14)
where 
∆±0 =
−α+1−ρ−2±
√
(−α+1−ρ−2)2−(2−ρ−2)((h−1)ρ−2+1−α)
2(2−ρ−2)
∆±1 = 2 +
−α+1−ρ−2±
√
(−α+1−ρ−2)2−(2−ρ−2)((h−1)ρ−2+1−α)
2(2−ρ−2)
∆±k = 2k +
−α+1−ρ−2±
√
(−α+1−ρ−2)2−(2−ρ−2)((h−1)ρ−2+1−α)
2(2−ρ−2)
∆±n = 2n+
−α+1−ρ−2±
√
(−α+1−ρ−2)2−(2−ρ−2)((h−1)ρ−2+1−α)
2(2−ρ−2)
On (.1.13) and (.1.14), 
ς = (1−ρ
−2)ξ
ξ−ρ−2
η = 2−ρ
−2
1−ρ−2 ς
z = − 1
1−ρ−2 ς
2
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.1.8 x−αHl
(
a− 1
a
,
−q + α(δa+ β − δ)
a
;α, α− γ + 1, δ, α− β + 1; x− 1
x
)
Polynomial of type 2
Replace coefficients a, q, β, γ, δ, x, c0, λ and qj where j, qj ∈ N0 by a−1a , −q+α(δa+β−δ)a ,
α− γ + 1, δ, α− β + 1, x−1x , 1, zero and hj where hj ∈ N0 into (9.2.1). Multiply x−α and
(9.2.1) together. Put (9.1.6) into the new (9.2.1).
ξ−
1
2
(α+1)y(ς)
= ξ−
1
2
(α+1)Hl
(
1− ρ2,−(hj + 2j)
(
(1− ρ2)(α+ 1) + (2− ρ2)(hj + 2j)
)
;
α
2
+
1
2
,
α
2
+ 1,
1
2
, α+
3
2
; ς
)
= ξ−
1
2
(α+1)
{
h0∑
i0=0
(−h0)i0 (h0 +Ωρ)i0
(1)i0
(
1
2
)
i0
ηi0
+
{
h0∑
i0=0
(
i0 +
1
2 +
α
2
) (
i0 + 1 +
α
2
)
(i0 + 2)
(
i0 +
3
2
) (−h0)i0 (h0 +Ωρ)i0
(1)i0
(
1
2
)
i0
h1∑
i1=i0
(−h1)i1 (h1 + 4 + Ωρ)i1 (3)i0
(
5
2
)
i0
(−h1)i0 (h1 + 4 + Ωρ)i0 (3)i1
(
5
2
)
i1
ηi1
}
z
+
∞∑
n=2
{
h0∑
i0=0
(
i0 +
1
2 +
α
2
) (
i0 + 1 +
α
2
)
(i0 + 2)
(
i0 +
3
2
) (−h0)i0 (h0 +Ωρ)i0
(1)i0
(
1
2
)
i0
×
n−1∏
k=1

hk∑
ik=ik−1
(
ik + 2k +
1
2 +
α
2
) (
ik + 2k + 1 +
α
2
)
(ik + 2k + 2)
(
ik + 2k +
3
2
)
×
(−hk)ik (hk + 4k +Ωρ)ik (2k + 1)ik−1
(
2k + 12
)
ik−1
(−hk)ik−1 (hk + 4k +Ωρ)ik−1 (2k + 1)ik
(
2k + 12
)
ik
}
×
hn∑
in=in−1
(−hn)in (hn + 4n+Ωρ)in (2n+ 1)in−1
(
2n+ 12
)
in−1
(−hn)in−1 (hn + 4n+Ωρ)in−1 (2n+ 1)in
(
2n + 12
)
in
ηin
 zn
 (.1.15)
where
{
Ωρ =
(α+1)(1−ρ2)
2−ρ2
h = −4(hj + 2j)
(
(1− ρ2)(α + 1) + (2− ρ2)(hj + 2j)
) − (α+ 1) (1− ρ2(α + 1))
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Infinite series
Replace coefficients a, q, β, γ, δ, x, c0 and λ by
a−1
a ,
−q+α(δa+β−δ)
a , α− γ + 1, δ,
α− β + 1, x−1x , 1 and zero into (9.2.6). Multiply x−α and (9.2.6) together. Put (9.1.6)
into the new (9.2.6).
ξ−
1
2
(α+1)y(ς)
= ξ−
1
2
(α+1)Hl
(
1− ρ2, 1
4
[
h+ (α+ 1)
(
1− ρ2(α+ 1))] ; α
2
+
1
2
,
α
2
+ 1,
1
2
, α+
3
2
; ς
)
= ξ−
1
2
(α+1)
{ ∞∑
i0=0
(
∆−0
)
i0
(
∆+0
)
i0
(1)i0
(
1
2
)
i0
ηi0
+
{ ∞∑
i0=0
(
i0 +
1
2 +
α
2
) (
i0 + 1 +
α
2
)
(i0 + 2)
(
i0 +
3
2
) (∆−0 )i0 (∆+0 )i0
(1)i0
(
1
2
)
i0
∞∑
i1=i0
(
∆−1
)
i1
(
∆+1
)
i1
(3)i0
(
5
2
)
i0(
∆−1
)
i0
(
∆+1
)
i0
(3)i1
(
5
2
)
i1
ηi1
}
z
+
∞∑
n=2
{ ∞∑
i0=0
(
i0 +
1
2 +
α
2
) (
i0 + 1 +
α
2
)
(i0 + 2)
(
i0 +
3
2
) (∆−0 )i0 (∆+0 )i0
(1)i0
(
1
2
)
i0
×
n−1∏
k=1

∞∑
ik=ik−1
(
ik + 2k +
1
2 +
α
2
) (
ik + 2k + 1 +
α
2
)
(ik + 2k + 2)
(
ik + 2k +
3
2
) (∆−k )ik (∆+k )ik (2k + 1)ik−1 (2k + 12)ik−1(
∆−k
)
ik−1
(
∆+k
)
ik−1
(2k + 1)ik
(
2k + 12
)
ik

×
∞∑
in=in−1
(∆−n )in (∆
+
n )in (2n + 1)in−1
(
2n+ 12
)
in−1(
∆−n
)
in−1
(
∆+n
)
in−1
(2n+ 1)in
(
2n+ 12
)
in
ηin
 zn
 (.1.16)
where 
∆±0 =
(1−ρ2)(α+1)±
√
(α+1)2−(2−ρ−2)(h+1+α)
2(2−ρ2)
∆±1 = 2 +
(1−ρ2)(α+1)±
√
(α+1)2−(2−ρ−2)(h+1+α)
2(2−ρ2)
∆±k = 2k +
(1−ρ2)(α+1)±
√
(α+1)2−(2−ρ−2)(h+1+α)
2(2−ρ2)
∆±n = 2n+
(1−ρ2)(α+1)±
√
(α+1)2−(2−ρ−2)(h+1+α)
2(2−ρ2)
On (.1.15) and (.1.16), 
ς = 1− ξ−1
η = 2−ρ
2
1−ρ2 ς
z = − 1
1−ρ2 ς
2
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.1.9
(
x− a
1− a
)−α
Hl
(
a, q − (β − δ)α;α,−β + γ + δ, δ, γ; a(x− 1)
x− a
)
Polynomial of type 2
Replace coefficients q, β, γ, δ, x, c0, λ and qj where j, qj ∈ N0 by q − (β − δ)α,
−β + γ + δ, δ, γ, a(x−1)x−a , 1, zero and hj where hj ∈ N0 into (9.2.1). Multiply
(
x−a
1−a
)−α
and (9.2.1) together. Put (9.1.6) into the new (9.2.1).
(
ξ − ρ−2
1− ρ−2
)− 1
2
(α+1)
y(ς)
=
(
ξ − ρ−2
1− ρ−2
)− 1
2
(α+1)
Hl
(
ρ−2,−(hj + 2j)
(
(1 + ρ−2)(hj + 2j) + α+ 1
)
;
α
2
+
1
2
,
α
2
+ 1,
1
2
,
1
2
; ς
)
=
(
ξ − ρ−2
1− ρ−2
)− 1
2
(α+1)
{
h0∑
i0=0
(−h0)i0 (h0 +Ωρ)i0
(1)i0
(
1
2
)
i0
ηi0
+
{
h0∑
i0=0
(
i0 +
1
2 +
α
2
) (
i0 + 1 +
α
2
)
(i0 + 2)
(
i0 +
3
2
) (−h0)i0 (h0 +Ωρ)i0
(1)i0
(
1
2
)
i0
h1∑
i1=i0
(−h1)i1 (h1 + 4 + Ωρ)i1 (3)i0
(
5
2
)
i0
(−h1)i0 (h1 + 4 + Ωρ)i0 (3)i1
(
5
2
)
i1
ηi1
}
z
+
∞∑
n=2
{
h0∑
i0=0
(
i0 +
1
2 +
α
2
) (
i0 + 1 +
α
2
)
(i0 + 2)
(
i0 +
3
2
) (−h0)i0 (h0 +Ωρ)i0
(1)i0
(
1
2
)
i0
×
n−1∏
k=1

hk∑
ik=ik−1
(
ik + 2k +
1
2 +
α
2
) (
ik + 2k + 1 +
α
2
)
(ik + 2k + 2)
(
ik + 2k +
3
2
)
×
(−hk)ik (hk + 4k +Ωρ)ik (2k + 1)ik−1
(
2k + 12
)
ik−1
(−hk)ik−1 (hk + 4k +Ωρ)ik−1 (2k + 1)ik
(
2k + 12
)
ik
}
×
hn∑
in=in−1
(−hn)in (hn + 4n+Ωρ)in (2n+ 1)in−1
(
2n+ 12
)
in−1
(−hn)in−1 (hn + 4n+Ωρ)in−1 (2n+ 1)in
(
2n + 12
)
in
ηin
 zn
 (.1.17)
where {
Ωρ =
α+1
1+ρ−2
h = 4(hj + 2j)
(
(1 + ρ2)(hj + 2j) + ρ
2(α+ 1)
)
+ ρ2(α+ 1)2
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Infinite series
Replace coefficients q, β, γ, δ, x, c0 and λ by q − (β − δ)α, −β + γ + δ, δ, γ, a(x−1)x−a , 1 and
zero into (9.2.6). Multiply
(
x−a
1−a
)−α
and (9.2.6) together. Put (9.1.6) into the new (9.2.6).
(
ξ − ρ−2
1− ρ−2
)− 1
2
(α+1)
y(ς)
=
(
ξ − ρ−2
1− ρ−2
)− 1
2
(α+1)
Hl
(
ρ−2,−1
4
(
hρ−2 − (α+ 1)2) ; α
2
+
1
2
,
α
2
+ 1,
1
2
,
1
2
; ς
)
=
(
ξ − ρ−2
1− ρ−2
)− 1
2
(α+1)
{ ∞∑
i0=0
(
∆−0
)
i0
(
∆+0
)
i0
(1)i0
(
1
2
)
i0
ηi0
+
{ ∞∑
i0=0
(
i0 +
1
2 +
α
2
) (
i0 + 1 +
α
2
)
(i0 + 2)
(
i0 +
3
2
) (∆−0 )i0 (∆+0 )i0
(1)i0
(
1
2
)
i0
∞∑
i1=i0
(
∆−1
)
i1
(
∆+1
)
i1
(3)i0
(
5
2
)
i0(
∆−1
)
i0
(
∆+1
)
i0
(3)i1
(
5
2
)
i1
ηi1
}
z
+
∞∑
n=2
{ ∞∑
i0=0
(
i0 +
1
2 +
α
2
) (
i0 + 1 +
α
2
)
(i0 + 2)
(
i0 +
3
2
) (∆−0 )i0 (∆+0 )i0
(1)i0
(
1
2
)
i0
×
n−1∏
k=1

∞∑
ik=ik−1
(
ik + 2k +
1
2 +
α
2
) (
ik + 2k + 1 +
α
2
)
(ik + 2k + 2)
(
ik + 2k +
3
2
) (∆−k )ik (∆+k )ik (2k + 1)ik−1 (2k + 12)ik−1(
∆−k
)
ik−1
(
∆+k
)
ik−1
(2k + 1)ik
(
2k + 12
)
ik

×
∞∑
in=in−1
(∆−n )in (∆
+
n )in (2n + 1)in−1
(
2n+ 12
)
in−1(
∆−n
)
in−1
(
∆+n
)
in−1
(2n+ 1)in
(
2n+ 12
)
in
ηin
 zn
 (.1.18)
where 
∆±0 =
ρ2(α+1)±
√
h(1+ρ2)−ρ2(α+1)2
2(1+ρ2)
∆±1 = 2 +
ρ2(α+1)±
√
h(1+ρ2)−ρ2(α+1)2
2(1+ρ2)
∆±k = 2k +
ρ2(α+1)±
√
h(1+ρ2)−ρ2(α+1)2
2(1+ρ2)
∆±n = 2n+
ρ2(α+1)±
√
h(1+ρ2)−ρ2(α+1)2
2(1+ρ2)
On (.1.17) and (.1.18), 
ς = ξ−1ρ2(ξ−ρ−2)
η = (1 + ρ2)ς
z = −ρ2ς2
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.2 Integral representation
.2.1 (1− x)1−δHl(a, q − (δ − 1)γa;α− δ + 1, β − δ + 1, γ, 2− δ; x)
Polynomial of type 2
Replace coefficients q, α, β, δ, c0, λ and qj where j, qj ∈ N0 by q − (δ − 1)γa, α− δ + 1,
β − δ + 1, 2− δ, 1, zero and hj where hj ∈ N0 into (9.3.1). Multiply (1− x)1−δ and
(9.3.1) together. Put (9.1.6) into the new (9.3.1).
(1− ξ) 12 y(ξ)
= (1− ξ) 12Hl
(
ρ−2,−ρ−2(hj + 2j)[1 + (1 + ρ2)(hj + 2j)]; α
2
+ 1,−α
2
+
1
2
,
1
2
,
3
2
; ξ
)
= (1− ξ) 12
{
2F1
(
−h0, h0 +Ωρ; 1
2
; η
)
+
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)−1
n−k
∫ 1
0
dun−k u
2(n−k)− 3
2
n−k
× 1
2πi
∮
dvn−k
1
vn−k
(
vn−k − 1
vn−k
1
1−←→w n−k+1,n(1− tn−k)(1 − un−k)vn−k
)hn−k
× (1−←→w n−k+1,n(1− tn−k)(1− un−k)vn−k)−(4(n−k)+Ωρ)
×←→w −(2(n−k)−1+
α
2
)
n−k,n
(←→w n−k,n∂←→w n−k,n)←→w α+ 12n−k,n (←→w n−k,n∂←→w n−k,n)←→w 2(n−k)− 32−α2n−k,n
}
× 2F1
(
−h0, h0 +Ωρ; 1
2
;←→w 1,n
)}
zn
}
(.2.1)
where {
Ωρ =
1
1+ρ2
h = 4(hj + 2j)[1 + (1 + ρ
2)(hj + 2j)] + 1
Infinite series
Replace coefficients q, α, β, δ, c0 and λ by q− (δ − 1)γa, α− δ+1, β − δ+1, 2− δ, 1 and
zero into (9.3.4). Multiply (1 − x)1−δ and (9.3.4) together. Put (9.1.6) into the new
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(9.3.4).
(1− ξ) 12 y(ξ)
= (1− ξ) 12Hl
(
ρ−2,−1
4
(h− 1)ρ−2; α
2
+ 1,−α
2
+
1
2
,
1
2
,
3
2
; ξ
)
= (1− ξ) 12
{
2F1
(
−Π+0 ,−Π−0 ;
1
2
; η
)
+
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)−1
n−k
∫ 1
0
dun−k u
2(n−k)− 3
2
n−k
× 1
2πi
∮
dvn−k
1
vn−k
(
vn−k − 1
vn−k
)Π+n−k
(1−←→w n−k+1,n(1− tn−k)(1 − un−k)vn−k)Π
−
n−k
× ←→w −(2(n−k)−1+
α
2
)
n−k,n
(←→w n−k,n∂←→w n−k,n)←→w α+ 12n−k,n (←→w n−k,n∂←→w n−k,n)←→w 2(n−k)− 32−α2n−k,n
}
× 2F1
(
−Π+0 ,−Π−0 ;
1
2
;←→w 1,n
)}
zn
}
(.2.2)
where Π
±
0 =
−1±
√
1+(1+ρ2)(h−1)
2(1+ρ2)
Π±n−k = −2(n − k) +
−1±
√
1+(1+ρ2)(h−1)
2(1+ρ2)
On (.2.1) and (.2.2), {
η = (1 + ρ2)ξ
z = −ρ2ξ2
.2.2
x1−γ(1− x)1−δHl(a, q − (γ + δ − 2)a− (γ − 1)(α+ β − γ − δ + 1), α− γ − δ + 2, β − γ − δ + 2, 2− γ, 2− δ;x)
Polynomial of type 2
Replace coefficients q, α, β, γ, δ, c0, λ and qj where j, qj ∈ N0 by
q − (γ + δ − 2)a− (γ − 1)(α+ β − γ − δ + 1), α− γ − δ + 2, β − γ − δ + 2, 2− γ, 2− δ, 1,
zero and hj where hj ∈ N0 into (9.3.1). Multiply x1−γ(1− x)1−δ and (9.3.1) together.
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Put (9.1.6) into the new (9.3.1).
ξ
1
2 (1− ξ) 12 y(ξ)
= ξ
1
2 (1− ξ) 12Hl
(
ρ−2,−ρ−2(hj + 2j)[2 + ρ2 + (1 + ρ2)(hj + 2j)]; α
2
+
3
2
,−α
2
+ 1,
3
2
,
3
2
; ξ
)
= ξ
1
2 (1− ξ) 12
{
2F1
(
−h0, h0 +Ωρ; 3
2
; η
)
+
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)−1
n−k
∫ 1
0
dun−k u
2(n−k)− 1
2
n−k
× 1
2πi
∮
dvn−k
1
vn−k
(
vn−k − 1
vn−k
1
1−←→w n−k+1,n(1− tn−k)(1 − un−k)vn−k
)hn−k
× (1−←→w n−k+1,n(1− tn−k)(1− un−k)vn−k)−(4(n−k)+Ωρ)
×←→w −(2(n−k)−
1
2
+α
2
)
n−k,n
(←→w n−k,n∂←→w n−k,n)←→w α+ 12n−k,n (←→w n−k,n∂←→w n−k,n)←→w 2(n−k)−1−α2n−k,n
}
× 2F1
(
−h0, h0 +Ωρ; 3
2
;←→w 1,n
)}
zn
}
(.2.3)
where {
Ωρ =
2+ρ2
1+ρ2
h = 4 + ρ2 + 4(hj + 2j)[2 + ρ
2 + (1 + ρ2)(hj + 2j)]
Infinite series
Replace coefficients q, α, β, γ, δ, c0 and λ by q− (γ + δ− 2)a− (γ − 1)(α+ β − γ − δ+1),
α− γ − δ + 2, β − γ − δ + 2, 2− γ, 2− δ, 1 and zero into (9.3.4). Multiply x1−γ(1− x)1−δ
and (9.3.4) together. Put (9.1.6) into the new (9.3.4).
ξ
1
2 (1− ξ) 12 y(ξ)
= ξ
1
2 (1− ξ) 12Hl
(
ρ−2,−1
4
(
(h− 4)ρ−2 − 1) ; α
2
+
3
2
,−α
2
+ 1,
3
2
,
3
2
; ξ
)
= ξ
1
2 (1− ξ) 12
{
2F1
(
−Π+0 ,−Π−0 ;
3
2
; η
)
+
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)−1
n−k
∫ 1
0
dun−k u
2(n−k)− 1
2
n−k
× 1
2πi
∮
dvn−k
1
vn−k
(
vn−k − 1
vn−k
)Π+n−k
(1−←→w n−k+1,n(1− tn−k)(1 − un−k)vn−k)Π
−
n−k
× ←→w −(2(n−k)−
1
2
+α
2
)
n−k,n
(←→w n−k,n∂←→w n−k,n)←→w α+ 12n−k,n (←→w n−k,n∂←→w n−k,n)←→w 2(n−k)−1−α2n−k,n
}
× 2F1
(
−Π+0 ,−Π−0 ;
3
2
;←→w 1,n
)}
zn
}
(.2.4)
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where Π
±
0 =
−(2+ρ2)±
√
ρ2(h−1)+h
2(1+ρ2)
Π±n−k = −2(n− k) +
−(2+ρ2)±
√
ρ2(h−1)+h
2(1+ρ2)
On (.2.3) and (.2.4), {
η = (1 + ρ2)ξ
z = −ρ2ξ2
.2.3 Hl(1− a,−q + αβ;α, β, δ, γ; 1− x)
Polynomial of type 2
Replace coefficients a, q, γ, δ, x, c0, λ and qj where j, qj ∈ N0 by 1− a, −q + αβ, δ, γ,
1− x, 1, zero and hj where hj ∈ N0 into (9.3.1). Put (9.1.6) into the new (9.3.1).
y(ς) = Hl
(
1− ρ−2,−(2− ρ−2)(hj + 2j)2; α
2
+
1
2
,−α
2
,
1
2
,
1
2
; ς
)
= 2F1
(
−h0, h0; 1
2
; η
)
+
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)−1
n−k
∫ 1
0
dun−k u
2(n−k)− 3
2
n−k
× 1
2πi
∮
dvn−k
1
vn−k
(
vn−k − 1
vn−k
1
1−←→w n−k+1,n(1− tn−k)(1− un−k)vn−k
)hn−k
× (1−←→w n−k+1,n(1− tn−k)(1− un−k)vn−k)−4(n−k)
×←→w −(2(n−k)−
3
2
+α
2
)
n−k,n
(←→w n−k,n∂←→w n−k,n)←→w α+ 12n−k,n (←→w n−k,n∂←→w n−k,n)←→w 2(n−k−1)−α2n−k,n
}
× 2F1
(
−h0, h0; 1
2
;←→w 1,n
)}
zn (.2.5)
where
h = ρ2
(
α(α+ 1)− 4(2 − ρ−2)(hj + 2j)2
)
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Infinite series
Replace coefficients a, q, γ, δ, x, c0 and λ by 1− a, −q + αβ, δ, γ, 1− x, 1 and zero into
(9.3.4). Put (9.1.6) into the new (9.3.4).
y(ς) = Hl
(
1− ρ−2, 1
4
(
hρ−2 − α(α+ 1)) ; α
2
+
1
2
,−α
2
,
1
2
,
1
2
; ς
)
= 2F1
(
−Π+0 ,−Π−0 ;
1
2
; η
)
+
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)−1
n−k
∫ 1
0
dun−k u
2(n−k)− 3
2
n−k
× 1
2πi
∮
dvn−k
1
vn−k
(
vn−k − 1
vn−k
)Π+n−k
(1−←→w n−k+1,n(1− tn−k)(1 − un−k)vn−k)Π
−
n−k
× ←→w −(2(n−k)−
3
2
+α
2
)
n−k,n
(←→w n−k,n∂←→w n−k,n)←→w α+ 12n−k,n (←→w n−k,n∂←→w n−k,n)←→w 2(n−k−1)−α2n−k,n
}
× 2F1
(
−Π+0 ,−Π−0 ;
1
2
;←→w 1,n
)}
zn
}
(.2.6)
where Π
±
0 = ±12
√
hρ−2+α(α+1)
1−ρ−2
Π±n−k = −2(n− k)± 12
√
hρ−2+α(α+1)
1−ρ−2
On (.2.5) and (.2.6), 
ς = 1− ξ
η = 2−ρ
−2
1−ρ−2 ς
z = −1
1−ρ−2 ς
2
.2.4 (1− x)1−δHl(1− a,−q + (δ − 1)γa+ (α− δ + 1)(β − δ + 1);α− δ + 1, β − δ + 1, 2− δ, γ; 1− x)
Polynomial of type 2
Replace coefficients a, q, α, β, γ, δ, x, c0, λ and qj where j, qj ∈ N0 by 1− a,
−q + (δ − 1)γa+ (α− δ + 1)(β − δ + 1), α− δ + 1, β − δ + 1, 2− δ, γ, 1− x, 1, zero and
hj where hj ∈ N0 into (9.3.1). Multiply (1− x)1−δ and (9.3.1) together. Put (9.1.6) into
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the new (9.3.1).
ς
1
2 y(ς)
= ς
1
2Hl
(
1− ρ−2,−(2− ρ−2)(hj + 2j)(hj + 2j + 1); α
2
+ 1,−α
2
+
1
2
,
3
2
,
1
2
; ς
)
= ς
1
2
{
2F1
(
−h0, h0 + 1; 3
2
; η
)
+
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)−1
n−k
∫ 1
0
dun−k u
2(n−k)− 1
2
n−k
× 1
2πi
∮
dvn−k
1
vn−k
(
vn−k − 1
vn−k
1
1−←→w n−k+1,n(1− tn−k)(1− un−k)vn−k
)hn−k
× (1−←→w n−k+1,n(1− tn−k)(1 − un−k)vn−k)−4(n−k)−1
×←→w −(2(n−k)−1+
α
2
)
n−k,n
(←→w n−k,n∂←→w n−k,n)←→w α+ 12n−k,n (←→w n−k,n∂←→w n−k,n)←→w 2(n−k)− 32−α2n−k,n
}
× 2F1
(
−h0, h0 + 1; 3
2
;←→w 1,n
)}
zn
}
(.2.7)
where
h = 4(2ρ2 − 1)(hj + 2j)(hj + 2j + 1)− ρ2(α− 1)(α + 2)− 1
Infinite series
Replace coefficients a, q, α, β, γ, δ, x, c0 and λ by 1− a,
−q + (δ − 1)γa+ (α− δ + 1)(β − δ + 1), α− δ + 1, β − δ + 1, 2− δ, γ, 1− x, 1 and zero
into (9.3.4). Multiply (1− x)1−δ and (9.3.4) together. Put (9.1.6) into the new (9.3.4).
ς
1
2 y(ς)
= ς
1
2Hl
(
1− ρ−2,−1
4
(
(1 + h)ρ−2 + (α− 1)(α + 2)) ; α
2
+ 1,−α
2
+
1
2
,
3
2
,
1
2
; ς
)
= ς
1
2
{
2F1
(
−Π+0 ,−Π−0 ;
3
2
; η
)
+
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)−1
n−k
∫ 1
0
dun−k u
2(n−k)− 1
2
n−k
× 1
2πi
∮
dvn−k
1
vn−k
(
vn−k − 1
vn−k
)Π+n−k
(1−←→w n−k+1,n(1− tn−k)(1− un−k)vn−k)Π
−
n−k
× ←→w −(2(n−k)−1+
α
2
)
n−k,n
(←→w n−k,n∂←→w n−k,n)←→w α+ 12n−k,n (←→w n−k,n∂←→w n−k,n)←→w 2(n−k)− 32−α2n−k,n
}
× 2F1
(
−Π+0 ,−Π−0 ;
3
2
;←→w 1,n
)}
zn
}
(.2.8)
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where Π
±
0 = −12 ± 12
√
hρ−2+α(α+1)
2−ρ−2
Π±n−k = −2(n − k)− 12 ± 12
√
hρ−2+α(α+1)
2−ρ−2
On (.2.7) and (.2.8), 
ς = 1− ξ
η = 2−ρ
−2
1−ρ−2 ς
z = −11−ρ−2 ς
2
.2.5 x−αHl
(
1
a
,
q + α[(α− γ − δ + 1)a− β + δ]
a
;α, α− γ + 1, α− β + 1, δ; 1
x
)
Polynomial of type 2
Replace coefficients a, q, β, γ, x, c0, λ and qj where j, qj ∈ N0 by 1a , q+α[(α−γ−δ+1)a−β+δ]a ,
α− γ + 1, α− β + 1, 1x , 1, zero and hj where hj ∈ N0 into (9.3.1). Multiply x−α and
(9.3.1) together. Put (9.1.6) into the new (9.3.1).
ς
1
2
(α+1)y(ς)
= ς
1
2
(α+1)Hl
(
ρ2,−(1 + ρ2)(hj + 2j)(hj + 2j + 1 + α); α
2
+
1
2
,
α
2
+ 1, α+
3
2
,
1
2
; ς
)
= ς
1
2
(α+1)
{
2F1
(
−h0, h0 + α+ 1;α+ 3
2
; η
)
+
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)−1
n−k
∫ 1
0
dun−k u
2(n−k)− 1
2
+α
n−k
× 1
2πi
∮
dvn−k
1
vn−k
(
vn−k − 1
vn−k
1
1−←→w n−k+1,n(1− tn−k)(1− un−k)vn−k
)hn−k
× (1−←→w n−k+1,n(1− tn−k)(1 − un−k)vn−k)−(4(n−k)+1+α)
×←→w −(2(n−k)−
3
2
+α
2
)
n−k,n
(←→w n−k,n∂←→w n−k,n)←→w − 12n−k,n (←→w n−k,n∂←→w n−k,n)←→w 2(n−k)−1+α2n−k,n
}
× 2F1
(
−h0, h0 + α+ 1;α + 3
2
;←→w 1,n
)}
zn
}
(.2.9)
where
h = (1 + ρ2) (2(hj + 2j) + 1 + α)
2
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Infinite series
Replace coefficients a, q, β, γ, x, c0 and λ by
1
a ,
q+α[(α−γ−δ+1)a−β+δ]
a , α− γ + 1,
α− β + 1, 1x , 1 and zero into (9.3.4). Multiply x−α and (9.3.4) together. Put (9.1.6) into
the new (9.3.4).
ς
1
2
(α+1)y(ς)
= ς
1
2
(α+1)Hl
(
ρ2,−1
4
(
h− (1 + ρ2)(α + 1)2) ; α
2
+
1
2
,
α
2
+ 1, α +
3
2
,
1
2
; ς
)
= ς
1
2
(α+1)
{
2F1
(
−Π+0 ,−Π−0 ;α+
3
2
; η
)
+
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)−1
n−k
∫ 1
0
dun−k u
2(n−k)− 1
2
+α
n−k
× 1
2πi
∮
dvn−k
1
vn−k
(
vn−k − 1
vn−k
)Π+n−k
(1−←→w n−k+1,n(1− tn−k)(1 − un−k)vn−k)Π
−
n−k
× ←→w −(2(n−k)−
3
2
+α
2
)
n−k,n
(←→w n−k,n∂←→w n−k,n)←→w − 12n−k,n (←→w n−k,n∂←→w n−k,n)←→w 2(n−k)−1+α2n−k,n
}
× 2F1
(
−Π+0 ,−Π−0 ;α+
3
2
;←→w 1,n
)}
zn
}
(.2.10)
where Π
±
0 = −12(α+ 1)± 12
√
h
1+ρ2
Π±n−k = −2(n− k)− 12(α+ 1)± 12
√
h
1+ρ2
On (.2.9) and (.2.10), 
ς = ξ−1
η = (1 + ρ−2)ς
z = −ρ−2ς2
.2.6
(
1− x
a
)−β
Hl
(
1− a,−q + γβ;−α + γ + δ, β, γ, δ; (1− a)x
x− a
)
Polynomial of type 2
Replace coefficients a, q, α, x, c0, λ and qj where j, qj ∈ N0 by 1− a, −q + γβ,
−α+ γ + δ, (1−a)xx−a , 1, zero and hj where hj ∈ N0 into (9.3.1). Multiply
(
1− xa
)−β
and
452
(9.3.1) together. Put (9.1.6) into the new (9.3.1).
(1− ρ2ξ)α2 y(ς)
= (1− ρ2ξ)α2Hl
(
1− ρ−2, (hj + 2j)
(
α− (2− ρ−2)(hj + 2j)
)
;−α
2
+
1
2
,−α
2
,
1
2
,
1
2
; ς
)
= (1− ρ2ξ)α2
{
2F1
(
−h0, h0 −Ωρ; 1
2
; η
)
+
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)−1
n−k
∫ 1
0
dun−k u
2(n−k)− 3
2
n−k
× 1
2πi
∮
dvn−k
1
vn−k
(
vn−k − 1
vn−k
1
1−←→w n−k+1,n(1− tn−k)(1 − un−k)vn−k
)hn−k
× (1−←→w n−k+1,n(1− tn−k)(1− un−k)vn−k)−(4(n−k)−Ωρ)
×←→w −(2(n−k)−
3
2
−α
2
)
n−k,n
(←→w n−k,n∂←→w n−k,n)←→w 12n−k,n (←→w n−k,n∂←→w n−k,n)←→w 2(n−k−1)−α2n−k,n
}
× 2F1
(
−h0, h0 − Ωρ; 1
2
;←→w 1,n
)}
zn
}
(.2.11)
where {
Ωρ =
α
2−ρ−2
h = 4ρ2
(
α
(
hj + 2j +
1
4
)− (2− ρ−2)(hj + 2j)2)
Infinite series
Replace coefficients a, q, α, x, c0 and λ by 1− a, −q + γβ, −α+ γ + δ, (1−a)xx−a , 1 and zero
into (9.3.4). Multiply
(
1− xa
)−β
and (9.3.4) together. Put (9.1.6) into the new (9.3.4).
(1− ρ2ξ)α2 y(ς)
= (1− ρ2ξ)α2Hl
(
1− ρ−2, 1
4
(
hρ−2 − α) ;−α
2
+
1
2
,−α
2
,
1
2
,
1
2
; ς
)
= (1− ρ2ξ)α2
{
2F1
(
−Π+0 ,−Π−0 ;
1
2
; η
)
+
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)−1
n−k
∫ 1
0
dun−k u
2(n−k)− 3
2
n−k
× 1
2πi
∮
dvn−k
1
vn−k
(
vn−k − 1
vn−k
)Π+n−k
(1−←→w n−k+1,n(1− tn−k)(1 − un−k)vn−k)Π
−
n−k
× ←→w −(2(n−k)−
3
2
−α
2
)
n−k,n
(←→w n−k,n∂←→w n−k,n)←→w 12n−k,n (←→w n−k,n∂←→w n−k,n)←→w 2(n−k−1)−α2n−k,n
}
× 2F1
(
−Π+0 ,−Π−0 ;
1
2
;←→w 1,n
)}
zn
}
(.2.12)
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where Π
±
0 =
α±
√
α2−(2−ρ−2)(hρ−2−α)
2(2−ρ−2)
Π±n−k = −2(n− k) +
α±
√
α2−(2−ρ−2)(hρ−2−α)
2(2−ρ−2)
On (.2.11) and (.2.12), 
ς = (1−ρ
−2)ξ
ξ−ρ−2
η = 2−ρ
−2
1−ρ−2 ς
z = − 1
1−ρ−2 ς
2
.2.7
(1− x)1−δ
(
1− x
a
)
−β+δ−1
Hl
(
1− a,−q + γ[(δ − 1)a+ β − δ + 1];−α+ γ + 1, β − δ + 1, γ, 2− δ; (1− a)x
x− a
)
Polynomial of type 2
Replace coefficients a, q, α, β, δ, x, c0, λ and qj where j, qj ∈ N0 by 1− a,
−q + γ[(δ − 1)a+ β − δ + 1], −α+ γ + 1, β − δ + 1, 2− δ, (1−a)xx−a , 1, zero and hj where
hj ∈ N0 into (9.3.1). Multiply (1− x)1−δ
(
1− xa
)−β+δ−1
and (9.3.1) together. Put (9.1.6)
into the new (9.3.1).
(1− ξ) 12 (1− ρ2ξ) 12 (α−1)y(ς)
= (1− ξ) 12 (1− ρ2ξ) 12 (α−1)Hl
(
1− ρ−2, (hj + 2j)
(
α+ 1− (2− ρ−2)(hj + 2j + 1)
)
;−α
2
+ 1,
−α
2
+
1
2
,
1
2
,
3
2
; ς
)
= (1− ξ) 12 (1− ρ2ξ) 12 (α−1)
{
2F1
(
−h0, h0 +Ωρ; 1
2
; η
)
+
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)−1
n−k
∫ 1
0
dun−k u
2(n−k)− 3
2
n−k
× 1
2πi
∮
dvn−k
1
vn−k
(
vn−k − 1
vn−k
1
1−←→w n−k+1,n(1− tn−k)(1 − un−k)vn−k
)hn−k
× (1−←→w n−k+1,n(1− tn−k)(1− un−k)vn−k)−(4(n−k)+Ωρ)
×←→w −(2(n−k)−1−
α
2
)
n−k,n
(←→w n−k,n∂←→w n−k,n)←→w 12n−k,n (←→w n−k,n∂←→w n−k,n)←→w 2(n−k)− 32−α2n−k,n
}
× 2F1
(
−h0, h0 +Ωρ; 1
2
;←→w 1,n
)}
zn
}
(.2.13)
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where {
Ωρ =
−α+1−ρ−2
2−ρ−2
h = 4(hj + 2j)
(
(α+ 1)ρ2 + (1− 2ρ2)(hj + 2j + 1)
)
+ (α− 1)ρ2 + 1
Infinite series
Replace coefficients a, q, α, β, δ, x, c0 and λ by 1− a, −q + γ[(δ − 1)a + β − δ + 1],
−α+ γ + 1, β − δ + 1, 2− δ, (1−a)xx−a , 1 and zero into (9.3.4). Multiply
(1− x)1−δ (1− xa)−β+δ−1 and (9.3.4) together. Put (9.1.6) into the new (9.3.4).
(1− ξ) 12 (1− ρ2ξ) 12 (α−1)y(ς)
= (1− ξ) 12 (1− ρ2ξ) 12 (α−1)Hl
(
1− ρ−2, 1
4
(
(h− 1)ρ−2 + 1− α) ;−α
2
+ 1,−α
2
+
1
2
,
1
2
,
3
2
; ς
)
= (1− ξ) 12 (1− ρ2ξ) 12 (α−1)
{
2F1
(
−Π+0 ,−Π−0 ;
1
2
; η
)
+
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)−1
n−k
∫ 1
0
dun−k u
2(n−k)− 3
2
n−k
× 1
2πi
∮
dvn−k
1
vn−k
(
vn−k − 1
vn−k
)Π+n−k
(1−←→w n−k+1,n(1− tn−k)(1 − un−k)vn−k)Π
−
n−k
× ←→w −(2(n−k)−1−
α
2
)
n−k,n
(←→w n−k,n∂←→w n−k,n)←→w 12n−k,n (←→w n−k,n∂←→w n−k,n)←→w 2(n−k)− 32−α2n−k,n
}
× 2F1
(
−Π+0 ,−Π−0 ;
1
2
;←→w 1,n
)}
zn
}
(.2.14)
where Π
±
0 =
α−1+ρ−2±
√
(α−1+ρ−2)2+(2−ρ−2)((1−h)ρ−2+α−1)
2(2−ρ−2)
Π±n−k = −2(n − k) +
α−1+ρ−2±
√
(α−1+ρ−2)2+(2−ρ−2)((1−h)ρ−2+α−1)
2(2−ρ−2)
On (.2.13) and (.2.14), 
ς = (1−ρ
−2)ξ
ξ−ρ−2
η = 2−ρ
−2
1−ρ−2 ς
z = − 1
1−ρ−2 ς
2
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.2.8 x−αHl
(
a− 1
a
,
−q + α(δa+ β − δ)
a
;α, α− γ + 1, δ, α− β + 1; x− 1
x
)
Polynomial of type 2
Replace coefficients a, q, β, γ, δ, x, c0, λ and qj where j, qj ∈ N0 by a−1a , −q+α(δa+β−δ)a ,
α− γ + 1, δ, α− β + 1, x−1x , 1, zero and hj where hj ∈ N0 into (9.3.1). Multiply x−α and
(9.3.1) together. Put (9.1.6) into the new (9.3.1).
ξ−
1
2
(α+1)y(ς)
= ξ−
1
2
(α+1)Hl
(
1− ρ2,−(hj + 2j)
(
(1− ρ2)(α+ 1) + (2− ρ2)(hj + 2j)
)
;
α
2
+
1
2
,
α
2
+ 1,
1
2
, α+
3
2
; ς
)
= ξ−
1
2
(α+1)
{
2F1
(
−h0, h0 +Ωρ; 1
2
; η
)
+
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)−1
n−k
∫ 1
0
dun−k u
2(n−k)− 3
2
n−k
× 1
2πi
∮
dvn−k
1
vn−k
(
vn−k − 1
vn−k
1
1−←→w n−k+1,n(1− tn−k)(1 − un−k)vn−k
)hn−k
× (1−←→w n−k+1,n(1− tn−k)(1− un−k)vn−k)−(4(n−k)+Ωρ)
×←→w −(2(n−k)−
3
2
+α
2
)
n−k,n
(←→w n−k,n∂←→w n−k,n)←→w − 12n−k,n (←→w n−k,n∂←→w n−k,n)←→w 2(n−k)−1+α2n−k,n
}
× 2F1
(
−h0, h0 +Ωρ; 1
2
;←→w 1,n
)}
zn
}
(.2.15)
where
{
Ωρ =
(α+1)(1−ρ2)
2−ρ2
h = −4(hj + 2j)
(
(1− ρ2)(α + 1) + (2− ρ2)(hj + 2j)
) − (α+ 1) (1− ρ2(α + 1))
Infinite series
Replace coefficients a, q, β, γ, δ, x, c0 and λ by
a−1
a ,
−q+α(δa+β−δ)
a , α− γ + 1, δ,
α− β + 1, x−1x , 1 and zero into (9.3.4). Multiply x−α and (9.3.4) together. Put (9.1.6)
456
into the new (9.3.4).
ξ−
1
2
(α+1)y(ς)
= ξ−
1
2
(α+1)Hl
(
1− ρ2, 1
4
[
h+ (α+ 1)
(
1− ρ2(α+ 1))] ; α
2
+
1
2
,
α
2
+ 1,
1
2
, α+
3
2
; ς
)
= ξ−
1
2
(α+1)
{
2F1
(
−Π+0 ,−Π−0 ;
1
2
; η
)
+
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)−1
n−k
∫ 1
0
dun−k u
2(n−k)− 3
2
n−k
× 1
2πi
∮
dvn−k
1
vn−k
(
vn−k − 1
vn−k
)Π+n−k
(1−←→w n−k+1,n(1− tn−k)(1 − un−k)vn−k)Π
−
n−k
× ←→w −(2(n−k)−
3
2
+α
2
)
n−k,n
(←→w n−k,n∂←→w n−k,n)←→w − 12n−k,n (←→w n−k,n∂←→w n−k,n)←→w 2(n−k)−1+α2n−k,n
}
× 2F1
(
−Π+0 ,−Π−0 ;
1
2
;←→w 1,n
)}
zn
}
(.2.16)
where Π
±
0 =
−(1−ρ2)(α+1)±
√
(α+1)2−(2−ρ2)(h+α+1)
2(2−ρ2)
Π±n−k = −2(n− k) +
−(1−ρ2)(α+1)±
√
(α+1)2−(2−ρ2)(h+α+1)
2(2−ρ2)
On (.2.15) and (.2.16), 
ς = 1− ξ−1
η = 2−ρ
2
1−ρ2 ς
z = − 1
1−ρ2 ς
2
.2.9
(
x− a
1− a
)−α
Hl
(
a, q − (β − δ)α;α,−β + γ + δ, δ, γ; a(x− 1)
x− a
)
Polynomial of type 2
Replace coefficients q, β, γ, δ, x, c0, λ and qj where j, qj ∈ N0 by q − (β − δ)α,
−β + γ + δ, δ, γ, a(x−1)x−a , 1, zero and hj where hj ∈ N0 into (9.3.1). Multiply
(
x−a
1−a
)−α
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and (9.3.1) together. Put (9.1.6) into the new (9.3.1).
(
ξ − ρ−2
1− ρ−2
)− 1
2
(α+1)
y(ς)
=
(
ξ − ρ−2
1− ρ−2
)− 1
2
(α+1)
Hl
(
ρ−2,−(hj + 2j)
(
(1 + ρ−2)(hj + 2j) + α+ 1
)
;
α
2
+
1
2
,
α
2
+ 1,
1
2
,
1
2
; ς
)
=
(
ξ − ρ−2
1− ρ−2
)− 1
2
(α+1){
2F1
(
−h0, h0 +Ωρ; 1
2
; η
)
+
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)−1
n−k
∫ 1
0
dun−k u
2(n−k)− 3
2
n−k
× 1
2πi
∮
dvn−k
1
vn−k
(
vn−k − 1
vn−k
1
1−←→w n−k+1,n(1− tn−k)(1 − un−k)vn−k
)hn−k
× (1−←→w n−k+1,n(1− tn−k)(1− un−k)vn−k)−(4(n−k)+Ωρ)
×←→w −(2(n−k)−
3
2
+α
2
)
n−k,n
(←→w n−k,n∂←→w n−k,n)←→w − 12n−k,n (←→w n−k,n∂←→w n−k,n)←→w 2(n−k)−1+α2n−k,n
}
× 2F1
(
−h0, h0 +Ωρ; 1
2
;←→w 1,n
)}
zn
}
(.2.17)
where
{
Ωρ =
α+1
1+ρ−2
h = 4(hj + 2j)
(
(1 + ρ2)(hj + 2j) + ρ
2(α+ 1)
)
+ ρ2(α+ 1)2
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Infinite series
Replace coefficients q, β, γ, δ, x, c0 and λ by q − (β − δ)α, −β + γ + δ, δ, γ, a(x−1)x−a , 1 and
zero into (9.3.4). Multiply
(
x−a
1−a
)−α
and (9.3.4) together. Put (9.1.6) into the new (9.3.4).
(
ξ − ρ−2
1− ρ−2
)− 1
2
(α+1)
y(ς)
=
(
ξ − ρ−2
1− ρ−2
)− 1
2
(α+1)
Hl
(
ρ−2,−1
4
(
hρ−2 − (α+ 1)2) ; α
2
+
1
2
,
α
2
+ 1,
1
2
,
1
2
; ς
)
=
(
ξ − ρ−2
1− ρ−2
)− 1
2
(α+1) {
2F1
(
−Π+0 ,−Π−0 ;
1
2
; η
)
+
∞∑
n=1
{
n−1∏
k=0
{∫ 1
0
dtn−k t
2(n−k)−1
n−k
∫ 1
0
dun−k u
2(n−k)− 3
2
n−k
× 1
2πi
∮
dvn−k
1
vn−k
(
vn−k − 1
vn−k
)Π+n−k
(1−←→w n−k+1,n(1− tn−k)(1− un−k)vn−k)Π
−
n−k
× ←→w −(2(n−k)−
3
2
+α
2
)
n−k,n
(←→w n−k,n∂←→w n−k,n)←→w − 12n−k,n (←→w n−k,n∂←→w n−k,n)←→w 2(n−k)−1+α2n−k,n
}
× 2F1
(
−Π+0 ,−Π−0 ;
1
2
;←→w 1,n
)}
zn
}
(.2.18)
where
Π
±
0 =
−ρ2(α+1)±
√
(1+ρ2)h−ρ2(α+1)2
2(1+ρ2)
Π±n−k = −2(n− k) +
−ρ2(α+1)±
√
(1+ρ2)h−ρ2(α+1)2
2(1+ρ2)
On (.2.17) and (.2.18),

ς = ξ−1ρ2(ξ−ρ−2)
η = (1 + ρ2)ς
z = −ρ2ς2
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.3 Generating function for the type 2 polynomial
.3.1 (1− x)1−δHl(a, q − (δ − 1)γa;α− δ + 1, β − δ + 1, γ, 2− δ; x)
Replace coefficients q, α, β, δ and qj where j, qj ∈ N0 by q − (δ − 1)γa, α− δ + 1,
β − δ + 1, 2− δ and hj where hj ∈ N0 into (9.4.1). Put (9.1.6) into the new (9.4.1).
∞∑
h0=0
(12)h0
h0!
sh00
∞∏
n=1

∞∑
hn=hn−1
shnn
Hl
(
ρ−2,−ρ−2(hj + 2j)[1 + (1 + ρ2)(hj + 2j)]; α
2
+ 1,−α
2
+
1
2
,
1
2
,
3
2
; ξ
)
= 2−Ωρ
{ ∞∏
l=1
1
(1− sl,∞)
A (s0,∞; η) +
{ ∞∏
l=2
1
(1− sl,∞)
∫ 1
0
dt1 t1
∫ 1
0
du1 u
1
2
1
←→
Γ 1 (s1,∞; t1, u1, η)
×w˜−
1
2
(2+α)
1,1
(
w˜1,1∂w˜1,1
)
w˜
α+ 1
2
1,1
(
w˜1,1∂w˜1,1
)
w˜
1
2
(1−α)
1,1 A (s0; w˜1,1)
}
z
+
∞∑
n=2
{ ∞∏
l=n+1
1
(1− sl,∞)
∫ 1
0
dtn t
2n−1
n
∫ 1
0
dun u
2n− 3
2
n
←→
Γ n (sn,∞; tn, un, η)
×w˜−
1
2
(4n−2+α)
n,n
(
w˜n,n∂w˜n,n
)
w˜
α+ 1
2
n,n
(
w˜n,n∂w˜n,n
)
w˜
1
2
(4n−3−α)
n,n
×
n−1∏
k=1
{∫ 1
0
dtn−k t
2(n−k)−1
n−k
∫ 1
0
dun−k u
2(n−k)− 3
2
n−k
←→
Γ n−k (sn−k; tn−k, un−k, w˜n−k+1,n) (.3.1)
×w˜−
1
2
(4(n−k)−2+α)
n−k,n
(
w˜n−k,n∂w˜n−k,n
)
w˜
α+ 1
2
n−k,n
(
w˜n−k,n∂w˜n−k,n
)
w˜
1
2
(4(n−k)−3−α)
n−k,n
}
A (s0; w˜1,n)
}
zn
}
where
←→
Γ 1 (s1,∞; t1, u1, η) =
(
1+s1,∞+
√
s21,∞−2(1−2η(1−t1)(1−u1))s1,∞+1
2
)−(3+Ωρ)
√
s21,∞ − 2(1− 2η(1 − t1)(1− u1))s1,∞ + 1
←→
Γ n (sn,∞; tn, un, η) =
(
1+sn,∞+
√
s2n,∞−2(1−2η(1−tn)(1−un))sn,∞+1
2
)−(4n−1+Ωρ)
√
s2n,∞ − 2(1− 2η(1 − tn)(1− un))sn,∞ + 1←→
Γ n−k (sn−k; tn−k, un−k, w˜n−k+1,n)
=
(
1+sn−k+
√
s2n−k−2(1−2w˜n−k+1,n(1−tn−k)(1−un−k))sn−k+1
2
)−(4(n−k)−1+Ωρ)
√
s2n−k − 2(1− 2w˜n−k+1,n(1− tn−k)(1− un−k))sn−k + 1
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
A (s0,∞; η) =
(
1− s0,∞ +
√
s20,∞ − 2(1− 2η)s0,∞ + 1
) 1
2
(
1 + s0,∞ +
√
s20,∞ − 2(1 − 2η)s0,∞ + 1
) 1
2
−Ωρ√
s20,∞ − 2(1− 2η)s0,∞ + 1
A (s0; w˜1,1) =
(
1− s0 +
√
s20 − 2(1− 2w˜1,1)s0 + 1
) 1
2
(
1 + s0 +
√
s20 − 2(1 − 2w˜1,1)s0 + 1
) 1
2
−Ωρ√
s20 − 2(1 − 2w˜1,1)s0 + 1
A (s0; w˜1,n) =
(
1− s0 +
√
s20 − 2(1− 2w˜1,n)s0 + 1
) 1
2
(
1 + s0 +
√
s20 − 2(1 − 2w˜1,n)s0 + 1
) 1
2
−Ωρ√
s20 − 2(1− 2w˜1,n)s0 + 1
and

η = (1 + ρ2)ξ
z = −ρ2ξ2
Ωρ =
1
1+ρ2
h = 4(hj + 2j)[1 + (1 + ρ
2)(hj + 2j)] + 1
.3.2
x1−γ(1− x)1−δHl(a, q − (γ + δ − 2)a− (γ − 1)(α+ β − γ − δ + 1), α− γ − δ + 2, β − γ − δ + 2, 2− γ, 2− δ;x)
Replace coefficients q, α, β, γ, δ and qj where j, qj ∈ N0 by
q − (γ + δ − 2)a− (γ − 1)(α+ β − γ − δ+ 1), α− γ − δ + 2, β − γ − δ + 2, 2− γ, 2− δ and
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hj where hj ∈ N0 into (9.4.1). Put (9.1.6) into the new (9.4.1).
∞∑
h0=0
(32)h0
h0!
sh00
∞∏
n=1

∞∑
hn=hn−1
shnn
Hl
(
ρ−2,−ρ−2(hj + 2j)[2 + ρ2 + (1 + ρ2)(hj + 2j)]; α
2
+
3
2
,
−α
2
+ 1,
3
2
,
3
2
; ξ
)
= 2Ωρ
{ ∞∏
l=1
1
(1− sl,∞)
A (s0,∞; η) +
{ ∞∏
l=2
1
(1− sl,∞)
∫ 1
0
dt1 t1
∫ 1
0
du1 u
3
2
1
←→
Γ 1 (s1,∞; t1, u1, η)
×w˜−
1
2
(3+α)
1,1
(
w˜1,1∂w˜1,1
)
w˜
α+ 1
2
1,1
(
w˜1,1∂w˜1,1
)
w˜
1
2
(2−α)
1,1 A (s0; w˜1,1)
}
z
+
∞∑
n=2
{ ∞∏
l=n+1
1
(1− sl,∞)
∫ 1
0
dtn t
2n−1
n
∫ 1
0
dun u
2n− 1
2
n
←→
Γ n (sn,∞; tn, un, η)
×w˜−
1
2
(4n−1+α)
n,n
(
w˜n,n∂w˜n,n
)
w˜
α+ 1
2
n,n
(
w˜n,n∂w˜n,n
)
w˜
1
2
(4n−2−α)
n,n
×
n−1∏
k=1
{∫ 1
0
dtn−k t
2(n−k)−1
n−k
∫ 1
0
dun−k u
2(n−k)− 1
2
n−k
←→
Γ n−k (sn−k; tn−k, un−k, w˜n−k+1,n) (.3.2)
×w˜−
1
2
(4(n−k)−1+α)
n−k,n
(
w˜n−k,n∂w˜n−k,n
)
w˜
α+ 1
2
n−k,n
(
w˜n−k,n∂w˜n−k,n
)
w˜
1
2
(4(n−k)−2−α)
n−k,n
}
A (s0; w˜1,n)
}
zn
}
where

←→
Γ 1 (s1,∞; t1, u1, η) =
(
1+s1,∞+
√
s21,∞−2(1−2η(1−t1)(1−u1))s1,∞+1
2
)−4−Ωρ
√
s21,∞ − 2(1− 2η(1 − t1)(1 − u1))s1,∞ + 1
←→
Γ n (sn,∞; tn, un, η) =
(
1+sn,∞+
√
s2n,∞−2(1−2η(1−tn)(1−un))sn,∞+1
2
)−4n−Ωρ
√
s2n,∞ − 2(1 − 2η(1− tn)(1− un))sn,∞ + 1
←→
Γ n−k (sn−k; tn−k, un−k, w˜n−k+1,n) =
(
1+sn−k+
√
s2n−k−2(1−2w˜n−k+1,n(1−tn−k)(1−un−k))sn−k+1
2
)−4(n−k)−Ωρ
√
s2n−k − 2(1 − 2w˜n−k+1,n(1− tn−k)(1 − un−k))sn−k + 1
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
A (s0,∞; η)
=
(
1− s0,∞ +
√
s20,∞ − 2(1 − 2η)s0,∞ + 1
)− 1
2
(
1 + s0,∞ +
√
s20,∞ − 2(1− 2η)s0,∞ + 1
) 1
2
−Ωρ√
s20,∞ − 2(1− 2η)s0,∞ + 1
A (s0; w˜1,1) =
(
1− s0 +
√
s20 − 2(1− 2w˜1,1)s0 + 1
)− 1
2
(
1 + s0 +
√
s20 − 2(1 − 2w˜1,1)s0 + 1
) 1
2
−Ωρ√
s20 − 2(1− 2w˜1,1)s0 + 1
A (s0; w˜1,n) =
(
1− s0 +
√
s20 − 2(1− 2w˜1,n)s0 + 1
)− 1
2
(
1 + s0 +
√
s20 − 2(1 − 2w˜1,n)s0 + 1
) 1
2
−Ωρ√
s20 − 2(1 − 2w˜1,n)s0 + 1
and

Ωρ =
1
1+ρ2
h = 4 + ρ2 + 4(hj + 2j)[2 + ρ
2 + (1 + ρ2)(hj + 2j)]
η = (1 + ρ2)ξ
z = −ρ2ξ2
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.3.3 Hl(1− a,−q + αβ;α, β, δ, γ; 1− x)
Replace coefficients a, q, γ, δ, x and qj where j, qj ∈ N0 by 1− a, −q+αβ, δ, γ, 1− x and
hj where hj ∈ N0 into (9.4.1). Put (9.1.6) into the new (9.4.1).
∞∑
h0=0
(12)h0
h0!
sh00
∞∏
n=1

∞∑
hn=hn−1
shnn
Hl
(
1− ρ−2,−(2 − ρ−2)(hj + 2j)2; α
2
+
1
2
,−α
2
,
1
2
,
1
2
; ς
)
= 2−1
{ ∞∏
l=1
1
(1− sl,∞)
A (s0,∞; η) +
{ ∞∏
l=2
1
(1− sl,∞)
∫ 1
0
dt1 t1
∫ 1
0
du1 u
1
2
1
←→
Γ 1 (s1,∞; t1, u1, η)
×w˜−
1
2
(1+α)
1,1
(
w˜1,1∂w˜1,1
)
w˜
α+ 1
2
1,1
(
w˜1,1∂w˜1,1
)
w˜
−α
2
1,1 A (s0; w˜1,1)
}
z
+
∞∑
n=2
{ ∞∏
l=n+1
1
(1− sl,∞)
∫ 1
0
dtn t
2n−1
n
∫ 1
0
dun u
2n− 3
2
n
←→
Γ n (sn,∞; tn, un, η)
×w˜−
1
2
(4n−3+α)
n,n
(
w˜n,n∂w˜n,n
)
w˜
α+ 1
2
n,n
(
w˜n,n∂w˜n,n
)
w˜
1
2
(4(n−1)−α)
n,n
×
n−1∏
k=1
{∫ 1
0
dtn−k t
2(n−k)−1
n−k
∫ 1
0
dun−k u
2(n−k)− 3
2
n−k
←→
Γ n−k (sn−k; tn−k, un−k, w˜n−k+1,n) (.3.3)
×w˜−
1
2
(4(n−k)−3+α)
n−k,n
(
w˜n−k,n∂w˜n−k,n
)
w˜
α+ 1
2
n−k,n
(
w˜n−k,n∂w˜n−k,n
)
w˜
1
2
(4(n−k−1)−α)
n−k,n
}
A (s0; w˜1,n)
}
zn
}
where

←→
Γ 1 (s1,∞; t1, u1, η) =
(
1+s1,∞+
√
s21,∞−2(1−2η(1−t1)(1−u1))s1,∞+1
2
)−3
√
s21,∞ − 2(1− 2η(1 − t1)(1 − u1))s1,∞ + 1
←→
Γ n (sn,∞; tn, un, η) =
(
1+sn,∞+
√
s2n,∞−2(1−2η(1−tn)(1−un))sn,∞+1
2
)−4n+1
√
s2n,∞ − 2(1 − 2η(1 − tn)(1 − un))sn,∞ + 1
←→
Γ n−k (sn−k; tn−k, un−k, w˜n−k+1,n) =
(
1+sn−k+
√
s2n−k−2(1−2w˜n−k+1,n(1−tn−k)(1−un−k))sn−k+1
2
)−4(n−k)+1
√
s2n−k − 2(1− 2w˜n−k+1,n(1− tn−k)(1− un−k))sn−k + 1
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
A (s0,∞; η) =
(
1− s0,∞ +
√
s20,∞ − 2(1− 2η)s0,∞ + 1
) 1
2
(
1 + s0,∞ +
√
s20,∞ − 2(1 − 2η)s0,∞ + 1
) 1
2√
s20,∞ − 2(1− 2η)s0,∞ + 1
A (s0; w˜1,1) =
(
1− s0 +
√
s20 − 2(1− 2w˜1,1)s0 + 1
) 1
2
(
1 + s0 +
√
s20 − 2(1 − 2w˜1,1)s0 + 1
) 1
2√
s20 − 2(1− 2w˜1,1)s0 + 1
A (s0; w˜1,n) =
(
1− s0 +
√
s20 − 2(1− 2w˜1,n)s0 + 1
) 1
2
(
1 + s0 +
√
s20 − 2(1 − 2w˜1,n)s0 + 1
) 1
2√
s20 − 2(1− 2w˜1,n)s0 + 1
and

h = ρ2
(
α(α + 1)− 4(2− ρ−2)(hj + 2j)2
)
ς = 1− ξ
η = 2−ρ
−2
1−ρ−2 ς
z = −1
1−ρ−2 ς
2
.3.4 (1− x)1−δHl(1− a,−q + (δ − 1)γa+ (α− δ + 1)(β − δ + 1);α− δ + 1, β − δ + 1, 2− δ, γ; 1− x)
Replace coefficients a, q, α, β, γ, δ, x and qj where j, qj ∈ N0 by 1− a,
−q + (δ − 1)γa+ (α− δ + 1)(β − δ + 1), α− δ + 1, β − δ + 1, 2− δ, γ, 1− x and hj where
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hj ∈ N0 into (9.4.1). Put (9.1.6) into the new (9.4.1).
∞∑
h0=0
(32)h0
h0!
sh00
∞∏
n=1

∞∑
hn=hn−1
shnn
Hl
(
1− ρ−2,−(2− ρ−2)(hj + 2j)(hj + 2j + 1); α
2
+ 1,
−α
2
+
1
2
,
3
2
,
1
2
; ς
)
=
∞∏
l=1
1
(1− sl,∞)
A (s0,∞; η) +
{ ∞∏
l=2
1
(1− sl,∞)
∫ 1
0
dt1 t1
∫ 1
0
du1 u
3
2
1
←→
Γ 1 (s1,∞; t1, u1, η)
×w˜−
1
2
(2+α)
1,1
(
w˜1,1∂w˜1,1
)
w˜
α+ 1
2
1,1
(
w˜1,1∂w˜1,1
)
w˜
1
2
(1−α)
1,1 A (s0; w˜1,1)
}
z
+
∞∑
n=2
{ ∞∏
l=n+1
1
(1− sl,∞)
∫ 1
0
dtn t
2n−1
n
∫ 1
0
dun u
2n− 1
2
n
←→
Γ n (sn,∞; tn, un, η)
×w˜−
1
2
(4n−2+α)
n,n
(
w˜n,n∂w˜n,n
)
w˜
α+ 1
2
n,n
(
w˜n,n∂w˜n,n
)
w˜
1
2
(4n−3−α)
n,n
×
n−1∏
k=1
{∫ 1
0
dtn−k t
2(n−k)−1
n−k
∫ 1
0
dun−k u
2(n−k)− 1
2
n−k
←→
Γ n−k (sn−k; tn−k, un−k, w˜n−k+1,n) (.3.4)
×w˜−
1
2
(4(n−k)−2+α)
n−k,n
(
w˜n−k,n∂w˜n−k,n
)
w˜
α+ 1
2
n−k,n
(
w˜n−k,n∂w˜n−k,n
)
w˜
1
2
(4(n−k)−3−α)
n−k,n
}
A (s0; w˜1,n)
}
zn
where

←→
Γ 1 (s1,∞; t1, u1, η) =
(
1+s1,∞+
√
s21,∞−2(1−2η(1−t1)(1−u1))s1,∞+1
2
)−4
√
s21,∞ − 2(1− 2η(1 − t1)(1 − u1))s1,∞ + 1
←→
Γ n (sn,∞; tn, un, η) =
(
1+sn,∞+
√
s2n,∞−2(1−2η(1−tn)(1−un))sn,∞+1
2
)−4n
√
s2n,∞ − 2(1 − 2η(1− tn)(1 − un))sn,∞ + 1
←→
Γ n−k (sn−k; tn−k, un−k, w˜n−k+1,n) =
(
1+sn−k+
√
s2n−k−2(1−2w˜n−k+1,n(1−tn−k)(1−un−k))sn−k+1
2
)−4(n−k)
√
s2n−k − 2(1− 2w˜n−k+1,n(1− tn−k)(1− un−k))sn−k + 1
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
A (s0,∞; η) =
(
1− s0,∞ +
√
s20,∞ − 2(1− 2η)s0,∞ + 1
)− 1
2
(
1 + s0,∞ +
√
s20,∞ − 2(1 − 2η)s0,∞ + 1
) 1
2√
s20,∞ − 2(1 − 2η)s0,∞ + 1
A (s0; w˜1,1) =
(
1− s0 +
√
s20 − 2(1− 2w˜1,1)s0 + 1
)− 1
2
(
1 + s0 +
√
s20 − 2(1 − 2w˜1,1)s0 + 1
) 1
2√
s20 − 2(1− 2w˜1,1)s0 + 1
A (s0; w˜1,n) =
(
1− s0 +
√
s20 − 2(1− 2w˜1,n)s0 + 1
)− 1
2
(
1 + s0 +
√
s20 − 2(1 − 2w˜1,n)s0 + 1
) 1
2√
s20 − 2(1 − 2w˜1,n)s0 + 1
and

h = 4(2ρ2 − 1)(hj + 2j)(hj + 2j + 1)− ρ2(α − 1)(α + 2)− 1
ς = 1− ξ
η = 2−ρ
−2
1−ρ−2 ς
z = −1
1−ρ−2 ς
2
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.3.5 x−αHl
(
1
a
,
q + α[(α− γ − δ + 1)a− β + δ]
a
;α, α− γ + 1, α− β + 1, δ; 1
x
)
Replace coefficients a, q, β, γ, x and qj where j, qj ∈ N0 by 1a , q+α[(α−γ−δ+1)a−β+δ]a ,
α− γ+1, α−β+1, 1x and hj where hj ∈ N0 into (9.4.1). Put (9.1.6) into the new (9.4.1).
∞∑
h0=0
(α+ 32)h0
h0!
sh00
∞∏
n=1

∞∑
hn=hn−1
shnn
Hl
(
ρ2,−(1 + ρ2)(hj + 2j)(hj + 2j + 1 + α); α
2
+
1
2
,
α
2
+ 1, α+
3
2
,
1
2
; ς
)
= 2α
{ ∞∏
l=1
1
(1− sl,∞)A (s0,∞; η) +
{ ∞∏
l=2
1
(1− sl,∞)
∫ 1
0
dt1 t1
∫ 1
0
du1 u
α+ 3
2
1
←→
Γ 1 (s1,∞; t1, u1, η)
×w˜−
1
2
(1+α)
1,1
(
w˜1,1∂w˜1,1
)
w˜
− 1
2
1,1
(
w˜1,1∂w˜1,1
)
w˜
1
2
(2+α)
1,1 A (s0; w˜1,1)
}
z
+
∞∑
n=2
{ ∞∏
l=n+1
1
(1− sl,∞)
∫ 1
0
dtn t
2n−1
n
∫ 1
0
dun u
2n− 1
2
+α
n
←→
Γ n (sn,∞; tn, un, η)
×w˜−
1
2
(4n−3+α)
n,n
(
w˜n,n∂w˜n,n
)
w˜
− 1
2
n,n
(
w˜n,n∂w˜n,n
)
w˜
1
2
(4n−2+α)
n,n
×
n−1∏
k=1
{∫ 1
0
dtn−k t
2(n−k)−1
n−k
∫ 1
0
dun−k u
2(n−k)− 1
2
+α
n−k
←→
Γ n−k (sn−k; tn−k, un−k, w˜n−k+1,n) (.3.5)
×w˜−
1
2
(4(n−k)−3+α)
n−k,n
(
w˜n−k,n∂w˜n−k,n
)
w˜
− 1
2
n−k,n
(
w˜n−k,n∂w˜n−k,n
)
w˜
1
2
(4(n−k)−2+α)
n−k,n
}
A (s0; w˜1,n)
}
zn
}
where
←→
Γ 1 (s1,∞; t1, u1, η) =
(
1+s1,∞+
√
s21,∞−2(1−2η(1−t1)(1−u1))s1,∞+1
2
)−(4+α)
√
s21,∞ − 2(1 − 2η(1 − t1)(1− u1))s1,∞ + 1
←→
Γ n (sn,∞; tn, un, η) =
(
1+sn,∞+
√
s2n,∞−2(1−2η(1−tn)(1−un))sn,∞+1
2
)−(4n+α)
√
s2n,∞ − 2(1− 2η(1 − tn)(1− un))sn,∞ + 1
←→
Γ n−k (sn−k; tn−k, un−k, w˜n−k+1,n) =
(
1+sn−k+
√
s2n−k−2(1−2w˜n−k+1,n(1−tn−k)(1−un−k))sn−k+1
2
)−(4(n−k)+α)
√
s2n−k − 2(1 − 2w˜n−k+1,n(1− tn−k)(1− un−k))sn−k + 1
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
A (s0,∞; η)
=
(
1− s0,∞ +
√
s20,∞ − 2(1 − 2η)s0,∞ + 1
)−(α+ 1
2
) (
1 + s0,∞ +
√
s20,∞ − 2(1 − 2η)s0,∞ + 1
) 1
2√
s20,∞ − 2(1− 2η)s0,∞ + 1
A (s0; w˜1,1) =
(
1− s0 +
√
s20 − 2(1− 2w˜1,1)s0 + 1
)−(α+ 1
2
) (
1 + s0 +
√
s20 − 2(1 − 2w˜1,1)s0 + 1
) 1
2√
s20 − 2(1− 2w˜1,1)s0 + 1
A (s0; w˜1,n) =
(
1− s0 +
√
s20 − 2(1− 2w˜1,n)s0 + 1
)−(α+ 1
2
) (
1 + s0 +
√
s20 − 2(1 − 2w˜1,n)s0 + 1
) 1
2√
s20 − 2(1− 2w˜1,n)s0 + 1
and

h = (1 + ρ2) (2(hj + 2j) + 1 + α)
2
ς = ξ−1
η = (1 + ρ−2)ς
z = −ρ−2ς2
.3. GENERATING FUNCTION FOR THE TYPE 2 POLYNOMIAL 469
.3.6
(
1− x
a
)−β
Hl
(
1− a,−q + γβ;−α + γ + δ, β, γ, δ; (1− a)x
x− a
)
Replace coefficients a, q, α, x and qj where j, qj ∈ N0 by 1− a, −q + γβ, −α+ γ + δ,
(1−a)x
x−a and hj where hj ∈ N0 into (9.4.1). Put (9.1.6) into the new (9.4.1).
∞∑
h0=0
(12)h0
h0!
sh00
∞∏
n=1

∞∑
hn=hn−1
shnn
Hl
(
1− ρ−2, (hj + 2j)
(
α− (2− ρ−2)(hj + 2j)
)
;
−α
2
+
1
2
,−α
2
,
1
2
,
1
2
; ς
)
= 2−(Ωρ+1)
{ ∞∏
l=1
1
(1− sl,∞)
A (s0,∞; η) +
{ ∞∏
l=2
1
(1− sl,∞)
∫ 1
0
dt1 t1
∫ 1
0
du1 u
1
2
1
←→
Γ 1 (s1,∞; t1, u1, η)
×w˜−
1
2
(1−α)
1,1
(
w˜1,1∂w˜1,1
)
w˜
1
2
1,1
(
w˜1,1∂w˜1,1
)
w˜
−α
2
1,1 A (s0; w˜1,1)
}
z
+
∞∑
n=2
{ ∞∏
l=n+1
1
(1− sl,∞)
∫ 1
0
dtn t
2n−1
n
∫ 1
0
dun u
2n− 3
2
n
←→
Γ n (sn,∞; tn, un, η)
×w˜−
1
2
(4n−3−α)
n,n
(
w˜n,n∂w˜n,n
)
w˜
1
2
n,n
(
w˜n,n∂w˜n,n
)
w˜
1
2
(4(n−1)−α)
n,n
×
n−1∏
k=1
{∫ 1
0
dtn−k t
2(n−k)−1
n−k
∫ 1
0
dun−k u
2(n−k)− 3
2
n−k
←→
Γ n−k (sn−k; tn−k, un−k, w˜n−k+1,n) (.3.6)
×w˜−
1
2
(4(n−k)−3−α)
n−k,n
(
w˜n−k,n∂w˜n−k,n
)
w˜
1
2
n−k,n
(
w˜n−k,n∂w˜n−k,n
)
w˜
1
2
(4(n−k−1)−α)
n−k,n
}
A (s0; w˜1,n)
}
zn
}
470
where
←→
Γ 1 (s1,∞; t1, u1, η) =
(
1+s1,∞+
√
s21,∞−2(1−2η(1−t1)(1−u1))s1,∞+1
2
)−(3−Ωρ)
√
s21,∞ − 2(1− 2η(1 − t1)(1− u1))s1,∞ + 1
←→
Γ n (sn,∞; tn, un, η) =
(
1+sn,∞+
√
s2n,∞−2(1−2η(1−tn)(1−un))sn,∞+1
2
)−(4n−1−Ωρ)
√
s2n,∞ − 2(1− 2η(1 − tn)(1− un))sn,∞ + 1←→
Γ n−k (sn−k; tn−k, un−k, w˜n−k+1,n)
=
(
1+sn−k+
√
s2n−k−2(1−2w˜n−k+1,n(1−tn−k)(1−un−k))sn−k+1
2
)−(4(n−k)−1−Ωρ)
√
s2n−k − 2(1− 2w˜n−k+1,n(1− tn−k)(1− un−k))sn−k + 1

A (s0,∞; η) =
(
1− s0,∞ +
√
s20,∞ − 2(1− 2η)s0,∞ + 1
) 1
2
(
1 + s0,∞ +
√
s20,∞ − 2(1 − 2η)s0,∞ + 1
) 1
2
+Ωρ√
s20,∞ − 2(1− 2η)s0,∞ + 1
A (s0; w˜1,1) =
(
1− s0 +
√
s20 − 2(1− 2w˜1,1)s0 + 1
) 1
2
(
1 + s0 +
√
s20 − 2(1 − 2w˜1,1)s0 + 1
) 1
2
+Ωρ√
s20 − 2(1 − 2w˜1,1)s0 + 1
A (s0; w˜1,n) =
(
1− s0 +
√
s20 − 2(1− 2w˜1,n)s0 + 1
) 1
2
(
1 + s0 +
√
s20 − 2(1 − 2w˜1,n)s0 + 1
) 1
2
+Ωρ√
s20 − 2(1− 2w˜1,n)s0 + 1
and 
Ωρ =
α
2−ρ−2
h = 4ρ2
(
α
(
hj + 2j +
1
4
)− (2− ρ−2)(hj + 2j)2)
ς = (1−ρ
−2)ξ
ξ−ρ−2
η = 2−ρ
−2
1−ρ−2 ς
z = − 11−ρ−2 ς2
.3.7
(1− x)1−δ
(
1− x
a
)
−β+δ−1
Hl
(
1− a,−q + γ[(δ − 1)a+ β − δ + 1];−α+ γ + 1, β − δ + 1, γ, 2− δ; (1− a)x
x− a
)
Replace coefficients a, q, α, β, δ, x and qj where j, qj ∈ N0 by 1− a,
−q + γ[(δ − 1)a+ β − δ + 1], −α+ γ + 1, β − δ + 1, 2− δ, (1−a)xx−a and hj where hj ∈ N0
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into (9.4.1). Put (9.1.6) into the new (9.4.1).
∞∑
h0=0
(12)h0
h0!
sh00
∞∏
n=1

∞∑
hn=hn−1
shnn
Hl
(
1− ρ−2, (hj + 2j)
(
α+ 1− (2− ρ−2)(hj + 2j + 1)
)
;
−α
2
+ 1,−α
2
+
1
2
,
1
2
,
3
2
; ς
)
= 2−Ωρ
{ ∞∏
l=1
1
(1− sl,∞)A (s0,∞; η) +
{ ∞∏
l=2
1
(1− sl,∞)
∫ 1
0
dt1 t1
∫ 1
0
du1 u
1
2
1
←→
Γ 1 (s1,∞; t1, u1, η)
×w˜−
1
2
(2−α)
1,1
(
w˜1,1∂w˜1,1
)
w˜
1
2
1,1
(
w˜1,1∂w˜1,1
)
w˜
1
2
(1−α)
1,1 A (s0; w˜1,1)
}
z
+
∞∑
n=2
{ ∞∏
l=n+1
1
(1− sl,∞)
∫ 1
0
dtn t
2n−1
n
∫ 1
0
dun u
2n− 3
2
n
←→
Γ n (sn,∞; tn, un, η)
×w˜−
1
2
(4n−2−α)
n,n
(
w˜n,n∂w˜n,n
)
w˜
1
2
n,n
(
w˜n,n∂w˜n,n
)
w˜
1
2
(4n−3−α)
n,n
×
n−1∏
k=1
{∫ 1
0
dtn−k t
2(n−k)−1
n−k
∫ 1
0
dun−k u
2(n−k)− 3
2
n−k
←→
Γ n−k (sn−k; tn−k, un−k, w˜n−k+1,n) (.3.7)
×w˜−
1
2
(4(n−k)−2−α)
n−k,n
(
w˜n−k,n∂w˜n−k,n
)
w˜
1
2
n−k,n
(
w˜n−k,n∂w˜n−k,n
)
w˜
1
2
(4(n−k)−3−α)
n−k,n
}
A (s0; w˜1,n)
}
zn
}
where

←→
Γ 1 (s1,∞; t1, u1, η) =
(
1+s1,∞+
√
s21,∞−2(1−2η(1−t1)(1−u1))s1,∞+1
2
)−4+Ωρ
√
s21,∞ − 2(1− 2η(1 − t1)(1 − u1))s1,∞ + 1
←→
Γ n (sn,∞; tn, un, η) =
(
1+sn,∞+
√
s2n,∞−2(1−2η(1−tn)(1−un))sn,∞+1
2
)−4n+Ωρ
√
s2n,∞ − 2(1 − 2η(1− tn)(1− un))sn,∞ + 1
←→
Γ n−k (sn−k; tn−k, un−k, w˜n−k+1,n) =
(
1+sn−k+
√
s2n−k−2(1−2w˜n−k+1,n(1−tn−k)(1−un−k))sn−k+1
2
)−4(n−k)+Ωρ
√
s2n−k − 2(1 − 2w˜n−k+1,n(1− tn−k)(1 − un−k))sn−k + 1
472

A (s0,∞; η)
=
(
1− s0,∞ +
√
s20,∞ − 2(1 − 2η)s0,∞ + 1
) 1
2
(
1 + s0,∞ +
√
s20,∞ − 2(1 − 2η)s0,∞ + 1
)− 1
2
+Ωρ√
s20,∞ − 2(1− 2η)s0,∞ + 1
A (s0; w˜1,1) =
(
1− s0 +
√
s20 − 2(1− 2w˜1,1)s0 + 1
) 1
2
(
1 + s0 +
√
s20 − 2(1 − 2w˜1,1)s0 + 1
)− 1
2
+Ωρ√
s20 − 2(1− 2w˜1,1)s0 + 1
A (s0; w˜1,n) =
(
1− s0 +
√
s20 − 2(1− 2w˜1,n)s0 + 1
) 1
2
(
1 + s0 +
√
s20 − 2(1 − 2w˜1,n)s0 + 1
)− 1
2
+Ωρ√
s20 − 2(1 − 2w˜1,n)s0 + 1
and

Ωρ =
α+1
2−ρ−2
h = 4(hj + 2j)
(
(α+ 1)ρ2 + (1 − 2ρ2)(hj + 2j + 1)
)
+ (α− 1)ρ2 + 1
ς = (1−ρ
−2)ξ
ξ−ρ−2
η = 2−ρ
−2
1−ρ−2 ς
z = − 1
1−ρ−2 ς
2
.3.8 x−αHl
(
a− 1
a
,
−q + α(δa+ β − δ)
a
;α, α− γ + 1, δ, α− β + 1; x− 1
x
)
Polynomial of type 2
Replace coefficients a, q, β, γ, δ, x and qj where j, qj ∈ N0 by a−1a , −q+α(δa+β−δ)a ,
α− γ + 1, δ, α− β + 1, x−1x and hj where hj ∈ N0 into (9.4.1). Put (9.1.6) into the new
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(9.4.1).
∞∑
h0=0
(12)h0
h0!
sh00
∞∏
n=1

∞∑
hn=hn−1
shnn
Hl
(
1− ρ2,−(hj + 2j)
(
(1− ρ2)(α+ 1) + (2− ρ2)(hj + 2j)
)
;
α
2
+
1
2
,
α
2
+ 1,
1
2
, α+
3
2
; ς
)
= 2Ωρ−1
{ ∞∏
l=1
1
(1− sl,∞)
A (s0,∞; η) +
{ ∞∏
l=2
1
(1− sl,∞)
∫ 1
0
dt1 t1
∫ 1
0
du1 u
1
2
1
←→
Γ 1 (s1,∞; t1, u1, η)
×w˜−
1
2
(1+α)
1,1
(
w˜1,1∂w˜1,1
)
w˜
− 1
2
1,1
(
w˜1,1∂w˜1,1
)
w˜
1
2
(2+α)
1,1 A (s0; w˜1,1)
}
z
+
∞∑
n=2
{ ∞∏
l=n+1
1
(1− sl,∞)
∫ 1
0
dtn t
2n−1
n
∫ 1
0
dun u
2n− 3
2
n
←→
Γ n (sn,∞; tn, un, η)
×w˜−
1
2
(4n−3+α)
n,n
(
w˜n,n∂w˜n,n
)
w˜
− 1
2
n,n
(
w˜n,n∂w˜n,n
)
w˜
1
2
(4n−2+α)
n,n
×
n−1∏
k=1
{∫ 1
0
dtn−k t
2(n−k)−1
n−k
∫ 1
0
dun−k u
2(n−k)− 3
2
n−k
←→
Γ n−k (sn−k; tn−k, un−k, w˜n−k+1,n) (.3.8)
×w˜−
1
2
(4(n−k)−3+α)
n−k,n
(
w˜n−k,n∂w˜n−k,n
)
w˜
− 1
2
n−k,n
(
w˜n−k,n∂w˜n−k,n
)
w˜
1
2
(4(n−k)−2+α)
n−k,n
}
A (s0; w˜1,n)
}
zn
}
where

←→
Γ 1 (s1,∞; t1, u1, η) =
(
1+s1,∞+
√
s21,∞−2(1−2η(1−t1)(1−u1))s1,∞+1
2
)−(3+Ωρ)
√
s21,∞ − 2(1− 2η(1 − t1)(1− u1))s1,∞ + 1
←→
Γ n (sn,∞; tn, un, η) =
(
1+sn,∞+
√
s2n,∞−2(1−2η(1−tn)(1−un))sn,∞+1
2
)−(4n−1+Ωρ)
√
s2n,∞ − 2(1− 2η(1 − tn)(1− un))sn,∞ + 1←→
Γ n−k (sn−k; tn−k, un−k, w˜n−k+1,n)
=
(
1+sn−k+
√
s2n−k−2(1−2w˜n−k+1,n(1−tn−k)(1−un−k))sn−k+1
2
)−(4(n−k)−1+Ωρ)
√
s2n−k − 2(1− 2w˜n−k+1,n(1− tn−k)(1− un−k))sn−k + 1
474

A (s0,∞; η) =
(
1− s0,∞ +
√
s20,∞ − 2(1− 2η)s0,∞ + 1
) 1
2
(
1 + s0,∞ +
√
s20,∞ − 2(1 − 2η)s0,∞ + 1
) 1
2
−Ωρ√
s20,∞ − 2(1− 2η)s0,∞ + 1
A (s0; w˜1,1) =
(
1− s0 +
√
s20 − 2(1− 2w˜1,1)s0 + 1
) 1
2
(
1 + s0 +
√
s20 − 2(1 − 2w˜1,1)s0 + 1
) 1
2
−Ωρ√
s20 − 2(1 − 2w˜1,1)s0 + 1
A (s0; w˜1,n) =
(
1− s0 +
√
s20 − 2(1− 2w˜1,n)s0 + 1
) 1
2
(
1 + s0 +
√
s20 − 2(1 − 2w˜1,n)s0 + 1
) 1
2
−Ωρ√
s20 − 2(1− 2w˜1,n)s0 + 1
and

Ωρ =
(α+1)(1−ρ2)
2−ρ2
h = −4(hj + 2j)
(
(1− ρ2)(α + 1) + (2− ρ2)(hj + 2j)
) − (α+ 1) (1− ρ2(α+ 1))
ς = 1− ξ−1
η = 2−ρ
2
1−ρ2 ς
z = − 1
1−ρ2 ς
2
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.3.9
(
x− a
1− a
)−α
Hl
(
a, q − (β − δ)α;α,−β + γ + δ, δ, γ; a(x− 1)
x− a
)
Replace coefficients q, β, γ, δ, x and qj where j, qj ∈ N0 by q − (β − δ)α, −β + γ + δ, δ, γ,
a(x−1)
x−a and hj where hj ∈ N0 into (9.4.1). Put (9.1.6) into the new (9.4.1).
∞∑
h0=0
(12)h0
h0!
sh00
∞∏
n=1

∞∑
hn=hn−1
shnn
Hl
(
ρ−2,−(hj + 2j)
(
(1 + ρ−2)(hj + 2j) + α+ 1
)
;
α
2
+
1
2
,
α
2
+ 1,
1
2
,
1
2
; ς
)
= 2Ωρ−1
{ ∞∏
l=1
1
(1− sl,∞)
A (s0,∞; η) +
{ ∞∏
l=2
1
(1− sl,∞)
∫ 1
0
dt1 t1
∫ 1
0
du1 u
1
2
1
←→
Γ 1 (s1,∞; t1, u1, η)
×w˜−
1
2
(1+α)
1,1
(
w˜1,1∂w˜1,1
)
w˜
− 1
2
1,1
(
w˜1,1∂w˜1,1
)
w˜
1
2
(2+α)
1,1 A (s0; w˜1,1)
}
z
+
∞∑
n=2
{ ∞∏
l=n+1
1
(1− sl,∞)
∫ 1
0
dtn t
2n−1
n
∫ 1
0
dun u
2n− 3
2
n
←→
Γ n (sn,∞; tn, un, η)
×w˜−
1
2
(4n−3+α)
n,n
(
w˜n,n∂w˜n,n
)
w˜
− 1
2
n,n
(
w˜n,n∂w˜n,n
)
w˜
1
2
(4n−2+α)
n,n
×
n−1∏
k=1
{∫ 1
0
dtn−k t
2(n−k)−1
n−k
∫ 1
0
dun−k u
2(n−k)− 3
2
n−k
←→
Γ n−k (sn−k; tn−k, un−k, w˜n−k+1,n) (.3.9)
×w˜−
1
2
(4(n−k)−3+α)
n−k,n
(
w˜n−k,n∂w˜n−k,n
)
w˜
− 1
2
n−k,n
(
w˜n−k,n∂w˜n−k,n
)
w˜
1
2
(4(n−k)−2+α)
n−k,n
}
A (s0; w˜1,n)
}
zn
}
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where
←→
Γ 1 (s1,∞; t1, u1, η) =
(
1+s1,∞+
√
s21,∞−2(1−2η(1−t1)(1−u1))s1,∞+1
2
)−(3+Ωρ)
√
s21,∞ − 2(1− 2η(1 − t1)(1− u1))s1,∞ + 1
←→
Γ n (sn,∞; tn, un, η) =
(
1+sn,∞+
√
s2n,∞−2(1−2η(1−tn)(1−un))sn,∞+1
2
)−(4n−1+Ωρ)
√
s2n,∞ − 2(1− 2η(1 − tn)(1− un))sn,∞ + 1←→
Γ n−k (sn−k; tn−k, un−k, w˜n−k+1,n)
=
(
1+sn−k+
√
s2n−k−2(1−2w˜n−k+1,n(1−tn−k)(1−un−k))sn−k+1
2
)−(4(n−k)−1+Ωρ)
√
s2n−k − 2(1− 2w˜n−k+1,n(1− tn−k)(1− un−k))sn−k + 1

A (s0,∞; η) =
(
1− s0,∞ +
√
s20,∞ − 2(1− 2η)s0,∞ + 1
) 1
2
(
1 + s0,∞ +
√
s20,∞ − 2(1 − 2η)s0,∞ + 1
) 1
2
−Ωρ√
s20,∞ − 2(1− 2η)s0,∞ + 1
A (s0; w˜1,1) =
(
1− s0 +
√
s20 − 2(1− 2w˜1,1)s0 + 1
) 1
2
(
1 + s0 +
√
s20 − 2(1 − 2w˜1,1)s0 + 1
) 1
2
−Ωρ√
s20 − 2(1 − 2w˜1,1)s0 + 1
A (s0; w˜1,n) =
(
1− s0 +
√
s20 − 2(1− 2w˜1,n)s0 + 1
) 1
2
(
1 + s0 +
√
s20 − 2(1 − 2w˜1,n)s0 + 1
) 1
2
−Ωρ√
s20 − 2(1− 2w˜1,n)s0 + 1
and 
Ωρ =
α+1
1+ρ−2
h = 4(hj + 2j)
(
(1 + ρ2)(hj + 2j) + ρ
2(α+ 1)
)
+ ρ2(α+ 1)2
ς = ξ−1
ρ2(ξ−ρ−2)
η = (1 + ρ2)ς
z = −ρ2ς2
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